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Motivation

e The Poisson problem has a strong formulation;
a minimization formulation: and a weak formulation.

e [he minimization/weak formulations are more

general than the strong formulation in terms of
regularity and admissible data.
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Motivation

e The minimization/weak formulations are defined by:
a space X; a bilinear form a; a linear form £.

e The minimization/weak formulations identify

ESSENTIAL boundary conditions,
Dirichlet — reflected in X;

NATURAL boundary conditions,
Neumann — reflected in a, £.
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Motivation

e The points of departure for the finite element
method are:

the weak formulation (more generally);
or
the minimization statement (if a is SPD).
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The Dirichlet
Problem

Find v such that

Strong Formulation

where

—Vu=7Ff inQ
u—=—0 onl

v2— 62 | 62
— 0x2 ' Oy?

and Q is a domain in IR? with boundary T".
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The Dirichlet Minimization Principle

Problem Statement...
Find
u = arg 11161)1(1 J(w)
where N1
X = {v sufficiently smooth | v|r = 0},
dan
J('w) = V'w VwdA— | fwdA. N2

w2 +w 2
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_ Minimization Principl
The Dirichlet Inimization Principle
Problem ...Statement

In words:
Over all functions w in X,

u that satisfies

—Vu=Ff inQ
u—=—0 onlIl

makes J (w) as small as possible. N3
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The Dirichlet
Problem

Let w = u 4+ v.
Then

(&) =
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Minimization Principle

%/ﬂV(u—l—v)-V(u—l—v)dA

—/nf(u—l—'v)dA.
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The Dirichlet Minimization Principle
Problem

J(u+v):%/QVu-VudA—/nfudA J(u)

-I—/Vu-V’vdA—/fvdA 0Jy(u)
Q i first variation

-I-%/ Vv Vv dA >0forv+0
Q
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The Dirichlet Minimization Principle
Problem

6J,,,(u)=f VuovudA—f fvdA
Q Q

:/QV'(UVu)dA—/QvV%dA—/ fvdA

0

0 .
:/P,ﬁ‘ Vu-ndS-I—/nv{—Vzu—f}dA

0

=0, VeveX N4
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The Dirichlet Minimization Principle
Problem

1
J(u+v)=J(u)+§LVv-VvdA, VveX

>

>0unlewrss'v=0

J(w) > J(u), VweX, w#u
= )

u is the minimizer of J(w)

=
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The Dirichlet

Problem

Find u € X such that

Weak Formulation

Statement

0J,(u) =0,

Vve X

)

/Vu-vadA:/f'vdA, Vve X |,
0 Y

see Slide 9 for proof.
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The Dirichlet

Problem

Linear space, Y .

Weak Formulation

Definitions...

A set Y Is a linear (or vector) space

If

Vv, v €Y,

VaclR, Vvey,

vmm+rveoeEeY

avcyY
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The Dirichlet Weak Formulation
Problem ...Definitions...

Linear forms, L(v):

L: Y — IR (formor functional)

input output

L{ow, + v2) = aL(vy) + L(vg) (linear)
VaelR, Vvi,v2€Y.
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The Dirichlet Weak Formulation
Problem ...Definitions...

Bilinear forms, B(w,v):
B:Y xZ—>IR (form);

B(w,v) linear form in w for fixed w ,

B(w, v) linear form in v for fixed w (bilinear) .
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The Dirichlet Weak Formulation
Problem ...Definitions

SPD bilinear forms, B(w, v):
B: Y xY — IR s bilinear :
B(w,v) = B(v,w) SPD;

B(w,w) >0, VweY, w#0 SPD.
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The Dirichlet Weak Formulation

Problem Restatement...
Let
a(w,v) = / Vw -VvdA, Vw,ve X
Q
an SPD bilinear form E2
and

f('v)zfnf'vdA, VveX

a linear form .
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The Dirichlet Weak Formulation
Problem ...Restatement

Minimization Principle:

1
u — arg 501}61)1(1 2 a(w,w) — E('w)
J(w)
Weak Statement: « € X,
a(u,v) = £(v), VveX. E3

& 5J;Zu) =0
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. . Weak Formulation
The Dirichlet eak Formulatio
Problem Proper Spaces: u € X

Since a involves only first derivatives ,
X ={vec H(Q) | v|lr =0} = H;(Q):

Hl(ﬂ)z{fu|/v2dA, /fuf,,dA, / v, dA finite} ;
Q 2 Q2

Sw,v)Hl(lefngw-Vv—l—'w'vdA;

inner product

1/2
|w|| g1y = (/ Vw|? + w? dA) N6 E4
N—— Q

norm
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The Dirichlet Weak Formulation

Problem Proper Spaces: ¢ ¢ X’

The “data” £: H;(2) — IR must satisfy
[€(v)| < C ||v]| gy, Y v € Hy(2) (bounded).

