Finite Difference Discretization of
Hyperbolic Equations:
Linear Problems

Lectures 8, 9 and 10



First Order Wave
Equation

INITIAL BOUNDARY VALUE PROBLEM (IBVP)

ou ou
| - 1
oy an 0, x=c(0,1)

Initial condition: u(xz,0) = u’(x)

u(0,t) = go(t) if U >0

Boundary conditions: {u(l,t) — gu(t) if U <0
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pirst Order Wave [

Equation
ou Ou  dx du
du = Edt"'—dm - (6t " dt Bm) dt
dx .
| i U = |\x=Ut+ &| Characteristics

Y

du =0, = |u(z,t) = f(§) = f(z—Ut)
General solution
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First Order Wave
Equation

(x,t) = u’(xz - Ut), if x-Ut>0
= go(t —z2/U), if z—-Ut<O
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First Order Wave
Equation

( t) — uo(m _ Ut)a f x —Ut<1
Y TV gt —z/U), if z—Ut>1
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pirst Order Wave [

Equation

1
2

e ) = ( [ .t dm)

: ou ou

d 2 2 2
- lul3 = —U(u?(1,t) — w?(0,t))

SMA-HPC ©2003 MIT Hyperbolic Equations 5



Model Problem

ou ou
5t Uam—O, x € (0,1)
Initial condition: u(x,0) = u’(x)

Periodic Boundary conditions: «(0,%) = (1, t)

d
E”““g =0 = |ul2(¢) = ||u’||2 = constant
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Model Problem

t =20
t=1T
t = 2T
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Solution
Discretize (0,1) into J equal intervals Ax
1
Az = 7 r; = JAT
and (0,T") into N equal intervals At
T
At = ~ t" = nAt
jNuJZU(mJ,t ), for{ogngN
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Solution
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Solution

NOTATION:

- ©7 approximation to v(x;, t") = v?
- " € IR’ vector of approximate values at time n;

(L _{f’n}fl

- »™ € IRY vector of exact values at time n;

v" = {v(x;,1") }3"]:1
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Solution

Forexample ... (forU > 0)

@ * _ v(z;, t") — v(zj_1,1") _ v} — vl
ox i Ax Ax

L n+1 n nt+l . n
@ _ v(xz;, t"T) — v(x;,t") v, V]
ot - At At

Forward in Time Backward (Upwind) in Space
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S DR e First Order Upwind Scheme

Solution

u; + Uu, =0 suggests...

~ 1 -~ -~ -~
u"?’_l_ — u'™ :;?' L

: LU Il=0 =
JAN 7 Az
1 <3< J
~n+1l _ ~n ~ 70 ~ 71 >~7 >
a;" " = a7 — C(ay — a7 ) {ogngN
ar = an 0<n<N

Courant number C = UAt/Ax
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S DR e First Order Upwind Scheme

Solution

Use Linear
Interpolation
j i 15 J
N1
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S DR e First Order Upwind Scheme

Solution

¢ known values

X unhknown values

NO matrix inversion

4" exists and is unique
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Finite_ Difference First Order Upwind Scheme
Solution

Matrix Form

We can write

@n:g@n—l :gnﬁﬁ
4’ = u°
(1-Cc) o o0 - c
cC (1-C)o0 - 0
0 e 0
= C(1-C) o0
\ 0 ¢ 1-0C)

Un{ ©
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S DR e First Order Upwind Scheme

Solution

u;+u, =0

C=Az=

0.5
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Convergence

The finite difference algorithm converges if

lim |a" —u"| =0, 1<n<N
Ax, At > 0
IA\'WAN AR &
JAxz =1

for any initial condition »°(x).

