Numerical Schemes for Scalar
One-Dimensional Conservation
Laws

Lecture 12



Finite Volume Computational Cells

Discretization
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Finite Volume Cell averages

Discretization

We think of 47 as representing cell averages

1 r. 1
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. Definition

Methods

Applying integral form of conservation law to a cell 3

o [ wde = - [f(u(e;43 1) — Flule;_g0)

suggests
~n+1  ~p
% Y Ag=—(F",— F"
Al j+3 i—3
JAN ;
~n+l _ ~n n n
T T A (FJ+% F; %)
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. Numerical Flux function

Methods

and F' is a numerical flux functionof I 4+ + 1
arguments that satisfies the following consistency
condition

F(u,u,...,u,u) :f(u)‘
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. Lax-Wendroff Theorem

Methods

If the solution of a conservative numerical scheme
converges as Az — 0 with £¢ fixed, then it converges
to a weak solution of the conservation law.

N1

— shock capturing schemes are possible N2
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Lax-Wendroff Theorem

Conservative
Methods Shock Capturing

In the exact problem'
d

71 /- T dr = —(fo— fs)

A conservative numerlcal scheme satisfies an
analogous discrete condition: N3

A @ = -3 (BB )

§=0
—(Fy— F

o[
D[

b=
b=
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First Order Upwind

Conservative
Methods Linear Advection Equation...
ou ou
— — =20 constant > 0
ot T %oz . =
JAN ;
~n+l _ ~mn /Y UP UuprP
Ui =U%U% " AL (Fa+2 Fj—%)
Let Fﬁé =a 4; (FU% —ad;_ 1)
on -.n Ata .
= (1% +1 U, — A (’u,_? Uj_1)
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First Order Upwind

Conservative

Methods ...Linear Advection Equation...

What about a < 07

We can write,

A?-I-lz A?_%(An N 1)+|a|At(A1} _2,&11_'_,&1}
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First Order Upwind

Conservative
Methods ...Linear Advection Equation

In conservative form:
A'r.;,—|—1 S At (FUP*H, e FUP'H,)

Ui =% T AL \ it i—3
1 1
UP _ . . X .
Fio = ga(l1 + 45) — Sla|(dj+1 — 45)
P L
Fﬂ_% — ati; a>0
F;f; = allji1 a<0
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First Order Upwind

Conservative
Methods Nonlinear Case

In the nonlinear case,
Ou Of(u)

ot T os 0

the flux becomes N4

X N 1. ) X
Fﬂ‘f (fj—|—1 + fj) — 518511 (Tj41 — By)

(Fiaf i A
S K e v LR A Rk
G, 1=23 %"
J_I_i -f ~ o~
fi(a;) it a0 =4,
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. Lax-Wendroff

Methods
. 1 ., At X
FJL_I_W (fj+1 + fg) 5 3.2_|_2 Aq (541 — By)
For the linear equation
C C*
~n+l _ - a" ~ 11
% _uj_2(3+1 U;— 1)"’?( j+1— 285 + 4@ )
C =aAzx/At
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. Beam-Warmin

Methods

FBW

il (~fiva +3fi11 +3f5- i) - @ +1fm(“3+2 i1 + G — )

.n-.n—n

[+ -]

5 F : ;3 2 At (n. & e a
=1 Sl 350 =35 4 fi1) + 853105 4 (B2 — Gy — G5 4 G50)

For the linear equation

. . C

u;?+1:u;.‘—5(3 — 447 | + 4] 2)—|——( —247 ,+147,) a>0
at = a7~ C (347 1 407, - a )+ (@, —2a% L A7) a<0
I | 9 j+1 T Yjp2 j+2 j+1 J
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: Entropy Solutions

Methods

Do these schemes converge to the entropy
satisfying solution?

EXAMPLE:

Consider a non-physical solution to Burgers’ equation:

1 x>0
u(:c,t):{_l z < 0

i.e. aYiseitherlor—-1 = f;=3 Vj
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Entropy Solutions

Conservative
Methods Example

First order upwind:

1, .~ “ 1, . “
Fiy =3 (fir+ £3) - 21+l (Gi+1 — ;)

Since either a,_ 1 or @t;41 — @, IS zero vy

_|_

UvrP __ 1 ; UP UP __ :
= F+:Z 5 V] = F+2 Fj_%_o \
= a}tt=a7
The entropy-violating solution Is preserved N5
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Entropy Satistying

Schemes
If a scheme can be written in the form
ATt = H (47, 07 gy Aye e, 00y, )
. OH ) . : :
Wlthau-zo t=97—1l,....9,...,73+ 1,

then the scheme iIs monotone and is
e entropy satisfying
e at most first order accurate
N6
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Entropy Satisfying

Schemes

Assume piecewise constant solution over each cell.
Compute interface flux by solving interface
(Riemann) problem exactly.

Hyperbolic Equations 16



Entropy Satisfying Monotone Schemes
Schemes

...Godunov’s Method...

