Solution Methods:
Iterative Techniques

Lecture 6



Motivation

Consider a standard second order finite difference
discretization of

on a regular grid, in 1, 2, and 3 dimensions.

= Au—=Ff
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1D Finite Differences
Motivation

n points n X 1 matrix
bandwidth b =1

Cost of Gaussian elimination O(b°n) = O(n)
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2D Finite Differences
Motivation

n X m points n? x n? matrix
bandwidth b = n

Cost of Gaussian elimination O(b?n?) = O(n?)
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3D Finite Differences
Motivation
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Cost of Gaussian elimination O(b?*n?) = O(n")!
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Jacobi

Basic lterative
Methods Intuitive Interpretation...

Instead of solving

—Uxy — f!

we solve

ou

a:umm'l'f: N1

starting from an arbitrary u(x, 0).

We expect u(xz,t — oo) — u(x).
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Jacobi

Basic lterative

Methods ...Intuitive Interpretation...
To solve 9
Uu
Ay — Ugy
= + f
we use an inexpensive (explicit) method.
~7+1 g — 247 AT
U . U 'u, —I— U . -
For instance, — P i "+ fi
At h?2 s

u={l}_, f= {fs i=1
u Tt =u"+ At(f — Au") = (I — AtA)u" + Atf .
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Jacobi

Basic lterative
Methods ..Intuitive Interpretation

Stability dictates that

2

At < h—

2

Thus, we take At as large as possible, i.e. (At = h?/2)
2 2
u' Tt = (I—h—A) ‘iir—l-%f
ST L N 2
= u; —5(“’34-1"'“';' 1 +hYf) fore=1,...n
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Jacobi

Basic lterative

Methods Matrix Form...
Split A
D: Diagonal
A=D-L-U L: Lower triangular

U: Upper triangular
Au=f becomes (D—L-U)u=7Ff

lterative method

Dut'=(L+U)u"+ f
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Jacobi

Basic Iterative
Methods ...Matrix Form

utl =D Y YL+U)u"+D'f
—DY(D-A)u +D'f
= (I-D'A)u" + D f

u"t' =Ryu"+ D' f
R; = (I — D 'A) : Jacobi lteration Matrix
D;' = h?/2

2

1 R .
= att = 5(“i+1—|—ﬂi_1—|—h2fz-) for i=1,...n
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Basic lterative
Methods

¢ Known values
X unknown values

Jacobi iteration
u:_l_l — % (u£+1 +u;_ 4+ h?f;)
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Basic Iterative Gauss-Seidel

Methods

¢ Known values
X unknown values

Gauss-Seidel iteration (consider most recent iterate)
u:_l_l 2 (uz+1 + 'U'T_I_l + hZfZ)
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Basic lterative

Methods
Split A
A=D —

L-U

Gauss-Seidel

Matrix Form...

D: Diagonal
L: Lower triangular
U: Upper triangular

Au—=f becomes (D—L-U)u=7Ff

lterative method
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(D — L)u"t =

Uu"+ f
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Gauss-Seidel

Basic Iterative
Methods ...Matrix Form

ut'=(D-L)y'Uu +(D-L)'f

u" = RGS u” + (D — L)_l f

Rgs = (D — L) 'U : Gauss-Seidel lteration Matix
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Basic Iterative Error Equation

Methods

Let w be the soution of A v = f.

For an approximate solution u", we define
Iteration Error: e" = u —u"
Residual: r»"=f— Au"
Au - Au"=f —Ad"

ERROR EQUATION — (Ae" =7 N3
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Error Equation

Basic lterative
Methods Jacobi

vt =D Y L+U)u"+D'f
v =DY L+U)u+D'f

subtracting

e'r-l—l :;_D_I(L_I_Ul e’ — RJ e’
X
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Error Equation

Basic Iterative
Methods Gauss-Seidel

Similarly,

P — £D — L)_l Q e" — Rgs e”

Rgg
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Basic lterative
Methods

I | u(0) = u(1) = 0; u’ =0

40 60 80 100 120 140 160 180

# lterations
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Basic lterative
Methods

u(0)

20

30

u(l) = 0; u’ =

40 50 &0 70 80 90

# lterations
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Examples

Basic lterative
Methods Observations

— The number of iterations required to obtain a certain
level of convergence is O(n?).

— Gauss-Seidel is about twice as fast as Jacobi.

Why?
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Convergence
Analysis

e"=Re"  '1=RRe" ?=...=R"e".
The iterative method will converge if
lim R" =0 <— p(R) = max |A(R)| < 1. N4

T—00

p(R) is the spectral radius.
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Convergence

Analysis

—If the matrix A is strictly diagonally dominant then
Jacobi and Gauss-Seidel iterations converge starting
from an arbitrary initial condition. N5

A = {a; ;} is strictly diagonally dominant if
la; ;| > > |a; ;| for all <.