5 1/2
o] = (szv?) = VAz ||Jv]| N2
j=1
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-
Consistency

The difference scheme £4" = 0,

IS consistent with the differential equation Lu = 0
If:

For all smooth functions »

(L2"); — (Lv)] — 0, for{lgngN

when Ax, At — 0.
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First Order Upwind Scheme

Consistency

Difference operator

- 1
n 'n,+1 n
Lv" = t{ — Sv™}

Differential operator

_Ov | __0Ov
Lo=5t TV
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_ First Order Upwind Scheme
Consistency

ot v — V7 4
g iy s j—

JAN ; ' Ax

(Lo™);

JAN 7 JAN
— (ve+ Uva)? + —(fuﬁ), + U (v20)" +

(Lv)7 = (ve +Uwy)7

(Lv™); — (L) = O(Az, At)

= First order accurate in space and time.
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Truncation Error

Insert exact solution u into difference scheme
1<73<J
1<n<N

(ﬁg);” - (Lu)j =77, for {

7°
=0

u"t! = Su™ + AtT"

Consistency = ||7"|| = O(Ax, At), 1<n <N
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Stability

The difference scheme @4”t! = S4™ is stable if:

there exists C'+ such that

lo"™(| = [IS™ 2”|| < Crllv’|

for all v°%; and n, At suchthat0 < nAt < T

Above condition can be written as
|S v|| < (1+ O(AL)) ||v]]
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" First Order Upwind Scheme
Stability

aptt = af — C(af — ajf )

(1-0C)aj+Caj,
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" First Order Upwind Scheme
Stability

J J
S (a7 = 3 fad) + B
j:

=1

o

< > lal?|a}® + 2|e||8]|a7||4] | + |B8]%|47 4|
7=1

o

< > lalflagl® + |allBI(la7® + a7 4 [°) + 1817|474 |*

j_

<~

= Z(Iozl2 + 2lal|8] + 181 147 1* = (laf +18])° Z a7
=1
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First Order Upwind Scheme

Stability

w5 < (lee] + |8])?]1w"]5
Stability if
x|+ 18| <1, =

1-Cl+|C|<1, o0<C<1
Upwind scheme is stable provided

U>0At<—
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Lax Equivalence
Theorem

A consistent finite difference scheme for a
partial differential equation for which the ini-
tial value problem is well-posed is conver-
gent if and only if it is stable.
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Lax Equivatence [

Theorem

5" — u

SMA-HPC ©2003 MIT

u”|| =

<

<

|/\

gﬂn—l e ggn—l _|_ AtIn_]_H
S@" ' —u™ )| + At O(Azx, At)

a" ! — u™ Y| 4+ At O(Ax, At)

||a° — u®|| + nAt O(Az, At)
| —
=0 <T

O(Ax, At) (firstorderin Az, At)
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Lax Equivalence First Order Upwind Scheme

Theorem

e Consistency: ||| = O(Ax, At)
o Stability: ||a"t!|| < ||&™|| for C = UAt/Ax <
e — Convergence

e=u—1u

le™|| < (CrAz + C:AL), 1<n< N

i 1 <7< J,

or |€J| S (CmA-’B—I—CtAt), {1 S n S N
C. and C} are constants independent of Ax, At
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Lax Equivalence First Order Upwind Scheme

Theorem

Solutions for:

C =0.5

Az = 1/100 (left)
Az = 1/200 (right)

Convergence is slow !!
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Domains of Dependence
CFL Condition

Mathematical Domain of Dependence of u(x;,t")

Set of points in (x, t) where the initial or boundary
data may have some effect on u(x;,t").

Numerical Domain of Dependence of @’

Set of points x, t”™ where the initial or boundary data
may have some effect on @' .

N3
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Domains of Dependence
CFL Condition

Analytical Numerical (U > 0)
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CFL Condition

CFL Condition
For each (z;,t") the mathematical domain of de-
pendence is contained in the nhumerical domain of
dependence.

CFL Theorem
The CFL condition is a necessary condition for the
convergence of a numerical approximation of a partial
differential equation, linear or nonlinear.
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CFL Condition

Stable Unstable
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Fourier Analysis

e Provides a systematic method for determining
stability — von Neumann Stability Analysis

e Provides insight into discretization errors
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_ _ Continuous Problem
Fourier Analysis

Fourier Modes and Properties...

