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Generative vs. Discriminative

-

There are two schools of thought in Machine Learning:

1. Generative:
o Estimate class models from data
o Compute the discriminant function
e Plug inyour data— get the answer

\

2. Discriminative:
o Edtimate the discriminant from data ~
e Plug inyour data— get the answer

-

Last class

J
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Density Estimation

-

\

Density Estimation is at the core of generative Pattern Recognition
b

P(a<x<b)=p(x)dx

mean: E[X] = gxp(x)dx
covariance: E[(x- E[X])(x- E[X])']

= CB(X- E[X])(x- E[x])" § p(x)dx

function mean: E[ f(x)] = gf (X) p(x)dx

conditional mean: E[y|X] = gyp(y|x)dx
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Refresher

-

Minimum expected risk:

R = (‘mjn[R(a |X)] p(x)dx

.. 1S based on conditional risk:
w, =argminR(a | x)

.. which is computed from the posterior:
R@ |x) =L@ |w)PWw |X)

.. which depends on the likelihood:
p(x|w)P(w)

P(w|X) = o)

J
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Setting
4 )

Data:

D={D}
Assumethat D, containsnoinformationaboutw,, “ 11 |
NOTATIONALLY - we abandon the class label:

p(x ) —> p(x)

Keep in mind: p(x|w,) 1 p(x)

Goal:
model the probability density function p(Xx), given a finite number of
data points, X, X,, ..., Xy, drawn from it.

- J
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Three Methods

1. Parametric
e Good: small number of parameters
* Bad: choice of the parametric form
2. Non-parametric
e (Good: data“dictates’ the approximator
e Bad: large number of parameters
3. Semi-parametric
* Good: combine the best of both worlds
 Bad: harder to design
« (Good again: design can be subject to optimization

J
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Parametric Density Estimation
4 )
Estimate the density from a given functional family

Given: p(x|g) = f(x,q)
Find: d
Two methods of parameter estimation:

1. Maximum Likelthood method
e Parameters are viewed as unknown but fixed values

2. Bayesian method
e Parameters are random variables that have thair distributions

- J
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Normal (Gaussian) Density Function

-

A common assumption - Gaussian g=(mS)
_ 1 M
P(x19) = s OPg S —((x M’ S (x- m)
/ |S| 2
/
~
Number of VoI ume’ Squared
dimensions of the Mahalanobis
covariance distance
m= E[X] - d parameters

S=Egx- m'(x- my - d(d +1)/2 parameters

Fall 2004 Pattern Recognition for Vision



Normal Density

€0u
enu
m= U~
eou

804

él 0 .50
_¢é u
S=0 1 3u
g5 3 1¢

Congtant density, (X- m)' S*(x- m)=C - quadratic surface

\

B L ength:

S - Positive semidefinite

!

dlipsoid

Principal axes. eigenvectorsof S
\/ﬁ, | -eigenvaluesof S

J
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Whitening Transform

KDefine: A
L =diag (eigval (S)) - Scaling matrix
F =eigvec(S) - Rotation matrix
Then:
W =L Y?FT ~“Unscales’ and “unrotates’
the data
For all:
x~N(0,S) Wx~ N (O,1)
) (s
\Si 72 h‘\h_j
. J
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Maximum Likelihood
4 I

Parameters are fixed but unknown.

Do {Xl, X% ..., XN} - adata set, drawn from p(x)

Notationally, we make density explicitly dependent on parameters:

p(x) = p(x|q)

Assuming that the data is drawn independently (i.i.d.):

o\
L@)° p(D|q)=0 p(x"|g) -alikelihood function

n=1

Tofind 6 Maximize L(6 ) w.r.t. parameters.