=1

—If the matrix A is symmetric positive definite then
Gauss-Seidel iteration converges for any initial
solution. N6
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Convergence

Analysis

RJ:D_I(L-I'U) 1(D A)y=1- D1A=T-—A
If A'v"’z)\k'vk

2 2
then Ry v¥ (I — % A) (1 S )\’“(A))

>

Ak (F (123)

A (Ry) =1-— h )\’“(A)

Eigenvectors of Ry = Elgenvectors of A
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Convergence

Analysis

Recall ...

(2 10 - 0 )

-1 2 -1 -..

1 0 .. .. + 0
A=331 . . 12 1
\0 e 0 -1 2/

nxXn SPD
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AvF = NFpF k=1,...,n

. _ e
Eigenvectors: h=_3

v = sin(kwhj) = sin (nkirl—‘?l)

Eigenvalues:

AE(A) = % [1 — cos(kmh)]

Solution Methods: Iterative Technigues 23



Convergence

Analysis
hZ
AF(Ry) =1 — )\’“(A) — 1 — [1 — cos kmh]
km
:cosn+1<1, k=1,....,n

Jacobi converges for our model problem.

Riv* = N*(Rj)v"
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Convergence
Analysis

10 12

mode k

v (mode k=2) v'® (mode k=15)
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Convergence

Analysis
Write € = Y ¢ v" v®, k-th eigenvector of R;
k=1
el = Re’ = > cip A*(Rj) v*
k=1
e" = R e’"= Y ci (AF(R3))" v*
k=1
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Convergence
Analysis

— Ie Q
—— sinfrx x)
— sin{5xx)
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Convergence
Analysis

"0 01 02 03 04 05 06 07 08 09 1
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Jacobi

Convergence
Analysis Convergence rate...

A*(R3) = cos(kmh), kEk=1,...n

Largest |[A*(R3)| for k=1,...n

Worst case €’ = c;v! — e" = ¢; p(R3)" v!

leT]] ) 2R2\ "
— e
leo) (cos(mh)) ~ |1
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Jacobi

Convergence
Analysis ...Convergence rate

To obtain a given level of convergence; e.g., 10~°

le”| 5
< 10
ef]]
2.2\ T B 2 2 1 p.
;»(1—“") <1070 5 r = 0o 252 5("’1' )
log(l—%) wh U
— r = 0(n?)
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Jacobi

Convergence
Analysis Convergence rate (2D)

In two dimensions, and for a uniform, n x n, grid,

we have
2
1
ANE(Ry) =1 — hZ AA) = > [cos(kmh) + cos(€mh)]
(Rj3) = cos(mwh) = cos T h=_L
p J - - h _l_ 1 - n+tl
Therefore, r = 0(n?)

SMA-HPC ©2003 MIT Solution Methods: Iterative Technigues 31



Convergence Gauss-Seidel

Analysis

Rgs=(D—-L)'U

Ak(Rgs) — COSZ(k‘TI'h) — [Ak(RJ)]2< 1

Gauss-Seidel converges for our problem

But,
Eigenvectors of Rgs Z Eigenvectors of A

The eigenvectors v* = {v;?};?zl of Rgg are

v¥ = [y/A¥(Ras))? sin(krhs)
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Gauss-Seidel

Convergence
Analysis

186 18 20

v'® (mode k=15)
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Gauss-Seidel

Convergence
Analysis Convergence rate

To obtain a given level of convergence; e.g., 107°

le”| 5
< 10
e?]]
w22\ % ) 5§  6(n+1)
= [1— 107° 5 pr = ~ —
( 2 ) < r 210g(1_#) w2h2 2
e r = 0(n?)
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Comparative
cost

(Gauss
lteration Elimination
1D mnxn O(n" n)=0(n°) O(n)

2D n’xn? O( n?)=0(n?) O(n?

3D ni*xn® O@(' n?)=0("n°) On")
# iters
green cost/iter
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Gauss-Seidel

Over/Under

Relaxation Main Idea
Typically

utl = Ru" + f* f*=D'f Jacobi

f* = (D — L) 'f Gauss-Seidel

Can we “extrapolate” the changes?
u'tl = w(Ru" + )+ (1 —w)u"

=wR+(1-w)I] u"4+wf* w >0
R,
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How large can we choose w?

Relaxation

MN(R,) = wA*(R) + (1 — w)
Jacobi AF(Rj) = cosknh
GS A°(Rgs) = cos? kmh

—> p(Rw)<1:>0§ Wy

VA

1 can only be
under-relaxed

0 < wgs < 2 can be over-relaxed

N7
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