Fourier mode: &, (xz) = ™", k € 7z (integer)

e Periodic (period = 1)

e Orthogonality
/0 ®(2)®_p () de = O

e Eigenfunction of 22 mam
Ao PH(@) = (127k)™ By ()
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_ _ Continuous Problem
Fourier Analysis

...Fourier Modes and Properties

e Form a basis for periodic functions in L?([0, 1])

v(x) = i Vi Pr(x) = i A

k=—o0 k=—oc

e Parseval’s theorem

o0

lvllz= > |v&l’

k=—oc
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_ _ Continuous Problem
Fourier Analysis

Wave Equation

X2 o

U(mgt) — Z Mk(t)(:[’k(m) — Z Mk(t)eiZ'n'km

k=—nc k=—oc

dU :
u+Uu, =0 = Z ( tk Fe2kU Ug) e?7kT —

k=—o0

0(&’3) — Z UO 12wk —, Uk(t) :Ug e—iZﬂ'kUt

k=—o0
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_ _ Discrete Problem
Fourier Analysis

Fourier Modes and Properties...

Fourier mode: &, = {®x(z;)}/=;,

k (integer) € (—J/2+ 1, J/2)

@k(mj) — eiZﬂijmE ez’j& . (:E'gj, 0 =2nkAx

ke(—-J/241, J/2) = 0 (—m + 27wAx, 7)
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_ _ Discrete Problem
Fourier Analysis

Real part of first 4
Fourier modes

Ax =1/20

Hyperbolic Equations 39



_ _ Discrete Problem
Fourier Analysis

...Fourier Modes and Properties...

e Periodic (period = J)

e Orthogonality N4
1 — ,-
j Q;Q—G’ _ Z zZﬂkJA:c —i2nk' jAT __ 6kk’
1 — ” 1ife =6
. 1,39 —
=3 S =00
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_ _ Discrete Problem
Fourier Analysis

...Fourier Modes and Properties...

e Eigenfunctions of difference operators e.g., N5
- 0200]5 = Vjy1 — V51
(523, QQ — 72 sm(@) Q@

-0z0|; = vj41 — 205 + v
62 d, = —4sin*(0/2) &,

- ALv|j = v — v
A, By =(1-e*) P,
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_ _ Discrete Problem
Fourier Analysis

...Fourier Modes and Properties

e Basis for periodic (discrete) functions v = {v;};_,

iy i

v= 3 Vo®y — v;= > Vee’
= —1T = —1T
+27Ax +27mAx

e Parseval’s theorem

vl =Az|vllz= >, [Vl

——~
1/J
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: g von Neumann Stability Criterion
Fourier Analysis

Write 4"t =3, 007 ®,, 4" =Y, 2Py

Stability [|&"1"|| < (1 + O(AL))||a"||

= Z [T 1 O(At)) ; 0517

Stability for all data =
T < (14 O(AY)) |Tg], V6
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von Neumann Stability Criterion

Fourier Analysis
First Order Upwind Scheme...

S (gt -0+ C(1—e®)g)e’’ =0, Vj =
7]
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von Neumann Stability Criterion

Fourier Analysis

...First Order Upwind Scheme...

Bp = (1-C)+Ce™) Ty =4g(C,0)Tj

g(C, 6)
amplification factor

Stability if [027| < ||, ¥@ which implies

|g(059)| <1, Vo
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von Neumann Stability Criterion

Fourier Analysis

...First Order Upwind Scheme

9(C,0)> = |(1 - C) + Ce™?

= (1 — C + C cos(8))? + C?sin?(09)

= (1 - 2C'sin’*(8/2))? + 4C?sin*(8/2) cos?(6/2)

= 1-4C(1 - C)sin*(0/2)

Stability if:

g(C,0)| <1 =>0<C=

UAt<1
Ax —

SMA-HPC ©2003 MIT
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von Neumann Stability Criterion

Fourier Analysis
FTCS Scheme...

Fourier Decomposition: u; = Z@gew
7

= Y (UpT — 0y +iCsin(0)07) 7 =0
7
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von Neumann Stability Criterion

Fourier Analysis
...FTCS Scheme

0t = (1-iCsin(9)) 10 =g(C,0)0;
g(C,0)
amplification factor

9(C,0)]? =1+ C?sin’(0) > 1, forC #0

= Unconditionally Unstable — Not Convergent
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Lax-Wendroff Time Discretization

Scheme

Write a Taylor series expansion in time about t"
Oul” - At? %u
ot

u(z, ") = u(x, t") + At —

2 9t
But ...

ou ou
a —U% (from U —I— U’u,m — 0)

’u B Ou 8 (Ou , Ou?
otz — 8t (_U%) = Yoz (Bt) = U 5
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Lax-Wendroff Spatial Approximation

