FEM for the Poisson Problem
in IR?

April 14 & 16, 2003



Formulations
Model Problem

Strong Formulation

Find v such that
—Vu=fFf inQ

u=0 onpl

for €2 a polygonal domain. N1
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Formulations

Model Problem

Minimization/Weak Formulations...

Find 4 = arg min %a('w, w) — L(w) ;
weX o

J(w)

or find u € X such that
a(u,v) = £(v),Vv e X ;
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Formulations

Model Problem

...Minimization/Weak Formulations

where

X ={ve H(Q) |v|lr =0} = H;(Q2) ,
a(w,v) = / Vw - -VvdA SPD ,
0

L(v) = / fvdA bounded .
0
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Regularity
Model Problem

In general, ||u|| g1y < C|/€]| g-1(0)-
If f € L?(Q) and Q is convex,

vl g2i0) < C|fllz2); \P.

important for convergence rate.
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Finite Element
Discretization

Triangulation

N3

Ty: elements,
- ’ K

/
x;: hodes,
1=1,...,1

o) interior
. , o boundary
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Discretization
Xn={veX |v|g € Pi(Th), VIL € Tn}
U‘P == 0,
v € C%Q)

IP1(Th): v|1, = co+ :m x4+ cy Y, ¢Ccpcy€IR
€T 'Uy
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Discretization

X, = span{@i,...,Pn}:
pi € Xpny, @i(x;)=20:i5, 1<1,53<n.

Support of p;:

; Nonzero
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Approximation

Finite Element
Discretization ...Basis (Nodal)

Nodal interpretation. v € X3,

v=> vipia);
=1

v(z;) = Y vips(25) =) vidy; = |v; = v(x;) -
=1 =1
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“Projection”

Finite Element
Discretization Rayleigh-Ritz or Galerkin

Rayleigh-Ritz:

up = arg min %a(w, w) — £(w)
weXy, Jr) -’

Galerkin: wu; € X, satisfies
a(up,v) = £€(v), VvelX,.
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Discrete Equations

Finite Element
Discretization General Case

Let un(x) = ZUhj pi(x); v =pi(x), t=1,...,n:

=1

Apu, =Fy up, € IR"

Anij = alpi, pj), 1 < 4,5 < n,

Fr; =£L(p;), 1 <2 <n.
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FTE S Discrete Equations

Discretization

Uniform Mesh:
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Discrete Equations

Finite Element
Discretization ...Particular lllustrative Case...

Expression for A, :

a(w,v) = /va .VvdA = /{;wmvm + w,vy, dA
Y

Op; Op; Op; O0P;
Anij = ir Pj) = 1 ? dA
hij a’((p,(p.?) /Q dr O | 6y ay

1 <12,7 <n.
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FTE S Discrete Equations

Discretization

Derivatives of p;: or;

Op;/0x Opi/0y
(piecewise constant) (plecewise constant)
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FTE S Discrete Equations

Discretization

Evaluation of [,(0y:/8x) (Bp;/0x) dA

rqew Ls ISE

Jyp;/0x

[ Bon /0
3(pNE/6£B
o/ 0z
Opsg/0x
dyps/0x
dpsw/0x
dpw [0z
a(pr/aw

| Opi/0x

A

> dA = ¢

/

L 4/m
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FTE S Discrete Equations

Discretization
Evaluation of [,(0y:/8y) (0;/By) dA °x;
4 3(pN/3y 3\ P"_2/h2\
TNW_®N_PNE dpnE/0Y 0
I ooy ||
A [ 81 YSE/OY h2
= 0] / 890 { Opg/0y »dA=1{ —2/h? Y
Tsw LS LSE n oY %‘PSW//(‘??! g
Pw/oY
B(Pi/ay a(pr/ay )
| O9i/By | | 4/h*

FEM Poisson inIR® 15



Finite Element
Discretization

Summary

Nonzero entries of
row ¢ of A;:

Discrete Equations

..’L‘i

iIdentical to finite differences.
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General Results

Theoretical
AnaIyS|s Energy Norm

Recall |||v]||? = a(v,v) = |'v|J2Hrl(Q) = /Q 'Vv|*dA .

Then

lle][| = inf |[lu — wal|l CERTERTI N
whreXp,

up, 1S the projection of v on X,
In the energy norm.
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General Results

Theoretical
Analysis F' Norm

Recall [[v]2:.0) = /Q Vol? +v?dA .

