Discretization of the Poisson
Problem in IR': Theory and

Implementation

April 7 & 9, 2003



Goals
Theory

A priori...

A priori error estimates: N1
bound various “measures”
of u [exact] — uy [approximate];

in terms of C'(£2, problem parameters),

h [mesh diameter], and .
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Goals
Theory

...A priori...

u: —Ugy = [, w(0) =u(1) =0
a(u,v) = £(v), VveX
a('w,v):/Ol wy v, dz, V)= /01 fodz
X = {v € H(Q) | v(0) = v(1) = 0}
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Goals

...A priori

a(up,v) = £(v), Vv e Xy

a(w,v) = /01 wy v, dx, L(v) = “ /01 f'udsc”

Xp={ve X |v|lr, €ePi(Th), VT, Tn}
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Goals
Theory

A posteriori

A posteriori error estimates: N2
bound various “measures”
of u [exact] — u, [approximate];

in terms of C'(£2, problem parameters),

h [mesh diameter], and uy,.
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Projection

Theory

Definition

Given Hilbert spaces Y and Z C Y/,

(Hy,’v)y ( Y 9?-7)Y5 Vve
EZ eY

defines the projection of y onto Z, Ily;

II: ' ¥ —» Z.
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Projection

Theor
y Property

The projection Ily minimizes ||y — z||3, Vz € Z.

Why?
|W—(ﬂy+;W%=(@—Iho—vdy—ﬂyy~wy
any zec

= |ly —y|3 —2(y — Oy, v)y +|v|}, VveZ.

0: ?;EZ
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Projection

Geometry of projection:

Theory

Orthogonality: (y — Ily,v)y = 0, VveZ. E1
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The Interpolant

Theory

Recall

Xn={veX|vlr €ePi(Th), VThe€Tn}
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The Interpolant

Given w € X, the interpolant 7w satisfies:

Theory

Tpw € Xp; and Zpw(x;) = w(x;), t=0,...,n+1.

Thaw(x) = ) | w(z;) pi(x)

=1
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The Interpolant

Theory

Approximation Theory...

If w € X, and w|p, € C*(Th), VTh € Th, then

e I < h I
a0 = ity = 10 i (Iile%f |w I)

—7 < h? .
|w — Zpwl[f2(q) < b max (gglc lw I)
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The Interpolant

Theory

Sketch of proof:
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The Interpolant

Theory

...Approximation Theory...

4
/ w” dx
zk

Hl

(0 - Tyw)|gp()| =

/ (w — Ihw)”|T’;f dz
ok

< h max |w
:BET',’:

P 2
1
E / (w—Thw)'|5xde < —h { h max max|w"
L h h k=1,...,K 4Tk
k=1 Th h

E2

SMA-HPC ©1999 MIT Poisson in IR': Theory & Practice 12



The Interpolant

Theory

...Approximation Theory

If w € X, and w € H*(Q,7T3),
h
[w — Zphw| gy < - |w|| 20,7

hZ
|w — Zhw|| g2y < 3 |w|| g20,7,) 5

where
K K
wllran = Y l0ldngy =Y [ whtwiude.
k=1 k=1 h
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Error: Energy Norm

Theory

Definition...

Define the energy, or “a”, norm |||v||| as

[[v]]|* = a(v,v) (generally)

1
/ vidr = |"’|fql(n) UEIE)
0

Note: ||| - ||| is problem-dependent.
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Error: Energy Norm

Theory

...Definition

Of interest:  for
u(x) (exact solution)
un(x) (finite element approximation)
= e(xz) = (u — uy)(x) (discretization error)

find bound for |||e||| in terms of h, u.
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Error: Energy Norm

Theor
y Orthogonality

Since a(u,v) =€(v), Vve X

then a(u,v) = £L(v), Vve X, (Xp C X),
but — la(up,v) = €(v)], Vv € X}
SO a(u —up,v) =0, Vv € X, (bilinearity).
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Error: Energy Norm

Theory

General Bound...

For any wy, = u;, + vy, € X, , vy € Xy,

a(u —wp,u —wy) =a ((uv—up) — v, (v —up) — vp)

2
[u—wp|[|2

= a(u — up,u — up) — 2a(u — wp, vy) + a(vy, vy)
B -~ Y N ~ / \ ,
[le|]|? 0: orthogonality >0 if v37#0

- llelll = inf |[ju—wall| -
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Error: Energy Norm

Theory

...General Bound...

In words: even If you knew wu,
you could not find a wy, In X,
more accurate than uy

In the energy norm.
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Error: Energy Norm

Theory

Geometry

= up = II¢ u: the projection of (closest point to)
u on X, In the a horm.
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Error: Energy Norm

Theory

...General Bound

Miracle ?: a(I1fu,v) = a(u,v), Vv € X}, ;
Up

but we do not know w« . ..