Scheme
. . Ou|” UZ2AL? 8%ul”
u(z,t"t) = u(x, t")-UAL e | o agz Too
Approximate spatial derivatives
ov 1 Viy1 — Viq
hudhdl P 8o V| = j+ J
oz i 2Ax v 2Ax
62?) ~ 1 62 ‘Ul . Vi1 2?)3 — Vi
Ox? i Ax?2 * Ax?
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Laxwenarort [

Scheme

eknown values

xunknown values NO ma’[rIX |nVerS|0n

4" exists and is unique

'&’?H = Uj — %('&?H — 45 ) +< ("-"g+1 — 24 + 43 )
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Lax Wendrof

Scheme

Use Quadratic
Interpolation

j_15j9j+1

up~ (14 C)a? , + (1+C)(1-C)a? - $£(1 - C)a?y,
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Analysis

Lax-Wendroff
Scheme Consistency
5 mn 1}?+1—1}? | 11;-”_|_1—11?_1 72A¢ U}"+1—211;"-|—U;-"_1
(Lo"™); = At FU-S5—— Ax2
JAN # " .
— (‘Ut—l—U‘Um)?—l— > (Uttlj —Uzvmj)—k...
=0 (f(;; v=u,)

(Lv)7 = (ve +Uwvy)7

(Lo™); — (Lv)T = O(Az?, At?)

= Second order accurate in space and time.
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Analysi
Lax-Wendroff aysIs
Scheme Truncation Error

Insert exact solution u into difference scheme
1<73<J
1<n<N

(ﬁg);” - (Lu)j =77, for {

7°
=0

u"t! = Su™ + AtT"

Consistency = ||7"|| = O(Az?, At?), 1<n< N
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Lax-Wendroff HTEREE
Scheme Stability

= (1 - 2C?sin*(8/2) — iC'sin(0)) U
g(C.0)

g(C,0)|? =1 —4C?*(1 — C?) sin?*(6/2)

Stability if: |g(C,0)| <1 = |C|=|U|At/Az <1
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Lax-Wendroff Analysis
Scheme Convergence

e Consistency: ||| = O(Az?, At?)
e Stability: ||a" || < ||&™|| for C = UAt/Ax <
e — Convergence e=u—1u

€| < (CxAz?+ C:AL?), 1 <n< N

1<75<J,

or |e}| < (CzAz? 4+ CiAL?), {1 = <N

C. and C; are constants independent of Ax, At
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Lax-Wendroff Domains of Dependence

Scheme

Analytical Numerical
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Lax-Wendroff CFL Condition

Scheme

Stable Unstable
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Lax-Wendroff
Scheme

Solutions for:

C =0.5

Az = 1/50 (left)
Az = 1/100 (right)
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Lax-Wendroff
Scheme

Az = 1/100
C =0.5

Upwind (left)
VS.
Lax-Wendroff (right)
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Boam-Warming

Scheme

Use Quadratic
Interpolation

1—2,7-1,3
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Consistency and Stability

Beam-Warming
Scheme

o1 N1 & T ST ST 2 om AT AT
U; = uj — %(3“::' —4uy ; + “j—z) + %(“ —2u5 4 + “j—z)
e Consistency, ||T|| ~ O(Ax?, At?)
0 Stability
g(C,08)]? =1 —-4C(1 — C)*(2 — C)sin*(6/2)

g(C,0)| <1 = 0<C<2
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Method of Lines

Generally applicable to time evolution PDE’s

e Spatial discretization
= Semi-discrete scheme (system of coupled
ODE'’s)

e Time discretization (using ODE techniques)
= Discrete scheme

By studying the semi-discrete scheme we can better
understand spatial and temporal discretization errors
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Method of Lines

NOTATION:

- ©;(t) approximation to v(x;,t) = v;(t)
- ©(t) vector of semi-discrete approximations;

o(t) = {7;(t) }j=s
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Spatial Discretization

Method of Lines

ou ou
ot TV =0

Central differences...(for example)

du ; u , _ :
dtJ i QAL (Uj+1—Uj_1):0, 1<J<J

or, in vector form, N6
du U
dt  2Azx

62:13@ =0
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Spatial Discretization

Method of Lines

Fourier Analysis...

