10.34. Numerical Methods Applied to Chemical Engineering
HW 8. Brownian Dynamicsand Monte Carlo simulation
Due Wednesday 11/30/2005. 9am

Submit a Word document username_HWS8.doc and thefilesfor each program.
Problem 1. Brownian motion in an external field

Consider the Brownian motion in the x-direction of a spherical particle of radius R, and
density p, moving in a Newtonian fluid of viscosity ;. Stokes’ law gives a drag constant
of ¢ = enyR,. The particle experiences an externa potential energy field u(x) such that

the force imparted to the particle by thefield is —(du/dx) . Let us say that the fluid itself is
moving in the x-direction with avelocity v,. With arandom force F.(t) due to collisions

with individual fluid molecules, Newton’s second law of motion for the particleis

dv. du
mﬁx = _z(vx_vf)_d_x + Fg(t) (EQ1)

Asshown in class, the mass of aparticle, m = gnppRz , becomes negligibly small compared

to the drag constant ¢ = ey R, when R, isvery small. Thisresultsin extremely short
velocity correlation times t, = m/¢. If we are concerned only with the observed motion of
the particle on times scales long compared to t,, we can neglect the inertial effects com-

pletely by taking the limit m - o while holding ¢ constant. In this limit, the motion of the
particle follows

0= ~Zv-V) -+ Fe(y) Q2

Upon rearrangement, and multiplying by dt, using dx = v,dt, thisyields

dx = [vf—z‘lg_lﬂduz‘lFR(t)dt (E03)

Aswe have shown in class, inthe casewhere v, = 0, u(x) = 0, we get the correct statistical

properties of the random displacement by simulating the SDE (Stochastic Differential
Equation)

dx = (2D)"%dw, (EQ4)

For afinite time step at, we have the simulation algorithm

x(t+At) —x(t) = (2D)" AW, (EQ5)

Aw, isarandom number generated at each time step with
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AW, = (JAYB  P(8) = %{e‘m (EQ6)

Aw, isdrawn from anormal distribution with a mean of zero and avariance of ¢° = at.

Therefore, to agree with this limiting case, we write the SDE for the particle motionin a
moving fluid and an external field as

dx = [Vf—z_lg—l;

}dt +(2D)" %dw, (EQ7)
X(t)

which yields the smulation algorithm

_1d_U

X(t+At) —x(t) = {Vf—z Ix

}(At) +(2D)Y %AW, (EQ8)
x(t)

As shown in class, the drag constant and the diffusivity are related by Einstein’s relation

Ko T
D = T (EQY9)

Part 1.A.

Considering the SDE above, we see that if we had no random force, we would have a

deterministic velocity of the particle equal to v, = vf—z‘%J . S0, the deterministic (non-
x(t)

random) part of the SDE appears to describe convective motion, and the random part (as
we have seen) describes diffusive motion. This appears to suggest that the probability dis-
tribution p(t,x) follows a convection/diffusion equation

2

op_ 0 dp
3t a—X[Vpp(L X)] + D—2 (EQ 10)

0X
Infact, it is shown in the text that for a system described by the SDE
dx = a(t, x)dt + b(t, x)dW, (EQ11)
the probability distribution is governed by a corresponding Fokker-Planck equation

10°
26x2

D

p_

0 2
3t —a_x[a(t, X)p(t,x)] + {[ b(t,x)] p(t,x)} (EQ12)

Here, you are asked to perform a number of Brownian dynamics simulations to demon-
strate that the probability distribution does indeed follow this convection/diffusion equa-
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tion in the case of a constant fluid velocity v, and in the absence of an external field,
U(x) = 0.

If wereleaseaparticleat x = 0 attimet = 0, theinitial condition is p(0,x) = 3(x) .

1.A.1. First, show that the solution of the convection/diffusion equation is

—e—(X—u)z/(Zoz) H= Vit
0./2m o’ = 2Dt

1.A.2. Next, perform alarge number of Brownian dynamics simulations of individual par-
ticlesfor thecase D = 1, v, = 1. Using the MATLAB histogram routines, generate approx-
imate probability distributions p(t,x) at t = 05, 1,2,3 from the random trgjectories x(t) that
you generate in the ssimulations. Plot these vs. the analytical p(t, x) to demonstrate that
indeed the Brownian dynamics simulations result in the correct p(t, x) . Store your program
asusername_HWS8 1A.m.

p(t, x) = (EQ13)

Part 1.B.