N[Ok
a(u,v) = £Lv) = a(Hhu,fv) = €(v), Vv e X;.
can evaluate uh
Only in the energy inner product can we
compute II; v without knowing «. N3
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Error: Energy Norm

Theory

Particular Bound

h

Thus
|[le]l]

inf ||lu —ws||| < |||u —Znul||
wp Xy,

= |u — Zhu|grg) < % ||| 20,7,y E3 N4

(assuming ||u|| gz(n,7;,) finite).
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Error: H! Norm

Theory

Reminders...

The H! norm:

||v||H1(Q) |‘U|H1(Q) + ||v||L2(Q)

| 1
=/ 'vidzc—l—/ vide ;
0 0

|e|| g1(n) measures e and e,
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Error: H! Norm

Theory

...Reminders

Coercivity of a(-,-):

Ja > 0suchthat  a(v,v) > a||v]fug, YveX

1 1 1
(/ vidw>a(/ vidm-l—/ vzdm)) :
0 0 0

Continuity of a(-,-):

38 (= 1) > Osuch that a(w, v) < B||w| g1 qy)l|v| m1(q) -
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Error: H! Norm

Theory

General Result

The error e = u — uy, satisfies

B, .
||e||H1(Q) < (1+ a) é?;h o — ’whHHl(n) 3

-

. W
degradation g .orin E! projection of u on X},

in general uy, is not the H* projection of w on Xj,.

E4 N5
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Theory

)
We know |lu — Thu|| gigy < V2 — ||l 2,7 Thus

ndmmn=(1+

SMA-HPC ©1999 MIT

<

(ot

“(

Error: H! Norm

(84

B

87

1P
(84

)

Particular Result

AN
— inf ||’u, — wh“Hl(Q)

'whEXh

)nu—ammmn

h
- ||U||H2(n,7;,,) .
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Error: L? Norm

Theory

Reminder

The L? norm:

. 1/2
1oll 2y = / v2dz|

|e||L2¢ny Measures e.
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Error: L? Norm

Theory

Particular Result

The L? error satisfies

leflzz@) < C b |le]|giqy

< Ch?||ullgz@,7)

for C' independent of A and . N6
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Linear Functionals

Theory

Motivation...

A linear-functional “output” s is defined by
s = £O(u) + c? ;
where
©: HY(OQ) - R
IS a bounded linear functional

9(v)| < C |[vllgy, Vv e Hg(Q).
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Linear Functionals

Theory

...Motivation...

Very relevant. engineering quantities of interest.
For example:

s: average over D C €, with
€9 (v) = / vdzx ;
D
s: flux at boundary, wu,(0), with
1 1
MOE —/ (1 — )y vz, c0=/ f(1—x)dx.
0 0

N7
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Linear Functionals

Theory

...Motivation

Of interest: s — ¢¢ (u) + e,

Sp = go (un) + c(i;

finite element prediction of output

error in output Is thus
|5 — sn| = €9 (u) — £°(up)| = [€°(u — up)]

= [€9(e)] .
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Linear Functionals

Theory

General Result...

If £© ¢ H-1(), then

£9(e)| < C ||e]| g1y (boundedness).

If £ € L2(Q), then

€9 (e)| < C ||e|| 2y (boundedness).
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Linear Functionals

Theory

...General Result
In fact: for any £ ¢ H-1(Q),
£9(e)| < C llell gy 1Y — ¥nllar(0)

where a(v,) = —£°(v), Vve X

a(v,Yn) = _EO('U)a Vv € Xy,

and ) i1s an adjoint, or dual, variable.

N8

SMA-HPC ©1999 MIT Poisson in IR': Theory & Practice 32



Linear Functionals

Theory

Particular Result

From our earlier bounds for ||e|| g1y and ||e|| 2 for
linear finite elements:

for 2ec H'(Q): [£9%e)| < C hlulgzanr)

for €0 € L2(Q): |£9(e)| < C h? |ul gz7r) -

Better yet. for ¢° c H1(Q)

£9(e)| < C R | ||lul a2,z 1]l B2(0,7) -
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mplementation IR

Four steps:

A Proto-Problem,
Elemental Quantities;
Assembly;

Boundary Conditions;

and Quadrature.
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_ A Proto-Problem
Implementation e

{ve HY(Q) |v|r, € P1(Th), VTh € Tn}

Let fh

= span {©g, .+ ., Pnt1} -
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A Proto-Problem

Implementation
Definition

“FInd” u;, € fh such that

a(tp,v) = £(v), Voe Xp.