Write semi-discrete approximation as

m

uj(t) = > To(t) e’

0= —=

+2mAx

Inserting into semi-discrete equation

dU U . _ iy _
Z( al A338111(6?)@9)e”‘f’:(), 1<j<J
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Spatial Discretization

Method of Lines

...Fourier Analysis...

For each 8, we have a scalar ODE

ddﬁie | zAUm sin(@) Up =0

_ _ .U .
— Ua(t) — Uge—zmmn(ﬂ)t

Te(t)| = |Tg| Neutrally stable

SMA-HPC ©2003 MIT Hyperbolic Equations 67



Spatial Discretization

Method of Lines

...Fourier Analysis...

Exact solution
’u,_,(t) — Z ﬁgeiZ'n‘(ka’—kU t) WEx = LU
k

Semi-discrete solution
o .U
ﬂj(t) — Z Mgezjae—zmmn(ﬂ)t
o

_ Z ﬁgeiZﬁ(kmj— ﬁ sin(2wkAx) t)
k

wWsp = 5onz Sin(2wkAx)
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Spatial Discretization
Method of Lines

U

wepx = kU VS. Wwsp = sin(2wkAx)

2wAx
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Time Discretization
Method of Lines

Predictor/Corrector Algorithm...

Model ODE
du _
dt
a? = a™ + AtAa"” Predictor
a1l = 4"+ AL\ 4P Corrector
Combining the two steps we have z = At

A"t = 4"+ At A"+ AN A" = (L + 2z + 22) a”
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Time Discretization
Method of Lines

...Predictor/Corrector Algorithm

Semi-discrete equation

du U
| 02, = 0
20U
dt = 2Az 7
@ = 4" + < 53,47 Predictor
"t = 4" + € 82,47 Corrector

Combining the two steps we have

2
1—ﬁn—|—962$ﬁn—|—0—62 ~ 71

L d

U

_I_
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Fourier Stability Analysis
Method of Lines

C C?
4"t _a”+—62ma”+—62 0"

Fourier transform

Y

0yt = 0f — iC'sin(0) 1) — C?*sin’(0) U}

= (1+ 29+ 235) 03, VO
Z0 — —3C Sin(e)
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Fourier Stability Analysis
Method of Lines

Amplification factor
9(059) =1 —I—ZQ—l—zg

zp = 109 With ap € IR

9(C,0)]" = (1 — ag)” + ag =1 — ag(1 — axp)

Stability = a2 <1 V8 = C<1
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Fourier Stability Analysis
Method of Lines

PDE u(x,t)
Y
Semi-discrete A Discrete
ﬂj(t) — ﬁ;’f'
i = I A

Semi-discrete Fourier B | Discrete Fourier
To(t) — Ug
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Fourier Stability Analysis

Method of Lines

Semi-discrete

Fourier semi-discrete ¢ +i-U sin(0) Ty = 0

dt
Predictor 0P = 0" — ¢C sin(0)D"
Corrector Ut = 0" — ¢C'sin(0)0P
Discrete Up™ = (14 z9 + 23) Uf
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Fourier Stability Analysis

Method of Lines

e Gives the same discrete Fourier equation
e Simpler

e “Decouples” spatial and temporal discretizations

For each 8, the discrete Fourier equation is the
result of discretizing the scalar semi-discrete
ODE for the 8 Fourier mode
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Methods for ODE’s
Method of Lines

Model Equation: (cii_? = \u u, A complex-valued
Discretization

'&MIA; v aan EF

'&M; U aamt EB

'&RHA; UL —1a@"+artt) N
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Methods for ODE’s
Method of Lines

Absolute Stability Diagrams...

Given i Au and u, A complex-valued

An_l_l . ~

U u"
JAN ;

— Aa™ (EF) or Aa™t (EB)or...;

R € Cis defined such that N7 N8

z=AtA e RY®: o g™t < |4

= @™ - 0 as n — oo
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Methods for ODE’s
Method of Lines

..Absolute Stability Diagrams..