Gn __ n-+
i = f(u(m.'l"‘z L ))
r min f(‘U,) U < Uj41
_ uE[uJ,uj_l_l]
max f(u) Uj; > Ujt1
\ ’UE[’U,J,U, -|—1]
Then, N
{
~n+1 _  ~n Gn L Gn
w;" = Uy — A (FJ+2 F 2)

SMA-HPC ©2003 MIT Hyperbolic Equations 17



Monotone Schemes

Entropy Satisfying
Schemes ...Godunov’s Method

Applied to Burgers’ equation

(30341 850 <O
%’&? ﬂj,ﬁj+1 >0
Fﬁr% =<0 G <0 < g1 (expansion)
2%; 4; > 0> 441 5(@41 +45) >0
T > 0> A0 (G50 +45) <O
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Entropy Satstying [

Schemes

f the numerical flux F}Jr% SEWRER

sign(ag,, —a7)(Ff.y — f(u)) <0 V€ [aj,8,41]

An E-scheme Is

e entropy satisfying
e at most first order accurate

N7
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Entropy Satsiying

Schemes

entropy
satisfying

Hyperbolic Equations 20



1v0 Methoss I

First order schemes give poor resolution but can be
made to produce entropy satisfying and
non-oscillatory solutions

Higher order schemes (at least the ones we have
seen so far) produce non-entropy satisfying and
oscillatory solutions.

Good criterion to design “high order” oscillation free
schemes is based on the Total Variation of the
solution.
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TVD Methods

J =100, Az = 1/100, C = 0.5, N = 200
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TVD Methods

J =100, Az = 1/100, C = 0.5, N = 200
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TVD Methods

Total Variation of the discrete solution

TV (a") =) |&

J

-~ T - T2

Uit — Uy

If new extrema are generated T'V (@) will increase.

TV (4"t < TV (4a™)

Total Variation Diminishing Schemes
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TVD Methods

entropy
satistying

e All E-Schemes are TVD

e Conservative TVD Schemes
= Converge to weak solutions

N8
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Conditions for TVD schemes
TVD Methods

If a scheme is written Iin the form

~n+l __ ~n ST
Ui =0+ DAty -Gy

itis TVD iff
C:i+% > 0
Dj+% > 0
Cj+% + Dj+% <1
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Conditions for TVD schemes
TVD Methods

Example: Upwind

Upwind scheme for linear equation, a > O:

__ aALt. —
CJ—% E’ Dj-l-% e 0
aAt
“id= Ag =

Stability-like condition !
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Godunov’s Theorem
TVD Methods

No second or higher order accurate constant coeffi-
cient (linear) scheme can be TVD.

— Higher order TVD
schemes must be non-

linear
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High Resolution Schemes
TVD Methods

Consider the linear equation
ou du

ot T%z

0 a >0

First order upwind (Godunov) scheme is

~n+1l __ ~n ST ST
U; = U; C(uJ 3—1)

s WA £
o= Ax

Oscillation free but smeared solutions.
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High Resolution Schemes
TVD Methods

Lax-Wendrof(f7 o
~Ann+1 _ Am An A 71 ~ T L
u; T = Uj — 2( 41— U 1) ( — 2

Suffers from oscillations.

.l
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High Resolution Schemes

TVD Methods

Anti-diffusion

Re-write the Lax-Wendroff scheme :
@t =) - C(af - 4], —50(1 C) (4, — 247 +47 )
first order upwind anti-diffusive flux
- a - "
F 1 = ad; + o (1= C) (U541 — 45)

2

Introduce flux limiter qu%:
TVD _ o a x .
Foam=at;+5(1-C) ;1 (441 — Gy)
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High Resolution Schemes

TVD Methods

Flux Limiters...

- —C(1-C) [¢J+2 ( WUjt1 ﬂ?) _ (bj—% (ﬁ? : ﬁ?_l)]

If ¢; = ¢p;_1 = 1 = Lax-Wendroff (not TVD)
If ¢; = ¢;_1 = 0 = Upwind (TVD)

Choose the limiter as close as possible to 1 but
enforcing TVD conditions
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High Resolution Schemes

TVD Methods

...Flux Limiters...

Re-write
a; " = 4] —CAd, 1 - —0(1 C)(¢; 1A%, 1 — ¢; 1AG, 1)
1 P+l
— u”l — 14+ —(1— 2 Al
u; C’{ + 2( C) [Tj+§ qﬁj%} } 4; 1
Tivy = Al /AL,
Recall the TVD test:
A+l i L
u; i+ DJ 1AU +% Cj_%AuJ_%
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High Resolution Schemes

TVD Methods

...Flux Limiters

Take
4
Cj+% =3 OF
\
Dj+% =0
TVD criterion= 0<(C.,1<1
3+35
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High Resolution Schemes
TVD Methods

Choose ¢, 1 to be function of T

+3

i+3
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High Resolution Schemes
TVD Methods

It can be seen that the above TVD conditions are
satisfied if

&(r) = r (BW) &(r) — %('r +1)

(fb(r) =0 r<O0 . (FROMM)
0§¢(T)§2 B(r) =1
r TVD REGION (LW)
0 < ¢(r) <2
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High Resolution Schemes
TVD Methods
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High Resolution Schemes

TVD Methods

Popular Choices

Minmod ¢(r) = max(0, min(1,7))

Superbee ¢(r) = max(0, min(2r,1), min(r, 2))

r + |r|

Van Leer ¢(r) = 14 |r

All produce second order schemes when the solution
Is smooth, and reduce to upwind at discontinuities.
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High Resolution Schemes
TVD Methods
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High Resolution Schemes
TVD Methods
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High Resolution Schemes
TVD Methods
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High Resolution Schemes
TVD Methods
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High Resolution Schemes
TVD Methods
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High Resolution Schemes

TVD Methods

Non-linear extension

For a non-linear conservation law the formulation of
flux limiters is extended to allow both positive and
negative wave speeds
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