1.1.3 Matrix addition and matrix/vector multiplication

For the linear system of N equations for N unknowns:

anX; tapxy + ... tanxy =by

X1+ apXyt ... tanxn=Dbs

aN1X1 + aN2Xo + ...+ ANNXN — bN (1.1.3-1)
expressed in matrix/vector for as

Ax=b (1.13-2)

We know that from §1.1.2 how to manipulate the N-dimensional real vectors

x,b,eR",

X1 (b1 ]
X2 b2
X = b = (1.1.3-3)
_Xn_ _bn_
We write the matrix A as
fan an . ajy ... am |
a an . aj .. an| g
A=|: oo : 2" row aj= element of A in row #I and column #;.
_anl an2 .. anj ... ann_
Tjth column

If the number of columns (N) equals the number of rows (N), A is called a square
matrix.



To describe the size of a matrix with M rows and N columns, it is common to call it a
M “by” N or M x N matrix.

How do we manipulate matrices? First, look at some simple operations.

-multiplication of a M x N matrix A by a scalar c:

ailr a2z .. aiN cair caiz .. CainN
da21 a2 .. az2nN cazir Cax2 .. CaxN

cA=cl|: Do =1 Do (1.1.3-5)
8y Qyp - Ay | [CByy CBy, . Cayy |

-Addition of a M x N matrix A with a M x N matrix B:

ail anz .. amw bii bz .. bin

al an .. an b2 b2 .. b
A+B=|: o + | Do =

lam1 Qv - QN | _le by, - bMN_

_a11+b11 az+b, . aw+b,

azi+b,, an+b,, . an+b,y
(1.1.3-6)

M +by; @y by - Ay +bMN_

Note that A + B =B + A (1.1.3-7) and that two matrices can be added only if both the
number of rows and columns of each matrix are the same.

Other properties, such as ¢c(A + B) = cA + ¢B are easily established.



-Multiplication of a N x N matrix A with an N-dimensional vector v :

If we are to have equivalence of notation between the set of linear algebraic equations
(1.1.3-1) and the matrix/vector equation (1.1.3-2), written explicitly below as:

fai an ans ... am|[x bi

a ax» axs .. an||X2] b2
=|. (1.1.3-9)

dnl dn2 an3 ... Ann XN bn

then the rule for multiplying (to be accurate, pre-multiplying) an N-dimensional
vector v by an N x N matrix A must be:

air anrz a3 ... amn || Vi a,,Vyy a,VvV, o anVy
ar a» a3 .. am||v2] A, V, A, V, . 8y Vy

Av =|: Do : : =|: Do (1.1.3-10)
_anl dn2 an3 ... ann_ _VN_ _aNlVl AV, AWV

We see that A v is also an N-dimensional vector, whose jth component (i.e. the value
in the jthrow of Av) is

(Av)=ajivi Tapva+ ... fapww= 2. a,v, (1.13-11)

k=

This formula defines a summation of products across row #j of the matrix and down
the vector,

—>a, > v, :>(Av_)j




-Multiplication of an M x N matrix A with an N-dimensional vector v :

From the rule for Av just presented, it is clear that the number of columns of A must
equal the number of elements of v, but we can also define Av when M= N.

a;p A A3 .. Ay Vi a3 Vi apVy - Ay
Ay Ay Ay . Agy v, A5V Ay V, o AnVy
AX = =
Ayt Ayp Ay - Ay |V~ | AnVi Vs - Aun Vi
L i L i
M x N matrix A N-dimensional Vector v

M-dimensional vector

(1.1.3-12)
For example,
1
1 2 3 4 5 30
4 3 2 1 3|~ 20 (1.1.3-13)
11 12 13 14 130
4
1 2 3 { 14
31 2 11
2= (1.1.3-14)
4 5 6 3 32
5 6 4 29

Note also that:

A(cv)=cAv A(VvFW)=Av +Aw (1.1.3-15)