- J
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Maximum Likelihood

-

N
Maximizing L(6 ) is equivalent to maximizing log-likelihood function:
'N n (I)\I n
1@)° logL(@) =log O p(x"|q) =q log p(x"|q)
n=1 n=1
To find 6 set the derivative to O:
N
N,I@) =a N, log p(x"|q) =0
n=1
And solve for 0
J/
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Quick Summary — ML Parameter Estimation

P(w; |x) = P(w; [X,0;) = ?Wp’&)lg()"".%eaw

_p(x|q)

we pick that

argmax|p(D |q)

_/

NN\
C_) p(x" [q)
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Solving a Maximum Likelihood Problem

4

some candidates

.35

Fixed covariance

Bt

log p(D|q)

11

-

g g
(g iy

26

10

] 4
_.nu. ﬂ.._.._._..

£
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Maximum Likelihood Example

4 N\
In d-dimensions:

~

@ =&, |- Flogl2p]- Sloggsiy 5(¢ - 'S¢ - my

Solving for the mean:

- J
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Maximum Likelihood Example (cont.)

-

- o o~
N,l@)=a Nq%-

Solving for the covariance:

For symmetric M:

NSI(Q) = - %é{

d—w:\M\M'l and d(aM_b):M'labTM'l —>
dm
S-S (x"- (X - M)'S=0p

-arithmetic average of
Indiv. covariances

~

d 1 gl L, 4 To-170n0 y
E|og[2p]- E|oggs“q- SO M S m)\g

J
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Recursive ML
4 I

What if data comes one sample at atime?

L 18 L 1é ., % 0
M =—aX ==X +ta X'
anl Ne n=1 U
1 . B 1. N o~
= & F(IN- DM = Mo 08 - M

This estimate “ stiffens’ with more data (as it should).

One idea — fix the fraction. Then the estimate can track
a non-stationary process

- J
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Recursive ML

Fix the update rate and retrace the steps:

Vi =V FOEXY - Vi f= (- )V, +OX°

=(1- 9)°Vy., +(1- 9)gx" " +gxX
N s =gy, - gt ge

Seew k=1

| + |
& o *: +
R N * a
1 b g ! .
e g R e B o N s HR Gt R bR b i et M ek A s N e e L
+ [ LAY
3 : o - !
: : : L i ek R ' o : + Cos *ry
; ; ; : * . Ao ,,..# L G ;
; : : j i Y + ] : ; +
05_ ................ Fowspnratios e o B s e — e Bt e M i el W e e B I L E T AL |
: g : : ; : i : ; ;
o : - ¥ . g - . 5 . e
+ L e : + i r : i ; :
i
“ ¥ ohy S h s . 1 P e ¢:.¢/ ; : ; :
|:| ,ﬁi--i-—q.ﬁ’hﬁﬁ,*a-i-a---“v"-‘.“‘;ﬂ.‘l“u!ﬂH .¢_“u.._-.‘- [ s ot e A Fns s v Tl s -
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-3 -4 -3 -2 -1 0 1 2 3 4 5
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Simple Example

-

\

Severa images from a static camera:
7 7 7
How much noiseisin it? d
x=vec(l, - 1,,)
m=0 ]
s =1.2
Now we can set a threshold that wil I
statistically distinguish pixel noise ..
from an object = =
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Problems with ML

4 )
We are given two estimates:
s E1
: \

Y a5 A 05 0 05 1 15 2 T rue /2 15
distribution

Which one do we believe?

ML gives a single solution, regardless of uncertainty. )
-

Fall 2004 Pattern Recognition for Vision




You Are Here

Density Estimation

Parametric
= W
Q &
— 3.
3 -
=
o
o
Q.

Non-parametric

Semi-parametric

SWwe.bosIH

SPOURRIN BU.lB
POYB N NN-

Asua@ ainxIN

J

Fall 2004

Pattern Recognition for Vision



Bayesian Parameter Estimation

In classification our goal so far has been to estimate P(w | X)

L et’s make the dependency on the data explicit:

p(x|w;, D)P(w, | D)

P(w, [x D) =
p(x| D)
P(w. | D) - thisis easy to compute
P(x|D) - thisis easy to compute by marginalization

What about pP(X|w,,D) ?