£ € dual space X' = (H(Q2)) = H 1(Q):
all linear functionals bounded for v € Hj(€2).

£
Dual Norm.: ||£||(H&(Q))’ = Ssup ('U) . N7 N8

ve H(Q) ||’U||H1(Q)
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The Dirichlet Weak Formulation

Problem Proper Spaces: Well-Posedness

Given £ € H 1(Q), find u € H3(Q)
such that
a(u,v) = £(v), Vo e Hy(QQ) .

Well-posedness:
u exists and Is unique; E5 N9

N10 E6 E7
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e WL Strong Formulation

Problem

Find 2 such that

—Vu =f
u =20
u _
6n_g

in €
on I'?

on T'™V

where T =T UT" , T'? non-empty.
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The Neumann

Problem

Find

where

Minimization Principle

Statement

v = arg min J(w)
weX

X ={ve H(Q) | v|pp = 0}

J(w):%/ﬂV'w-VwalA—/Q f'wdA—/FNg'wdS.
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Minimization Principle

The Neumann
Problem

letw =u+v.
Then

P

J(u +) = 7 / V(iu+v) -V(u+v)dA
eX eX Q

_/Qf(u_l_v)dA_/rN g(u+v)dS.
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Minimization Principle

The Neumann
Problem

J(u+v) =

1
—/Vu-VudA—/ fudA—/ gudS
2 Ja Q N

—I—/Vu-VvdA—/f'vdA—/ gvdS
Q Q rN

+1/VU-VUdA
2 Ja
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Minimization Principle

The Neumann
Problem

5J1,(u):/ V'u,-V'u,dA—/ f'vdA—/ gvdS
0 0 TN

:/V-(vVu)dA—/szudA—/f'vdA—/ gvdS
0 0 0 N
0
_ . A dS —Viu - fldA
PD,ﬁ‘ Vu -7 -I—/ﬂv{ V?: £}
+prv{\Vu-;’i—g,}dS = 0, VYoveX
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Minimization Principle

The Neumann
Problem

J(u—l—v)z.](u)—l—%/ Vv-VvdA, Vv e X
& Jo

>

>0unlewrss'u=0

J(w) > J(u), Vw e X ;
= )

u is the minimizer of J(w) .

E8
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Weak Formulation

The Neumann
Problem Statement...

Find v € X such that

0J,(u) =0, VvelX

)

/Vu-VvdA:/fvdA-l— gvdS, VveX;
0

2 'N

see Slide 25 for proof.
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The Neumann
Problem

Let:

Weak Formulation

.Statement...

a(fw,'v)zf Vw- -VvdA, Vw,ve X
Q

bilinear, SPD form ;

and

1‘3(‘0):/Q fvdA

/ gvdS
1Al

linear, bounded form (in H~1(£2)) .
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Weak Formulation

The Neumann
Problem ...Statement

Minimization Principle:

u = arg {Umi} éa(w w) — E(w)

J (w)

Weak Statement: « € X,

a(u,v) = €(v), VveX.
& 5J:(ru)=0
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Weak Formulation

The Neumann
Problem Essential vs. Natural

Essential boundary conditions: Imposed by X.
Natural boundary conditions: Imposed by J (or a, £).
Here:

Essential < Dirichlet (v|rp = 0) ,

Natural & Neumann (wv|p~ unrestricted) . N12

Important theoretical and numerical ramifications.

E9 E10 E1i1
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Inhomogeneous Strong Formulation

Dirichlet Conditions

Find « such that

—V?u=7Ff in O

u:uD OnI‘D:I‘;

simple extension to mixed Neumann or Robin.
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Minimization Statement

Inhomogeneous
Dirichlet Conditions

Find v — arg min J(w)
we XD

where XP = {fve HY(Q) | v|rp = UD} .

X ={ve H(Q) | v|pp = 0},

J('w)zét/QVw-deA—(/nfwdA.

a(w,w) £(w)
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Inhomogeneous Weak Formulation

Dirichlet Conditions

Find © € X such that E12

0J,(u) =0, Vo € X = Hy(QQ)

)

fVu-V'vdA:f fvdA, Vve X.
0 y Q .

a(,v) £(v)
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Summary

e The Poisson problem has a strong formulation;
a minimization formulation; and a weak formulation.

e [he minimization/weak formulations are more

general than the strong formulation in terms of
regularity and admissible data.
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Summary

e The minimization/weak formulations are defined by:
a space X; a bilinear form a; a linear form £.

e The minimization and weak formulations identify

ESSENTIAL boundary conditions,
Dirichlet — reflected in X;

NATURAL boundary conditions,
Neumann — reflected in a, £.
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Summary

e The points of departure for the finite element
method are:

the weak formulation (more generally);
or
the minimization statement (if a is SPD).
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