We never actually solve this problem:

It serves only as a convenient pre-processing step.
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A Proto-Problem

Implementation
Discrete Equations...
» » n+1
Apuy, = Fy up(x) = Z up i pi(T)
—

1
Ahij :a(¢ia¢j):A d(’:': dﬁj de, 0<2,7<n+1

N 1
Fhizﬁ(cpi)(:/() fc,oz-da::), 0<2<n+1
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_ A Proto-Problem
Implementation

...Discrete Equations

Matrix form:

—1 2 —1 O

-1 2 -1

0 1 2 -1

—1 1/
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Elemental Quantities

Implementation
Local Definitions

Element T} — @

x¥: local node 1 of element T};
x5: local node 2 of element T;

h*: length of element T}".
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Elemental Quantities

Implementation
Reference Element...

Definition: T = (—1,1)

(1. reference element node 1;
(2. reference element node 2.
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_ Elemental Quantities
Implementation

Relation of T to each TF: Affine Mappings

Fe(Q) = 27 + 3 (1 +¢) b

I
Zr L4

h* -1

Fl(x) =2
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_ Elemental Quantities
Implementation o _ _

Define space X = P, (T): all linear polynomials
over T; dim(X) = 2.

Introduce basis for X, H1(C), H2(C):
(1 —¢)
2 Lagrangian

(1 4 ¢) [ interpolants
2

H1(C) =

gz‘= 1 H2(C) =
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_ Elemental Quantities
Implementation S

1
~ dyp; dp;
Apij = a(pi Pj) :/ 71 ¥ de

o dx dzx

Element T (say) contributes
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_ Elemental Quantities
Implementation _ e

Change variables T3 — T

¢ﬂT§H“3(f£“@3hﬁ
."“'. h"'*-. I
——h*—
3 3

xr X

1 2

/ d‘P2 or 3 d‘P2 or 3 d
73 dx dx
HPC ©1999 MIT

h

N9
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Elemental Quantities

Implementation
...Elemental Matrices
Define A* ¢ R?*2 (e.g., k = 3): E5 E6 N10
2 /1 dHa@ or 2) AHaA or 2) d¢ —
ht [ 4 d¢ d¢
2 1 d T Hl
_ d¢ — —
h’“/ dC dCH ¢ = It ('Hz)
I L AF Elemental Stiffness Matrix
he | —-1 1| —
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_ Elemental Quantities
Implementation S

1
Fri = £(p;) = / J pidx
(say) v O

Element T (say) contributes
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_ Elemental Quantities
Implementation e

Change variables T3 — T
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Elemental Quantities

Implementation
...Elemental “Loads”

Define F* € R2 (e.g., k = 3):

hk 1
Fk — o / f Ha@ or 20 dC Elemental Load Vector
—1

hk 1 H]_
=% [ 1 ﬂ—(HZ)-

Evaluation (usually) by numerical quadrature.
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Implementation m

Recall triangulation and basis functions:

Po ¥P1 P2 L3 ¥4
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Implementation

Assembly

...The ldea...

/ dw2 or 3 d‘onrSd 2 ig —%
£ = 1 1
T’? dx dx 3 33 73 ’

R

Row 1 of A°
Row 2 of A®

Column 1 of A® Column 2 of A°
Adds to Ao Adds to A3
Adds to Ajzs Adds to Ajz;

SMA-HPC ©1999 MIT
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Assembly

Implementation
...The ldea...

Co C1 C2 (C3 C4

R0/ \
31 .
R2 L -k (¥
R3 S =

h3 h3 _ 1 1
R4 hE R
o\ 3 )

Ay, with T accounted for ...
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Implementation

Assembly

...The ldea...

/ dpsora dp 30r4 dr — 3 —14 ——,34
€L = 1 1
s dx dx N\ "hi nt )

Row 1 of A%
Row 2 of A%

Column 1 of A* Column 2 of A*
Adds to Ass Adds to Asy
Adds to A s Adds to Ay,

SMA-HPC ©1999 MIT
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Assembly

Implementation
...The ldea...

CO Cl C2 C3 C4 ..
RO/ )

R1 L
1 1 1
R2 o3 —3 44 — RE T h
R3 "1 1,1 1 A =
RS B3 T pa ha _1 1
R4 _ L L h* A
hA h4

Ay, with T3,T# accounted for ...
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Assembly

Implementation
...The ldea...

1
T7? contribution to F}, ; = £(p;) = / f ;dx

(1

2 / I H1d¢

1
o\ [, 17

Row 1 of F* Addsto F},»
Row 2 of F° Adds to F}, 3
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Assembly

Implementation
...The ldea...
RO [
R1
R2 | FY 5 F}
R3 | F% N Fy
R4

A /.