J
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Bayesian Parameter Estimation Q

P(w, |x,D) = p(x|w;, D)P(w, | D)

Thisis a supervised problem so far: p(x| D)

D ={D,,D,,..., D)}

p(x|w;, D) = p(X|Wi ’{ DJ} j:l...N)

= D(X|Wqu{X}jli) = p(x|w, D)
!

p(x|w;, D;)P(w; | D)
p(x| D)

P(w |x,D) =

J
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Bayesian Parameter Estimation

We will assume that we can obtain “labeled” data, so again:

Notationally: P(X |>< D.) — p(x| D)

Now our problem isto compute density for x given the data D.

We assume the form of p(x) — the source density for D:

p(x) = p(x|q)

...andtreat 0 asarandomvariable

J
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Bayesian Parameter Estimation
4 )

Instead of choosing a value for a parameter, we use them all:

p(X I\D) = op(x,q [D)dqg = gp(x]q }2() p@ |D)dg

Data predicts the new sample x isindependent of D given g

= oP(x]a)p(@ |D)dq
/ \

Wechosetheform  What isthis?
of this

Average densities p(x|q) for ALL possible values of g weighted by
Its posterior probability

- J
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Bayesian Parameter Estimation

.ll.,'l-

. D)d
Computing the posterior probability for q : op(x|a)p@[D)da

What is this? Prior belief about
the parameters

\ — .
p(D|q9) p@) (denisty)
oR(D |g) p(g)dq

Using Bayesrule:

p@|D)=

Using independence:
o\,

p(D]q)=0 p(x"|q)

n=1

Bayesian method does not commit to a particular value of 6, but uses

the entire distribution.
\

~

J
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Quick Summary — Bayesian Parameter Estimation

P, [x) = P(w, |x,D) =

hard

p(x|w;,D,)P(w; | D)

ToP(x]g)p@ |D)ag

/ p(xID) —

casy

we “know” this: ™"

* Non-informative prior —doesn’t

Introduce bias

** Conjugate prior — causes p(q |D)

we pick that NOI p(q)/
p(D)
/PN
hard
N\
O p(x|a)

have the same functional form as

p(Dlq)

J
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Bayesian Parameter Estimation

-

Forgq =m:

Parameter prior

_ posterior

035t

02t

weighted

. likeliThoods™— &3\

0os

\ bl

o6l 0

. N
oP(x|mp(m|D)dm

Parameter posterior
b2t /

008 ="

ML solution

o L L L L L
1] 1 2 3 4 E] € 10
]
e
felhs ) A
|

Bayesian solution

pixblpiel L) ozl
Bayes: pix|iy
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Bayesian Parameter Estimation - Example

'
4

-

First let’s deal with the parameter:

Likdihood: ~ p(x |m) =N(ms? fixed
Parameter prior: p(m) = N(m;5-
Need to find: p(m|D)

Bayesrule again:
P(D|m) p(m) _

py(M|D) = eO p(x" Im)uN(rm So) =N(my.s )
\ (D) €n=1 \/
.. . Need
N-sample parameter posterior Thisisa Gaussian these

\

N

oP(x|mp(m|D)dm

J
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Bayesian Parameter Estimation - Example
4 )
S0, the posterior isa Gaussian

pn(m[D) =N(m,s )

After some algebra and identifying the terms:

12 = 12 N +i2 - when Gaussians multiply — precisions add
Sy S S |
.. and
_ Ns? _ S ?
I, X+ m,

NsZ+s? Ns;+s?

With increasing N covariance of the posterior decreases and the prior
becomes unimportant.
-

J

Fall 2004 Pattern Recognition for Vision




Bayesian Parameter Estimation - Example

-

Now the integral:

p(x|D) = gp(x]a)p(@ |D)dqg

= N(ms >)N(m, s D)dm=N(m, s > +s})

You can show that it
Isalso a Gaussian

Any guesses about why Gaussian is such a common assumption?