4™t — 4" = At\G" EF
— ,&n+1 — (1 _I_ Z) T
a™tl — 4" = At antL EB
1
= @t = 4"
|

amtl — g7 = L AtA(an +an+tl)  CN

14+ 2z/2
— An+1: ~ 7
. 1-_2/2 "
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Methods for ODE’s
Method of Lines

N9
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Methods for ODE’s
Method of Lines

Application to the Wave Equation...

For each 6
dduie | ZAII:B Sin(e) Ug =0, or % = AgUg
Thus, -

e \g (and zg = AtNg) IS purely imaginary
e \yg >ooforAx — 0
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Methods for ODE’s
Method of Lines

...Application to the Wave Equation...

= EF Is unconditionally unstable
= EB is unconditionally stable
— CN is unconditionally stable
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Methods for ODE’s
Method of Lines

...Application to the Wave Equation...

Stable schemes can be obtained by:

1) Selecting explicit time stepping algorithms which
have some stability on the imaginary axis

2) Modifying the original equation by adding “artificial
viscosity” = R(Ag) < O
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Methods for ODE’s
Method of Lines

Explict Time stepping Schemes
Predictor/Corrector

@™t = (14 z + 2%)a"

zp = tC'sin(6)

- C<1
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Methods for ODE’s
Method of Lines

Explict Time stepping Schemes
4 Stage Runge-Kutta

~an+1 22 23 24 ~ 11
"t =142+ 42+ 2)0

29 = iC sin(6)

= C <2v2~2.83
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Methods for ODE’s
Method of Lines

...Application to the Wave Equation...

Adding Artificial Viscosity

di U U
u _ B—
gt T2A5 =2~ Mya 02 =0

Additional Term

EFTime+ =1 = First Order Upwind
EFTime + u=C = Lax-Wendroff
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Methods for ODE’s
Method of Lines

...Application to the Wave Equation...

Adding Artificial Viscosity
For each Fourier mode 8,

dU .U . U . —
dte | {ZA:[: sin(8) _ZMA—:U sin®(0/2)} Up = 0

Additional Term

zg = —2uC sin*(8/2) — iC sin(0)
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Methods for ODE’s
Method of Lines

First Order Upwind Scheme =1
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Methods for ODE’s
Method of Lines

Lax-Wendroff Scheme pu = C
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Dissipation and Model Problem

Dispersion

Ou Ou O%u o3u
bl i e e s 1
ot TUss = "ax2  %gz» %€(0:1)

with u(z, 0) = u’(x) and periodic boundary conditions.
Solution

k=00
‘U;(CB,t) — Z Ug e—47r20'(k)t ezZ*:r(km—w(k)t)

k=—oc

o (k) = kk2, w(k) = Uk — admw2k®
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Dissipation and Model Problem

Dispersion

e~ 4ok represents Decay
o (k) dissipation relation

e??rikz—w(B)t) represents Propagation
w(k) dispersion relation

For the exact solution of w; + Uwu, = 0

o — 0 no dissipation
w = kU, or w/k = U (constant) no dispersion
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Dissipation and Modified Equation

Dispersion
First Order Upwind
2
uy +Uu, = Uﬁm(l — C)ugy — U?m (1 - CHugys
Lax-Wendroff A2
U4 —I— U‘U’,m p— —U Gm (1 — Cz)ummm
Beam-Warming
UAx?
ur + Uu, = Gm (2-C)(1 — Cluzaes
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Dissipation and Modified Equation

Dispersion

e For the upwind scheme dissipation dominates over
dispersion = Smooth solutions

e For Lax-Wendroff and Beam-Warming dispersion is
the leading error effect = Oscillatory solutions (if
not well resolved)

e Lax-Wendroff has a negative phase error

e Beam-Warming has (for C < 1) a positive phase
error
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Dissipation and

Dispersion
Ar =1/25
C =0.5

First Order Upwind
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Dissipation and

Dispersion
Ax =1/25
C =0.5

Lax-Wendroff (left)
VS.
Beam-Warming (right)
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Dissipation and Exact Discrete Relations

Dispersion

For the exact solution
Ug—kl — ez'Z'n'kUAt Ug
= wgrgx = kU = 9U/271'A£B, andogx =0
For the discrete solution

@g+1 — g(Ca 9) @3

g(C, 9) — e—?:ZWw(B)At_zlﬂ-zo-(g)At
= w(0),and o(0)
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