Numerical Methods for Partial
Differential Equations
(16.920J/2.097J/SMA5212)



Course Outline

e Overview of PDE’s (1)

~inite differences methods (6)
-inite volume methods (3)

-inite element methods (7)

e Boundary integral methods (6)
e Solution methods (3)

Total : 26 lectures



Assessment

Four Problem Sets/Mini-projects:
~inite Differences
Hyperbolic Equations

~inite Elements

Boundary Integral Methods

Class Interaction

25 %
20 %
25 %
20 %

10 %



Partial Differential Equations:
An Overview

Lecture 1



_ Convection-Diffusion
Model Equation
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U, k>0, f, given functions of (z,y)

Scalar, Linear, Parabolic equation N2
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_ Convection-Diffusion
Model Equation

Applications

%—I—U-Vuznvzu—l—f

Huis...

e lemperature — Heat Transfer

e Pollutant Concentration — Coastal Engineering
e Probability Distribution — Statistical Mechanics
e Price of an Option — Financial Engineering
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- Elliptic Equations
Limiting Cases

Poisson Equation
—kViu=Ff inQ

Convection-Diffusion
U -Vu=xrVu inQ

e “Smooth” solutions
e The domain of dependence of u(x,y) is €2
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- Parabolic Equations
Limiting Cases

Heat Equation

e “Smooth” solutions
e The domain of dependence of u(z,y,T) is (z,y,t < T)
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- Hyperbolic Equations
Limiting Cases

Wave Equation (First order)

— 4+ U - Vu=f InQ

e Non-smooth solutions

e Characteristics : 2¢ = U (z(t))

e The domain of dependence of u(x,T') is (x.(t),t < T')
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- Hyperbolic Equations
Limiting Cases

Convection Equation

U-Vu=Ff inQ

e Non-smooth solutions
e Characteristics are streamlines of U, e.g.

e The domain of dependence of u(x) is (x.(s),s < 0)
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- Eigenvalue Problem
Limiting Cases

Find non-trivial pairs (u, A)

kViu+Adu=0 in Q

with homogeneous conditions on I’

e Non-linear
e “Closely” related to other problems
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- One Spatial Variable
Limiting Cases

Unknown Equation
u(®): U=
u(x) : Uu, = Ktpy

u(zx,t) : U = KUgy

u(x,t) : ur+Uu, =0
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A
Fourier Analysis

Let g(ax) be an “arbitrary” periodic real function with
period 27 N3

glx) = Z gr e (k integer) .

k=—oc

27
/ e e~ T g3 — 27 &, (orthogonality)
0

1 27 .
= — x) e """ dx
gk 271_/0 9( )
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Fourier Analysis

—
— g
= =920
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Fourier Analysis IR

Rate at which |gi| — 0 for |k| large determines smoothness
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: _ Differentiation
Fourier Analysis

u(x) = Z ui e’ or wu(x,t) = Z u(t) e™*”
k=—o0 k=—o0
o0"u N = . ST du . = duy ikx
pun = 2 (#h)"we ot dt
k=—o k=—o0c
n = 2m — (k)™ = (—1)™ Kk*™ (real)

n=2m-1 — (tk)" = —i(—1)™k*™ 1 (imaginary)
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: _ Poisson Equation
Fourier Analysis

x € (0,27)

with

and

27
/ udxr =0,
0
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—Ugy — f

©(0) = u(27),

um(o) — um(27r),

0

27

fdx =20
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: _ Poisson Equation
Fourier Analysis

u — Z ukeikm, f: Z fkeikm (f(l:O)

k=—oc k=—oc

—Upy = Z k% up e™ — uy, = E (ug = 0)

k=—o

= — the solution » is smoother than f
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: _ Poisson Equation
Fourier Analysis
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Fourier Analysis

Poisson Equation

Partial Differential Equations
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_ _ Heat Equation
Fourier Analysis

with

x € (0,27)

u(0,t) = u(2m,t),

u(0,1) = ug(2m,1),

u(x,0) = u’(z) = Z ul e*”
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_ _ Heat Equation
Fourier Analysis

o0
u = E ur(t) e**
k=—oc
o0 X0
_ 1k _ 2 kT
Up = ﬁe . (VI E —k“ur e
k=—0c k=—o0
duk

Qe _ 1.2
o kK ug
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_ _ Heat Equation
Fourier Analysis

d
% = —kk?up, up(t=0)=up), = ui(t) =uje "*
00 .
u(x,t) = Z ug e RET gtk
k=—x
—,

— exponential decay of initial condition (dissipation)
— higher decay for “higher modes” (larger k) = smoothness
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_ _ Heat Equation
Fourier Analysis
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_ _ Wave Equation
Fourier Analysis

us+ Uuz, =0 x € (0,27)

with

u(0,t) = u(2m,t),

u(z,0) = ul(z) = Z ul e'k*

k=—oc
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_ _ Wave Equation
Fourier Analysis

oo
u = Z ur(t) e**
k=—
U — —dtk e'FT . U, = Z ikuy e™”
k=—o0 k=—o
duk .
—— = Uk u
dt g
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_ _ Wave Equation
Fourier Analysis

d

(Zk —iUku , uip(0) =u) = up(t) = ule V"
Z ul e—zUkt the _ Z ul ezk e-Ut) __ —u (iB Ut)
k=—o0 k=—0

=,

— no decay, propagation with wave speed ¢ = U
— no dispersion (c constant) = invariant shape
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_ _ Wave Equation
Fourier Analysis
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_ _ General Operator
Fourier Analysis

o0"u
ur = o o x € (0,27)

with
U(O,t) — ’u,(271',t),
uﬂ?(oﬂ t) — um(zﬂ',t),
u{"1(0,t) = u{" Y (27, 1),

u(x,0) = uﬂ(m)
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_ _ General Operator
Fourier Analysis

o0
U — Z ug(t) etk
k=—oc0
=, du i~ .
k=—00 k=—OO
du, o = (ik)"
di b
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_ _ General Operator
Fourier Analysis

n| o |Feature

1| 2k |Propagation, c = —o /ik = —1 (no Dispersion)
2 —k” |Decay

3 —1k® Propagation, ¢ = +k” (and Dispersion)

4| k* |Growth (—ug.., much faster Decay than w,y)

N5
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: _ Eigenvalue Problem
Fourier Analysis

Uypr + Au = 0 x € (0,27)

with
u(0) = u(27),

5 (0) = ua(27)

Need to determine non-trivial pairs (u™(x), A™)
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: _ Eigenvalue Problem
Fourier Analysis

It can be easily verified that the eigenvalues are:

A" =n? for n=1,2,...

The eigenvectors associated with A™ are:

ul(z) = e™®, ul(x) =e ", for n=1,2,..

Eigenmodes = Fourier modes
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Eigenvalue Formal Extension
Expansions

ou

a — E'u,

with homogeneous boundary conditions
N6

u(z,y,t) = Z an(t)u"(z,y)

=0

(u™,A™) solutionof Lu— Au =20
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Eigenvalue Formal Extension
Expansions
= ou >.da,,
Lu — i " T Rn— '
U Z a,u . Bt dt (7’
da,,

= Aa, = a,(t)=ale*"?
T (2)

u(x,y,t) = Zao A u™(z, y)

=\

SMA-HPC ©2003 MIT Partial Differential Equations 31



Formal Extension

Eigenvalue
Expansions

Eigenvalues determine temporal evolution of the
associated time-dependent problem.

Higher A

)
Higher decay/frequency

)

More Oscillations
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