J
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Recursive Bayes

-

For N-point likelihood: oP(x|a)p(@ [D)dg

A
p(D" Iq)=C_) p(x" [q)

NG 1
= p(x" Iq)C_) p(x" |q) = p(x" |q) p(D" *|q)

~

From this the recursive relation for the posterior:

p(x" |q) p(D™" |q) p(a)
p(D")
__p(x"la)p@[D™)
oOP(x" |g) p@@ | D™ )dqg

p(q |[D") =

Fall 2004 Pattern Recognition for Vision



Recursive Bayes (cont.)

4 B\
Agan:
N N-1
p@|D") = p(); 9)P@ lDN 1) - 1-point update.
OP(X™ [q) p@ D™ ")dg
Setting N=1.
1 1 1
g 2 _SZ+SZ
n n-1
_ Sai s °
M_S§_1+SZX+S§1+SZM_1
- J
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Recursive Bayes (cont.)
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Problems with Bayesian Method

=

Integration is difficult

2. Analytic solutions are only available for restricted class of
densities

3. Technicality: If thetrue p(x|q) IsNOT what we assume it is,

the prior probability of any parameter setting is O!

Integration is difficult

Did | mention that the integration is hard?

ok

J
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Relation between Bayesian and ML Inference

pP@|D)u p(D|q)p@) pesks at g,

e o,
—gO p(X Iq)gp(q)— L@)p(a)

If the peak is sharp and p(0 ) isflat, then:
p(x| D) = pp(x]q) p(@ | D)dq
= )P(x|q)p(@ | D)dg = p(x|a) @ | D)dg = p(x|q)

AsN® ¥, p(x|D) « p(x|d)
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Non-Parametric Methods for Density Estimation

Non-parametric methods do not assume any particular form for p(x)

1. Histograms
2. Kernel Methods
3. K-NN method

J
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Histograms

-

.
I5(x) IS adiscrete approximation of p(Xx)
e Count a number of timesthat x landsin thei-th bin
N
HO =3 I(xI R), "i=12,..,M
j=1
* Normalize
A H (i
P(i) = v ()
a H())
j=1
J/
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Histograms

4 )
How many bins?
M =3 -
p(x) P(x) M=
d | : P(x)
* Oversmoothing
3 Ti( ) M =50
P9 N B
- | MH
Overflttlng
- J/



Histograms

Good:
» Once it Is constructed, the data can be discarded

e Quick and intuitive

Bad:

* Very sensitive to number of bins, M
 Estimated density is not smooth

 Poor generalization in higher dimensions

J
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Aside: Curse of dimensionality (Bellman, ‘61):

 Imagine we build a histogram of a 1-d feature (say, Hue)
e 10 bins
1 bin = 10% of the input space
* need at least 10 points to populate every bin

» \We add another feature (say, Saturation)

e 10 bins again

1 bin = 1% of the input space

» we need at least 100 points to populate every bin
*\We add another feature (say, Value)

e 10 bins again

* 1 bin = 0.1% of the input space

» we need at least 1000 points to populate every bin

N = b° - number of points grows exponentially

J
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Aside: Curse Continues
4 I

Volume of acubein RY with sidel:

v =l

B
gl LY.

Volume of acube with side|-«:
v, =(l- e)
Volume of the e-shell:
D=V -V, =19- (1 - e)°

Ratio of the volume of the =-shell to the volume of the cube:

d d .d
D_T-0-8 -1 & €0 giasde ¥ mm
V | & g
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Adgde Lessons of the curse

In generative models.
e Use as much data as you can get your hands on
e Reduce dimensionality as much as you can get away with

<End of Digression>

J
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General Reasoning
4 )

By definintion:

P(xI R) =P = p(x)dx’

