Finite Difference Discretization
of Elliptic Equations: FD Formulas
and Multidimensional Problems

Lecture 4



S (BT e e Problem Definition

Formulas

Given I 4+ r 4 1 distinct points
(-t T_t141y- -y Zo, ..., Zr), find the weights 47" such

that
d"v =
Tom| D0y
L=ZI J:—l
IS of optimal order of accuracy. N1

e Lagrange interpolation

Two approaches:
e Undetermined coefficients
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FinaDiffarence Lagrange interpolation

Formulas

Lagrange polynomials

(1) — (:B—:I:_l)..-(33—::Bj_l)(aj—ggj_l_l)...(w_mr)
LJ( ) (:[:j —x_q)--- (:[:j - :Bj_l)(:[:j — :Bj+1) e (333' —z,)

Lagrange interpolant

d(z) = )  Lj(z)v;

j=-1
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FinaDiffarence Lagrange interpolation

Formulas

Approximate

d"v d"v d""“LJ
de™| 7 dxm| _Z dx™ | _ i
.'.E—.’BO :E—:ED j= l .'E—:BO
Therefore,
d™ L
o= ——~
g dwm .’E=£E0
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Lagrange interpolation

Finite Difference
Formulas

Setl =r=1, (x;-1, 5, Tj4+1)

Second order Lagrange interpolant

(z— fﬂ;,-)(fﬂ &'3_7-|-1) (z— —Lji— 1) (z— 5"3_7-|-1)
1~z (Zj_1—Tj11) J1 I (zj—zj_ ) (zj—Tj11) vj +

b(x) = (@

(x—xj_1)(z—2;) 0.
(zj1—zj_1)(zjp1—z;) “IT1
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Lagrange interpolation

Finite Difference
Formulas

Assuming a uniform grid

m = 1 (First derivative)

- 3 2 1

1 =7 —1 —5Az Az —sAg FHorward
.. 1 1

T — ] T 9AT 0 SAT Centered
.. 1 2 3
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Lagrange interpolation

Finite Difference
Formulas

m = 2 (Second derivative)

Centered

N2
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Finite Difference Undetermined coefficients

Formulas

Start from

Insert Taylor expansions for v; about z = x;

1
v; = v + vo(z; — ;) + ifvg(mj —x) ...,

determine coefficients 47" to maximize accuracy.
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Undetermined coefficients

Finite Difference
Formulas

m=2,l=r =1, =0, (uniform spacing Ax)

T ! A Ax3_m | Az, (4)
vy = 02,(vo — Axvy + ;UO—T‘“'UO &2 vy + ...
+ 83 o
3 4
+52(vg—|—Asch—|—Amv —I—Aé”v{]” A—‘”fuo)—l—...

24
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Undetermined coefficients

Finite Difference
Formulas

Equating coefficients of vé’“)

k=0= 02,+05+0{=0
k=1 = Azxz(6?-46%,)=0

k=2 => 225(52442)=1
Solve,
1 5 2 ) 1

2 __ — —
T1TAgm DT Ay N T AL

N3 N4
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Poisson
Equation in 2D

—Vu(z,y) = f(z,y) in Q

u—=—20 on I
8° b
2 _ . 0
V—amZ'ayZ’ Jec
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Poisson
Equation in 2D

Az =tz Ay=__%, x,=iAz, y;=jAy
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Approximation

Poisson
Equation in 2D

For example ...
v| Wiy1; — 205 + Vi1
p) -~ p)
ox i.j Ax
62?—’ Vi i+1 z'v'i,g _l_ Vi, 5-1
9y*|; ; Ay*

for Az, Ay small
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Poisson

poisson - [

—Uge — Uyy = f sSUQQgests . ..

Wi, — 2Ui 5+ Uio1,y Wi — 285+ Wi

Ax? ANTE N
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Poisson
Equation in 2D
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Equations

Poisson
I = |
—1
—1
—1
1
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Equations

Poisson
Equation in 2D Numbering
w11 \ { f11 \
ﬁnl fnl
U = 9 i — |
Unm ) \ Frm /

(z,7) becomes component (gm + 2)
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Poisson
Equation in 2D

(A, +2I, I,
_Iy
A= 0

o

A, + 21,

Equations

Block Matrix..

0

_Iy

~I, A,—+2I,
0 —I,

Block (m x m) tridiagonal matrix

Az, I, (n xn),

SMA-HPC ©2003 MIT

0 )
0
_Iy
Ag + 21, )

A (nm x nm)
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Poissc_)n - Equations
Equation in 2D

...Block Matrix

Block Definitions

(2 -1 0 --- 0 ) (10 0 ---0)

1 —1 2 -1 -.. ; 1 01 0 -..

A, = o -.. ... i+ O P O0-..-.. + 0
Az 9 4| 7 Av? 010
\0---0—12) \ 0 001)

A has a banded structure
Bandwidth : 2n + 1
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Equations

Poisson

EquatIOI‘I N 2D SPD Property
n+1m-+1 1

_TA'U— > > [ mz('vw Vi 173)2 | Ay 2("’33 Vi, j— 1)2]
1=1 j3=1

Hence |vTAv > 0, forany v # 0|(A is SPD)

Au =

|~

. u exists and is unique
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Error Analysis

Poisson
Equation in 2D

Truncation Error

_u(mi+1ayj) _ zu(mia yj) + u(mz’—layj)

Ax?
u(x;, Y; — 2u(xi, Y; w(xT;, Yi_
B ( 9 J+1) (Ayﬂz J) ( ' I 1) :f(mzayg)
Azx?d%u _ Ay?0%u
j 12 6m4(mz + 0, Aﬂl’,yj) T 192 By (wiayj + G?Ayz

