Discretization of the Poisson

Problem in IR': Formulation

April 2, 2003



Dirichlet
Model Problems

Strong Form

Domain: Q= (0,1).

Find « such that
—WUpy — f In 2

u(0) = u(1l) =0

for given f.
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Dirichlet

Model Problems
Minimization Statement

Define X = Hj().
Find

v = arg min J(w)
weX

where

1 1 1
J(fw)=§/0 widm—/ﬂ fwdzx .
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Dirichlet

Model Problems
Weak Formulation

Find v € X such that
0Jy(u) =0, Vve X

)

1 1
/umvmdmszfvdm, Vve X.
0 0
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Dirichlet

Model Problems
Notation

1
Define a(w,v) =/ Wg Vg dx
0

£(v) zfl)lffvd:c.

1
Minimization: u — arg min — a(w,w) — £(w)
weX 2
WEELe u e X: a(u,v) =4€4(v), Vve X
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Dirichlet

Model Problems
Generalization

For any £(v) € H1(£2),
find w € H3(£2) such that

v = arg min ;a(w,w)—£(w); or
'wEH&(Q)

a(u,v) =£(v), VveHs(Q);

for example, £(v) = (04,,v) = v(xo) is admissible.
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Dirichlet
Model Problems

Regularity

If £ € H-1(€2),

|u|| g1y < C |8l g1 -

If £ € L?(92), £(v) :/1 fvdx

1wl z2(0) < Co || fllz2@) - N1
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Model Problems

Domain: © =(0,1).
Find « such that

—Ugy — f
u(0) =0,
u(l) =g,

for given f,gqg.

SMA-HPC ©1999 MIT

“Neumann”

Strong Form

in .
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“Neumann”

Model Problems
Minimization Statement

Define X ={vec H'(Q) |v(0) =0} .

Find

v — arg min J(w)
weX

where

J('w):%/Olwidm—/olfwd:c—gw(l).
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“Neumann”

Model Problems
Weak Statement

Find v € X such that
0Jy(u) =0, Vve X

)

1 1
/umfvmdmsz'vdm—l—gv(l), VveX.
0 0
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“Neumann”

Model Problems
Notation

1
Define a(w,v) =/ Wg Vg dx
0

1
E('v):/ fvde+gv(l). N2
0
Y .1
Minimization: u = arg min —a(w,w) — £(w)
weX 2
WEELe u e X: a(u,v) =4€4(v), Vve X
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Approximation

Rayleigh-Ritz
Approach

Q= T TF ,k=1,...,K =n+1: elements
x; ,t=20,...,n+ 1: nodes
N3
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Approximation

Xp={veX ‘v|T}?€IP1(T;’f), k=1,...,K|

Rayleigh-Ritz
Approach

piecewise linear

S

v(0) = 0 'v(l)i 0

v continuous

N4
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Approximation

Rayleigh-Ritz
Approach

Basis...

General definition.  given a linear space Y,
asetof members y; €Y, 3=1,...,M,
IS a basis for Y if and only if

Vy €Y, dunigue a; € IR such that

M
Y=y o;y;;
j=1
dim(ension) (Y) = M . N5 N6 E1 E2
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Rayleigh-Ritz
Approach

Approximation
Nodal basis for X3:

Pis J: 1,...,n:dim(Xh)

S
i nhonzero only on T, | |T',

N7 N8
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Rayleigh-Ritz “Projection”
ApproaCh Plan...

Let

set Up; — Wy that minimize
I | wie;
j=1
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“Projection”

Rayleigh-Ritz
Approach

Geometric Picture:

(minimizer over X3,)
(minimizer over X)
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“Projection”

Rayleigh-Ritz
Approach

by bilinearity and linearity. N9
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“Projection”

Rayleigh-Ritz
Approach

JE(w € R™)

I
-

I\d
E
A

Eh c R™: F},; = f((pz) (: f ¥, diL’)

Q
dy; dp;
A R™"™: A — i P J d
—he hg a’(“p ?LPJ) - dr dx £
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Rayleigh-Ritz
Approach

“Projection”

u, = arg min J"(w)

Expand J%(w = u,;, + v); require J2(w) > J%(u;,)
unless v = 0.
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“Projection”

Rayleigh-Ritz

ApproaCh ...Minimization...
J(uy, + v)
1
= (un + )T A (uy, +v) — (u, +v)T Fy,
1 T T
— Euh Ay up — up Fy
1 T 1 T T
+§Q Ahuh+§ﬂhﬁh2_ﬂ F,
1
+5 v A, v
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“Projection”

Rayleigh-Ritz
ApproaCh ...Minimization...