¥

F,, with T3 accounted for
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Assembly

Implementation
...The ldea...

1
T} contribution to F}, ; = £(p;) = / f ;dx

(51" oac

4\2/_1m2dc/

Row 1 of F* Adds to th
Row 2 of F* Addsto F}, 4
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T,




Assembly

Implementation
...The Idea
R0 [
31
Ro | FY o F
3 | F5 + Ff B Fy
R4 Fy

A /.

F, with T3, T accounted for
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Assembly

Implementation
The Algorithm...

Introduce local-to-global mapping:

6(k,): il,.:,Kl x {1,2} — iO,...Ln—I— 1}
element local node global node
number number

such that

z® (local node « in element k) =

To(k,o) (QlObal node 8(k, x)).
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Implementation m

Example: K =4
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Assembly

Implementation
...The Algorithm...

Procedure for A,

zero A, ;
{for k=1,...,K
{fora =1,2
1= 0(k, ) ;
{for 8 =1,2
7 :e(kﬂf@);

Apij=Anij+Akg31 1}
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Assembly

Implementation
...The Algorithm

Procedure for F,
zero Fy;
{for k=1,..., K

{for « = 1,2
1= 0(k, ) ;

ﬁhi:f‘hi'l'Fk;}}

(84
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Boundary Conditions

Implementation
Point of Departure

(1 -1 \ [ Ao\ [ By )

-1 2 -1 0 U1 Fu:
1 1 2 -1 N
h |
0 1 21| . Fin
_\ . ) ), (B
Ap Bh Fy

SMA-HPC ©1999 MIT Poisson in IR': Theory & Practice 62



_ Boundary Conditions
Implementation e

up € Xp such that a(up, v) = £(v), Vv e X!
Xy = {‘U c X | ‘UlTh = IPl(Th), VT3 € 7;;,} ;
X ={ve H(2) |v(0) =v(1) =0} .
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Boundary Conditions

Implementation
...Homogeneous Dirichlet...

Explicit Elimination

X5 = o, Pn+1 NOt admissible variations, so
REMOVE RO and Rn + 1 from A, ;

Upo = Upn+1 = 0, SO
REMOVE C0 and Cn + 1 from A,,.

Recover A, u, = F;
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Boundary Conditions

Implementation
...Homogeneous Dirichlet

Big-Number Approach penalty
Place 1/ (e < 1) on entries Ay oo and Ap i1 nti.

Place 0 on entries Fj, ¢ and F}, ,,41.

This replaces RO and Rn + 1 with
Upo =0, Upnt1 =0

In an “easy,” symmetric way.
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_ Boundary Conditions
Implementation . L

up, € X3P such that a(up,v) = £(v), Vwve Xy
X3, requires v(0) = v(1) =0 ;
X P requires w(0) = v?, w(1) =0.




Boundary Conditions

Implementation
....Inhomogeneous Dirichlet...

Explicit Elimination . ..

Xy = o, Pn+1 NOt admissible variations, so

REMOVE RO and Rn + 1 from A, ;

X}? — {bhg . uD, ﬁhn+1 . 0, SO
MOVE -2 C0—-0Cn +1to F,,.
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Boundary Conditions

Implementation
....Inhomogeneous Dirichlet...

... Explicit Elimination

(2 -1 \ () [Fa-wPx ()

-1 2 -1 0
1 -1 2 -1 3
- —

0 121

k\ - 2/,\ﬁhn/ \ Fin )

Ay
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Boundary Conditions

Implementation
...Inhomogeneous Dirichlet

Big-Number Approach E7
Place 1/¢ (¢ < 1) on entries Ango and Ap pi1ni.
Place (1/€) u® on entry Fj, .

Place 0 on entry Fj, pi1.

This replaces RO and Rn + 1 with
Uho = u”, Upper = 0.
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Quadrature

Implementation
Question...

How do we evaluate

h* [t 1+
Fo=— 1f(w’1":( ) h )H(C)dc
£(¢)
for general f7? N11
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Quadrature

Implementation
...Question

Approaches

e “Analytical” Integration

e Symbolic Integration

e Gauss Quadrature <+

e Integration by Interpolation N12
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Quadrature

Implementation
Gauss Quadrature...

Approximate

hk 1
r_ k
Fi =% | 40 Hal¢) ¢
hE
~ ? Z pq fk(zq) Ha(zq):
q=1

p,. Gauss-Legendre quadrature weights
zq. Gauss-Legendre quadrature points.
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Quadrature

Implementation
Gauss Quadrature...

The p4, 24, g=1,..., N, are chosen so as

to integrate exactly all g € Py, 1 ((—1,1)). N13

To conserve “ideal” convergence rates,

require N, > 1 ( > p for IP,, elements).
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