Foruw € C* Ti,j " O(ACUZ, Ayz) for all <,z
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Error Analysis

Poisson
Equation in 2D | - |loo Stability

It can be shown that

1
A7 e < 3

Ingredients:

e Positivity of the coefficients of A~
e Bound on the maximum row sum
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Error Analysis

Poisson

Error equation Ae=7 = e= A7

. _ 1
lelloc = [[A7 Tl < [[A oo lIT]loe < ZlIT o0

1
—_(Az? max |[ul?| 4+ Ay? max u(4)
< ge(AT max, lua’l + AY e oD

If uwecC? |e|eo~O(Az? Ay?)
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cigenvae [

Problem in 2D

—Vu=Au in
u =20 on I

Assume (for simplicity)
L,=L,=1

Solutions (u(x,y), A)
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EigenvaIL_le Exact Solution

Problem in 2D

Eigenvalues

u"(x,y) = sin(knwz) sin(l7y)

vZ kI __ (kzﬂ'z—l—lz Z)U

Eigenvectors
Aot = k272 4 1272, k,l=1,...
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Discrete Problem

Eigenvalue
Problem in 2D Eigenvectors

]

Ad =i = (ubl A%

% .
u,: = sin(kwx;) sin(lmwy;)

= sin(knwtAx) sin(lrjAy)

)

ke ) sin( L9
n+1 m-+1

k,e=1,...,n l,3=1,...,m

= sin(
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Discrete Problem

Eigenvalue
Problem in 2D Eigenvalues

- 2 2
AL — A—m{l — cos(kmAx)} 4 Ay{l — cos(lmAy)}

Low Modes High Modes
Az, Ay — 0 (k,1 fixed) kEx~n,lx~m
Mot = k22 4 [%x? Mot = 4(n +1)2 4 4(m + 1)?
+ O(Az?, Ay?) as Az, Ay — 0
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Eigenvalue Condition Number of A

Problem in 2D

An? + 4m?
Y 22 as Az, Ay — 0
If m ~n
4An?
KA — >
-

grows (in IR?) as number of grid points.
(better than in 1D, relatively speaking !!)
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Link to —V2u = f

Eigenvalue
Problem in 2D | - || Error Estimate

Error equation Ae=71 = | e= A7

lella = 47z < A7 |17l < 5357
1
(AzAy) el < 515 (AzAy) |z
S el < ——|z] ~ O(AZ?, Ay?)
= - Xl,l S 9 y
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Discrgte Fouriar Poisson Problem 2D

Solution

AisSPD = A=ZAZT

A diagonal matrix of eigenvalues (nm x nm)

Z is matrix of eigenvectors (nm x nm)

/~11 ~ 2.1 ,&n,m\

- )
\EE /
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BRaverm (S e Poisson Problem 2D

4 =ZA1ZTf

Solution
ZAZTa=f = Z'a=A"'Z"f
ALGORITHM
1. f =27f
2. a@'=A'f
3. a=2za

Still cost is O(n?) (n~m) ...BUT...

SMA-HPC ©2003 MIT
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BRaverm (S e Poisson Problem 2D

Solution

e Matrix multiplications can be reorganized (tensor
product evaluation) nNs = 0O(n?)

o f =Z7f (a= Za")is a (Inverse) Discrete Fourier
Transform

Using FFT = O(n’logn)
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Non-Rectangular Poisson Problem 2D

Domains

We are interested in solving
—Vu=7f in Q

u =g onI'p

ou
—=h onI'ns =T'\I'
on N \D

where f, g, and h are given.
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Non-Rectangular Poisson Problem 2D

Domains

r=x(&n)

y=y(&n)
H

—V2'u, p— f

Can we determine an equivalent problem to be solved on Q7?
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Poisson Problem 2D

Non-Rectangular
Domains Transformed equations...

Uy =— Emuﬁ NeUy
u(z,y) =u(z(&n),y(n) =
u(€,m) Uy = EyUe + Ny

How do we evaluate terms &, 1., &,, and n,,?
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Poisson Problem 2D

Non-Rectangular

Domains ...Transformed equations...
£ =¢&(z,y) r=xz(&n)
n=n(z,y) y =y(&n)

d€ e & dx dx Te o d§

dn) \m My ) \ dY dy| Ye Yo ) \dn
&z &y L Ly - 1 [ Yn —Ty

— — — j

Yz 53; Ye Yy —Ye¢ Lg¢
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Poisson Problem 2D

Non-Rectangular
Domains ...Transformed equations...

Uy = 3 (YnUe — YeUn)

Uy = 5 (—TyUe + Teuy)

o o o
and Uryr — % (u:r:) E:.r: 3_5 _I' N 3_77) Uy
_1i(, 9 90N

Uyy
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Poisson Problem 2D

Non-Rectangular
Domains ...Transformed equations

Finally, — (uzs + uyy) = f, becomes

—1
ﬁ(a'u,gg—Zbu§n+cunn—|-dun_|_eu£) — f

a, b, c, d, and e depend on the mapping.

_ TpB — Yo
J
Yeor —
y

a=z;+y; ¢ a = axge — 2bxe, + cxy,

b=xcxy+ yeyy d= B = ayee — 2bYyey + CYyy
c=al+y}
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Non-Rectangular Poisson Problem 2D

Domains

77 = const

& = const

n = (n®,nY) is parallel to Vn (or V€); e.g.,on 'y
1 1

n = (Mzy11y) = (—ye, x¢)
i+ ot + v
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Poisson Problem 2D

Non-Rectangular

Domains Normal Derivatives...
Thus,

ou T 1 T

5 = uen” +uyn? = = [(y;n® —zyn?) ue

+ (—yen™ + xn’y) u,)

with (n”,n¥) =
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