If we have N i.1.d. points drawn form p(X):

|
P(xT REK)=—- P*- P)"*=B(N,P)
_KIN - K)o
‘ Prob that the
Num. of unique splits Prob that k of rest are not

K vs. (N-K . :
vs. (N-K) particular x-esarein R

B(N, P) isabinomial distribution of k

- J
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General Reasoning (cont.)
4 )

Mean and variance of B(N, P):

Mee:  mM=E[k]=NP b P=E[k/N]
Vaiance: s ° =E[(k- m)?*] = NP(1- P)

.2

b EQKk/N- Pu=2_92 _p- p)/N
g( )u &N (1- P)

That is:
 E[K/N] isagood estimate of P
 Pisdistributed around this estimate with vanishing variance

So:
P=k/N
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General Reasoning (cont.)

P=k/N

On the other hand, under mild assumptions:

P = gp(x)dx'= p(x)V

Volume of R
(not p(x))

... which leads to:

K

p(x) = NV

J
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General Reasoning (cont.)

-

Now, given N data points — how do we really estimate p(x)?

K

p(x) =~

NV

Fix kand vary V
until it encloses k
points

Fix V and count how
many points (k) it
encloses

K-Nearest Neighbors (KNN)

Kernel methods

J
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Kernel Methods of Density Estimation

g
We choose V by specifying a hypercube with aside h:

V =h°
Mathematically: A
oyl V2 i=td A
=i . y BN
[ 70 otherwise Vi * .

kernal function:

N

H(y)® 0, "y ad (H(y)dy=1

- J
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Parzen Windows

fThen

H ((X i Xn) / h) - a hypercube with side h centered at x"

H can help count the pointsin avolume V around any X:

d . ax-Xx'0
K)=8 H =
n=1 e %]

No contribution |

to the count at x

4 X2

h-neighborhood of x

J
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Rectangular Kernel

-

So the number of points in h-neighborhood of x:

N

k()= H ¢

n=1

%(XO

& h 5
.. Iseasily converted to the density estimate:

N _ n() 0
YORLCIEY (F 'L B (R
NV N Zh' & h [ Integaestol
Subtle point:
él o u 18 . .
e—a K X, X" Jndx=—9 €K [x,x")dxU=1
&N 21 ( )H Nele ( ) u
b ob(x)dx=1
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h=1

]
iR

Source

J
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Smoothed Window Functions

4 )
The problem is as in histograms — it is discontinuous

We can choose a smoother function, s.t.:

P(X)30, "x ad P(X)dx=1
~_ ot

Ensured by kernel conditions
Eqg: <loud cheer> a(spherical) Gauss an:

K(X,X") = expC-

(V2ph) 2h? B

.. 0.
P =4 2 — 1 e :
NS (J2phy 20 =

- J
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J
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Some Insight

-

Interesting to look at expectation of the estimate with respect to all

possible datasets:

E[p(x)] = Ee

= K (x- x') p(x")dx" - convolution with true density

That Is;

p(x) = p

L3 a K (X, X )u— E[K (x,x9]

(x) 1If K(x,x")=d(x,x")

But not for the finite data s&t!

J
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Conditions for Convergence

-

How small can we make h for agiven N ?

limh{ =0 - It shouldgoto 0
N® ¥
lim Nh¢ =¥ - But slower than /N
NO¥ N

\

Based on the similar analysis of
variance of estimates

Eg: N =h' /N
' /1og(N)

W

Note that the choice of hlOl Isstill up to us.

J
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Problems With Kernal Estimation

* Need to choose the width parameter, h
e Can be chosen empirically
« Canbe adaptive, eg. hy = hd,, —where d,, the distance from
X to k-th nearest neighbor
 Needto store all datato represent the density

 Leadsto Mixture Density Estimation

J
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K-Nearest Neighbors

g
Recall that:

N K
X) = ——
P(X) NV

Now wefix k (typicaly k = JN ) and expand V to contain k points

Thisis not atrue density!

