Numerical Methods for PDEs

Integral Equation Methods, Lecture 4
Formulating Boundary Integral Equations
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Outline

Laplace Problems
Exterior Radiation Condition
Green’s function
Ansatz or Indirect Approach
Single and Double Layer Potentials
First and Second Kind Equations
Greens Theorem Approach
First and Second Kind Equations

Formulating Equations 1



3-D Laplace Differential Equation

Problems

Laplace’s equation in 3-D
Fu(¥) O*u(¥) 9*u(%)
| | —

0
ox? 0y? 0z?

Vu (&) =

where
r=x,Y,z €S

and €2 is bounded by T'.
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3-D Laplace Boundary Conditions

Problems

Dirichlet Condition
w(X) = up(®) €T

OR

Neumann Condition
ou(x) our(x) _
p— €T

3??,5; 3??,5;

PLUS

el

A Radiation Condition
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Boundary Conditions

3-D Laplace
Problems Radiation Condition

The Radiation Condition
lim”f”_mu(f) — 0
not specific enough! Need

l’im||5||—>oou(5§) — O(”ﬂ'_l)

OR

lim||§||—>oou(£) — O(”f“_z)
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Problems

Laplace’s Equation Greens Function
V2G(&) = 476 (Z)
0(x) = impulse in 3-D
Defined by its behavior in an integral
| s@)1@)ae = £(0)
Not too hard to show

1
G(ZF) = —
&) =13
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Ansatz (Indirect) Single Layer Potential

Formulations

Consider

1
w(Z) = / o (#)dI
r || — &'

u(Z) automatically satisfies V2u = 0 on Q.

Must now enforce boundary conditions
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Single Layer Potential

Ansatz (Indirect)
Formulations Boundary Conditions

Dirichlet Problem

Neumann Problem
6’11,1‘( )
on: 8n$

/ (@)l EeT
| € — &|

SMA-HPC (©2003 MIT Formulating Equations 7



Single Layer Potential

Ansatz (Indirect)
Formulations Care Evaluating Integrals

On a smooth surface:

I dr’
S nm/Hw—a_f’Ha( z)

o (Z)dr"

= 2o (Z)

/p onzl||€ — m’||
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Single Layer Potential

Ansatz (Indirect)

Formulations Neumann Problem 2nd Kind!
Our(x O 1
r(&) = 2nwo(Z) + ———o(&")dI"
onz r Onz||€ — &
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Single Layer Potential

Ansatz (Indirect)
Formulations Radiation Condition

1
limja)-oot(®) = | oo (@) — O(] )
0@ — |

Unless

f o(&)dI” = 0
I

Then

Limyjz)—cow(®) — O(||Z] %)
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Ansatz (Indirect) Double Layer Potential

Formulations

Consider

0, |
w(¥) = / p(Z)dr’
r

Ongz || € — & ||

u(Z) automatically satisfies V2u = 0 on Q.

Must now enforce boundary conditions
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Double Layer Potential

Ansatz (Indirect)
Formulations Boundary Conditions

Dirichlet Problem

o 1
up (@) = / " g(@)dl’ FET
T 672,5? ||£B — iB’”

Neumann Problem
Oup(x 0 0 1
r(): / —— o (Z)dI" Z €T
ong; ong Jr Ong || — &||
Neumann Problem generates Hypersingular Integral
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Double Layer Potential

Ansatz (Indirect)

Formulations Dirichlet Problem 2nd Kind!
our(x O 1
(&) = 27wo (T) + ———o(&")dI"
Onz r Ong||€ — |
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Double Layer Potential

Ansatz (Indirect)
Formulations Radiation Condition

. 4 0 1 .
lzm”fn_,oou(w) — f = — U(f)drl — O(”w” 2)
T 6?’&5;1”{13 — & ||

Add Extra Term to slow decay

o 1
w(F) = / (@)l +aG(@) & 30
T 6‘",5;: ||£E — GU’”
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Green’s Green’s Second Identity
Theorem
Approach
» ; ou ow
uViw — wViu| dQ = w u—drI’
Q T on on
Now let w = ||:f:‘—1:f:"||
. 1 Ou 0 |
27 u(Z) = / U
r ||| — & on 8n51||ac—x’||

Easy to implement any boundary conditions!
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