Then

B\ |
el < (1+5) ing lu— wilngo

’whEXh

«. coercivity constant (> 0);
B: continuity constant (= 1).
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Particular Results

Theoretical
Analysis H* and L? Norms

For f € L?(2) and 2 convex,

llell] < C h |lu|| g2gq) 3

||e||H1(Q) <Ch ||U||H2(n) 3

clle lellz2@@) < C h? [|ulg2(q) - N4
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Particular Results

Theoretical
Analysis Output Functionals

Recall s = €9 (u) + 9, sy, = £°(up) + c°.

For f € L*(2) and Q convex,
if €0 € H1(Q), |s — su| = [£9(€)| < C h |ju|| g2 ;

if £0 ¢ L2(Q), |s— si| = [€9(e)| < C h? ||| g2(q) -
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mplementation IR

Four steps:

A Proto-Problem:;
Elemental Quantities;
Assembly;

Boundary Conditions;

and Numerical Quadrature.
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_ A Proto-Problem
Implementation

{ve HY(Q) | v|g, € P1(Th), VTh € Tn}
Span {P1, .+« Pny Prtis.-rPi}

Let Xh

interior
.« y 3 bOundary
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A Proto-Problem

Implementation
Statement

“Find” @, € X, such that
a(up,v) = £(v), Yo e X, .

We never actually solve this problem;
It serves only as a convenient pre-processing step.
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A Proto-Problem

Implementation
Discrete Equations
A, @y, = F, an(x) =) anipi(x)
—

= Op; Op;  Op; Op;
Apij = irPj) = L L dA
hij a’((p 9@3) L 6-’13 65[3 6y ay d

1<z, 73<n;

AN

n .

Fri=tle) (= [ fou) 1<
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_ Elemental Quantities
Implementation

[ ocal Nodes

k

Area”; area of T,’f.

x¥, ¥, x5 local nodes in element T},
corresponding to global nodes xg, 11, 24 (SQY).
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_ Elemental Quantities
Implementation

[ ocal Basis Functions H®, o = 1,2, 3:

He € P1(Ty)
Ha(xs) = 0ap

7 . 7 __ . 7
Hi = 909|T;;’a Hy = ‘P11|Tga Hy = ‘P24|Tg . N5
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Elemental Quantities

Implementation
...Local Definitions

Expression for H:, o« = 1,2, 3:

Mo =CatCia®+ Cyay,
a=1 =2 oa=3
1 ab yb\ [ k) 1) 0) 0)
1 xk % cc | =]0]or|1]or]|oO
lm’gyg/ c’y“a/ vy 0 ) 1
= cf:xﬂ c:’gaﬂ c’ycaﬂ a:13253'
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Elemental Quantities

Implementation
Elemental Matrices...

i Opi Op; | Opi 0p;
A 'i, S — '8.- D — I dA
hij a'(‘io 9 (10.7) /['] 6:1;' am | ay ay

Element T (say) contributes

6‘:09,11, or 24 6‘:a’{?i,ll,. or 24 8999,11,. or 24 6999,11,0r 24
f dA .
7 ox ox oy oy
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Elemental Quantities

Implementation
...Elemental Matrices...

But

6999,11, or 24 6‘;09,11, or 24 6@9,11, or 24 6‘:09,11, or 24
f dA
7 ox ox oy Oy
h

7 7 7 7
6H1,2, or3 6H1,2, or 3 6H1,2, or 3 6H1,2, or3d

_ | dA
— I [ ]
Oz . dx Oy Oy
W
constant constant constant constant
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Elemental Quantities

Implementation
...Elemental Matrices

Define elemental matrices A" ¢ TR3*3:

k k
Ak :/ Ot Mg : Mg g dA
af Tk Ox Ox Oy Oy

h

:Areak(ckacgﬁ—l—c';ac’;ﬁ), 1<a,8<L3

X

since derivatives are all constant over T}®. Et
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Elemental Quantities

Implementation
Elemental Loads...

Fh; = £(:) :/ch,oz- dA

Element 77 (say) contributes
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Elemental Quantities

Implementation
...Elemental Loads

Define elemental load vectors F* ¢ IR3:

F(ic: fHEdAa a—=1,2,3;

k
Th

evaluation — approximation — of integral typically by

numerical quadrature techniques.
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Assembly

Implementation
The 0(k, ) Array

Introduce local-to-global mapping
6(k,o): {1,...,K} x{1,2,3} = {1,...,n}

B gl W
element local node global node

such that

x® (local node « in element k) =

To(k,o) (glObal node 8(k, x)).
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Assembly

Implementation ’
Procedure for A,

To form A,
zero A, ;
{for k=1,...,K
{fora =1,2,3

1= 0(k, ) ;
{for 8 =1,2,3

J=06(k,B) ;
Ehijzﬁhij+A2ﬂ;}}} E2
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Assembly

Implementation

Procedure for F,,

To form F',
zero Fy;
{for k=1,..., K

{for« =1,2,3
1= 0(k, ) ;

F,; = F; + FF

(84

SMA-HPC ©1999 MIT
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Boundary Conditions

Implementation
Homogeneous Dirichlet...
Recall:
up € Xp, Up|r =
a(up,v) = £€(v), YveX vir=0;
X = span {p1,...,9,} versus

Xp

SPan {1, .+« s Pns Pntlse--y Pl -
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Boundary Conditions

Implementation
...Homogeneous Dirichlet...