Eqg.: choose N=1, k=1. Then:
1
P(Xx) = Oops!
Dix- x[|—

BUT it is useful for a number of theoretical and practical reasons.

\

J
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K-NN Classification Rule

4 N

Let’stry classification with K-NN density estimate

Data: N - total points
N, -pointsinclassw,

Need to find the class label for a query, X

Expand a sphere from x to include K points A
e,

K - number of neighbors of x "

K, - points of class W, among K

J X

- J
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KNN Classification

4 N

N .
Then class priorsare givenby:  p(w;) = W’

We can estimate conditional and marginal densities around any X:

p(x|w.) :L (X) —L
TNV P9\

K. N. K.
By Bayesrule; p(Wj | X) = N{/ NJ NKV — Kj
J

Then for mnimum error rate classification:

C=argmax K,

J J
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KNN Classification

4 N

|mportant theoretical result:

In the extreme case, K=1, it can be shown that:

N-s/ample error rate

P=I|imP, (eror
for lm (error)

pepep . & p0
& c-1 5

That Is, using just asingle neighbor rule, the error rate is at most
twice the Bayeserror!!!

- J

Fall 2004 Pattern Recognition for Vision




Problems with Non-parametric Methods

 Memory: need to store all data points

« Computation: need to compute distances to all data points
every time

» Parameter choice: need to choose the smoothing parameter

J
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Mixture Density Model

Mixture model —alinear combination of parametric densities

Number of components

\
p(x) =a p(x|)P(j)

/N

Component Component
density “prior”

P(D°0, "] ad @ P(j)=1
=1

Uses MUCH less “kernels’ than kernel methods
Kernels are parametric densities, subject to estimation

J
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Example

*

iteration S0

(x| DP(])

8
anp

p(x)

10

Pattern Recognition for Vision
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Mixture Density

-

Using ML principle, the objective function is the log-likelihood:

M

1@)° Iogo o) =& logi & p(x |J)P(J)?g

n=1 |jl

Differentiate w.r.t. parameters:

N, 1@)=8 - -logi 3

n=1 1I4; k=1

p(x" | k)P(k)E})I

1

¥ o0 | )P()

= & p(x" [K)P(k)

k=1
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Mixture Density
4 )

Again let’s assume that p(x|w) I1s a Gaussian

We need to estimate M priors, and M sets of means and covariances

= PUDOES O - g

Setting i1t to 0 and solving for p;:

a P(jx")x"

rﬁ = ”:}\I - convex sum of al data
(o)

a P(jlx)

- J
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Mixture Density
4 )

Similarly for the covariances.

ﬂl((:l)_cl)\l P( i n é"-l é-l n -~ n -~ Té-lu
ﬂsg_al (Jlx)e i j(X_mj)(X-m) i U
| n=

Setting it to 0 and solving for 3;:

N

_aPGpO(x-m)(x- @)
Sj == N
a P(j[x)
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Mixture Density
4 )

A little harder for P(j) — optimization is subject to constraints:

a P(j)=1 and P(j)30,"]

J=1

Hereis atrick to enforce the constraints:

p( ) = gAexla(g,-)
a exp(g)
TP()

o =d(- ))P())- P(HP(})
Yo
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Mixture Density
4 )
Using the chain rule:

_ ﬂl(q) TP(k) _2
R T

p(x" [ k)
1 P(X)

(d,P(j)- P())P(K))

Qo=

>
1|

D) iy & PO o
A1y T8 Ty TIPRY

%;an>|%napmbu% A {P(i1x)- P()} =0

The last expression gives the value at the extremum:

N
o

(i) =8 P(IX)

- J
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Mixture Density

-

Wheat'’ s the problem?

P(i) =8 P(IX) iy =
a P(j|x")
A PGIO (X m)(x - my)
Sj — n=1 x
a P(j|x)

We can’t compute these directly!

Solution — EM agorithm. We will study it in Clustering.

J
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