Now, set v, = 0 and let us introduce a spatially-periodic potential

U(x) = E [sin(xm)]? (EQ 14)

of periodicity u(x+m) = U(x), m=0,1,2,3 .... This potential consists of a sequence of
energy barriers of height g, each separated by a distance of one.

Perform a Brownian dynamics simulation using periodic boundary conditions on the
domain o<x<1 inwhich at any time the particle exits the domain, it is shifted by +1 to
bring it back inside the domain. Since the potential energy is aso periodic, this shifting
has no deleterious effect on the simulation, and it enables us to compare the measured
probability distribution pP(x) over the course of the simulation with the Boltzmann distri-
bution

—U(X)/ kT
P(X) = ——F—> 7 (EQ15)
(1)9 U kT

In your Brownian dynamics simulation, you should not start sampling the distribution of x
until you have run the simulation for awhile to “equilibrate” the system. Simulate the
motion of aparticleat k,7 = 1, E, = 1, D = 1 and demonstrate that the Brownian dynamics

simulation samples properly from the equilibrium distribution. That is, the probability dis-
tribution measured from the trgjectory x(t) agrees with the Boltzmann distribution. Store
your program as username_HW8_1B.m.

Part1.C.
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Consider again the same external potential, but now do not use the periodic boundary con-
ditions. Instead, generate trgjectories x(t) that are not shifted in spacetoremainin [0, 1] . In
thelimit g, «k, T, the energy barriers are negligibly small and the particles essentially

undergo “regular” diffusion. But, when g, becomes comparatively large relativeto kT,

we expect the barriersto be difficult to overcome such that the particle trajectories become
“trapped” between barriers for along time until they are finally ableto “jump” to the next
energy well. If we then continue the smulation over very long periods of time such that
each trgjectory has experienced many jumps, and we measure at various times the mean

squared displacement, (x*(t)) , we can estimate the effective diffusivity, b, in the pres-
ence of the barriers from the relation (x*(t)) = 2Dt ast - w.

Perform this calculation to measure b, when b = 1 for g, = 0.1,05,1,2,3,4,5 when
k,T = 1 and plot InDy VS. E,. A reasonable prediction of how the effective diffusivity
should be affected by the barrier height is

“E./k
Dy = De ' (EQ 16)

Compare the results of your calculation to this functional form to seeif it is an accurate
description of the effect of energy barriers on long-time diffusive motion. Store your pro-
gram asusername_HW8_1C.m.

Praoblem 2. Metropolis Monte Carlo Simulation

Consider again the 1-D system with the periodic potential energy
U(x) = E [sin(xm)]? (EQ17)

Write a program to sample the NVT equilibrium distribution of x using Metropolis Monte
Carloforthecase g, = 1, k,7 = 1, and show that the results agree with the Boltzmann dis-

tribution

—U(X)/ kT

PO = T ST, e

0 dx
where again you use periodic BC to maintain the particle within o< x<1.
Praoblem 3. Simulated Annealing
Consider the cost function
F(x) = 0.5%° + cos(Tx) + sin(21mx) + cos(31x) sin(TX) (EQ19)

plotted in the figure below.
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F() = 05¢ + cos{nx} + sin{2m}) + cos(3m) " sin{m})
10 T T T T T T T

Global minimum

Clearly, the cost function has many local minima, and it would be very difficult to find the
global minimum using the deterministic techniques that we developed in chapter 5. Unfor-
tunately, such irregular cost functions are not uncommon, especially when attempting to
compute the minimum energy geometry of amolecule or acrystal.

Write a program that uses simulated annealing to identify the global minimum from aran-
dom initial guess. Store your program as username_HW8_P3.m and provide directions
for itsuse.

Problem 4. Monte Carlo Integration

Solve problem 4.A.2 of the text, storing your program as username_HW8_P4.m.
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