T (uy, + v) = J¥(u)

+(Ay up, — Fp)'v 6JF(u,) SPD
VIR (up)

4+ = pT Ay v SPD
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“Projection”

Rayleigh-Ritz
ApproaCh ...Minimization

If (and only if)
)

VJR(Eh) = A, u, — F,

0
then
JHw=u,+v)>J%y,), VYv£0. nNio
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“Projection”

Rayleigh-Ritz
Approach Final Result

Find u,; € IR™ such that

N
\Aﬁ, Up, =\Eﬁ/ =  up(x) = Zl un; pi(x) .
J:
SPD = existence and unigqueness.
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Approximation

Galerkin
Approach

Triangulation 7p;

Space X3, ; and

(Nodal) Basis X5, = span {®1,...,9n} ;

as for the Rayleigh-Ritz approach.
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Projection

Galerkin
Approach
Let "
up(€ Xp) = Z un; () ;
7=1

set wuy; such that
0Jy(up) =0, Vo e X,

)

a(up,v) = £(v) , Vve Xy .

N11
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Galerkin
Approach

Projection

Geometric Picture:
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Projection

Galerkin
Approach Variation...

Since any v € X can be written as

v=) v p(x),
1=1

a(up,v) = £(v) , Vv e Xy

0
a(uhai vz@z)zf(i ’Uz“Pz') g VeelR".
1=1 =1
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Projection

Galerkin
Approach ... variation...

But (4 — Z Upj Pj, SO

=1
a Zuhjgoj,Zvicpi ZE(Z’U;'L,O;'), VQEIRR
71=1 =1 i=1

or, by bilinearity and linearity
QTAhEh :QTEh, VvelR".
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Projection

Galerkin
Approach ...variation

Take Q:(l o ... O)T:'\”ZAhljuhj:Fhl

Q:(O 1 ... O)T:>2Ah2juhj:Fh2

QTAhEh:QTE}“ VveR" & A, u, =F,

N12
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Matrix Elements: A,

Discrete
Equations
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Discrete
Equations

Matrix Elements: A4,

" Formulation
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Discre_te Matrix Elements: A,
Equations

Typical Row

dp;dy; dp;dy; / dp;dy;
5 fﬂ dr dx * /Ti dr dzx o i+l dz dT v

h h

IS honzeroonlyforg —=+—1, 2, 2+ 1

Apii =33 (B) +5: (R) = 4
A =3 (DB =}
Ania = (DER) =
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Discrete
Equations

Matrix Elements: A,

Poisson in IR!: Formulation
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Matrix Elements: A,

Discrete
Equatlons Properties of A,

A, is SPD; and
diagonally dominant; and
sparse; and
tridiagonal.
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“Load” Vector Elements: F,

Discrete
Equations

General case, €(v): Fy; = £(p;)

Example: £(v) = (0z,.,v)

L(pi) = (5%*,%‘)
= @i(xi)
= 0;4* .
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Discrete
Equations

“Load” Vector Elements: F,

Numerical quadrature —
“variational crime” — next
lecture. N13
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Discrete
Equations

u;, € IR™ satisfies

( 2 -1 \ (uhl\ (th'

| -
-
|
-
V)
|
-

\ 1 2) \wa)  \ B

E4 E5 E6 E7
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Motivation

The Mass Matrix

Definition

My, ; ;= ./Q pip; dx 3

originating form: (w,v) 12g)

the finite element “identity” (I) operator.
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Motivation
The Mass Matrix

“Applications”

M, appears where the identity appears
e as part of differential operator, —u,, + Iu = f; Es

e in eigenvalue problems, —u,, = A Tu;

e in parabolic PDEs, I % = V?u;

e in quadrature by interpolation.
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Properties

The Mass Matrix

General

i=1 , p; are basis
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Properties

The Mass Matrix

Particular
For linear elements, nodal basis: E9
: \
22 0

= N

/

oy SO0 O3

sparse, banded, tri-diagonal — “close” to
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