Explicit Elimination
Xy = ©nt1,-- -5 @5 NOt admissible variations, so
REMOVE Rn +1,..., Ra from A, ;

REMOVE Cn +1,...,C# from A,.
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Boundary Conditions

Implementation
...Homogeneous Dirichlet

Big Number Approach

Place 1 (e < 1) on entries Apii, t =n +1,...,7.

Place 0 on entries F,;, i =n+1,...,7.

This replaces Rn +1,...,Rn with
Ul nt+1 — = upp = 0 IN an easy, symmetric way.
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-
Implementation

How do we evaluate

FFr = f(x) HE(x) dA

o
k
Th

for general f?
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Quadrature

Implementation

Gauss Quadrature...

Approximate
FF = f(z) HE dA

X
k
T,

Ng
~ Y ph (2R HE(=E) ;
g=1

pe.  quadrature weights,

zZ:  quadrature points.

SMA-HPC ©1999 MIT
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Quadrature

Implementation
...Gauss Quadrature

For example:

N, =1, p%¥ = Area®, 2% = }(z¥ + z§ + =5) N6
integrates exactly /T ) g(x) dA
for all g ; P (TF);

higher order formulas tabulated.
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sotuton wethocs [N

for Ay u;, = F,

Topics

Direct Methods — Banded LU.

lterative Methods — Conjugate Gradients:
algorithm and interpretation;
convergence rate and conditioning;
action of A,.
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Direct Methods — Banded LU

Solution Methods
for A, w, = F,,

O 1/n1
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Direct Methods — Banded LU

Solution Methods
for A, w, = F,,

Stencil

Nonzero entries of
row ¢ of A;:
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Solution Methods Direct Methods — Banded LU
for A, uy, = F, Operation Count and Storage

For “xz—then—y” hode numbering,
bandwidth b = O(n4).

LU: O(n?n?) operations; O(n? n,) storage.

Forward/Back Solves: O(n? n,) operations.
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Solution Methods Conjugate Gradient Iteration

for A, u, = F,, Algorithm
up, = 0 (say); r° = F); N7
Fork =1,...:
k __ k—1IN\T ,.k—1 kE—2\T ,.k—2
/3—(7‘)'»"'/(?")1*‘}1_0
p'=r

pt = ph-1 4 gk ph-1
ak — (Ek_l)T z]'4:—1/(1_)]'<:)T (Ah, Bk)
up = up "+ o p

rk = k-1 _ ok(A,p) .
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Solution Methods Conjugate Gradient Iteration
for A, u, = F, Convergence Rate...

In general,

i ()

Amax(Ap)
Amin(Ap)

k(Ap) =
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Solution Methods Conjugate Gradient Iteration
for A, u;, = F, ...Cconvergence Rate

For FEM A,

k(A;) < Ch™?2
for quasi-uniform, regular meshes 7, ;

thus MNiter ™~ O(%) .
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Solution Methods Conjugate Gradient Iteration
for A, u, = I, Computational Effort

For uniform FEM mesh:
Niter ~ O(11) 3
work/iteration ~ O(n?¥) ; (Slide 44)

= O(n?) total operations, O(n?) storage.

SMA-HPC ©1999 MIT FEM Poisson in IR? 49



Solution Methods Conjugate Gradient Iteration
for A, u, = F, General Evaluationof y = A, p ...

GivenpeR™, pi=pi, i =1,...,n

p; = 0, ‘.’::?’L—I—l,...,‘ﬁi

Evaluate § = A,, p;

Setyz-zgz-, t1=1,....n,;y; =0, e =n+1,...,n.

N8
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Solution Methods Conjugate Gradient Iteration
for Ah Up = Eh ...General Evaluationof y = A, p

Evaluation of A,p: O(K) operations
zero g;{fork =1,..., K (elements)

{for« =1,2,3

= 0(k, ) ;
{for 8 =1,2,3
J=06(k,3) ;

Yi=Yi+ | Adg\Pis} }}
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