1.2.1 Reduction of A x=b to triangular form by Gaussian Elimination

We now with to develop an automatic procedure, an algorith, for obtaining a solution
to the set of N linear algebraic equations:

axX; tapxy + ... tapXxy = b1
aX) TanXy ...+ anXx,=by

A X1 FapXo ...+ apnXy = bn (1.2.1-1)

Note that we can select any two rows, say #j and #k, and add the two equations to
obtain another one that is equally valid.

ajix; T apx2 + ... +ajnxn =bx
+ (ax1x1 + aXy + ... + agxn = by)
(ajl +a,,)X, +(aj2 +a,,)X, +...+(ajN +a, )Xy = (bj +b,)
(1.2.1-2)

If the equation for row #j is satisfied, and the equation obtained by summing rows j
and k (1.2.1-2) is satisfied, then it automatically follows that the equation of row k
must be satisfied.

We are therefore free to replace in our system of equations the equation

ax1X1 + apXy T ... T anxn = b by

(aj1 T ak)xi + (3 T a)x2 + ... + (ajn + awv)xn = (bj + by) with no effect on the
solution Xx.



Similarly, we can take any row, say #j, multiply it by a non-zero scalar ¢, to obtain an
equation
cajix; +capxo + ... +cajnxn =cb;  (1.2.1-3)

that we can substitute for the original without effecting the solution.

In general, for the linear system

a;x; tapxy+ ... tanxn =Dbs
ax) tapXe T ...t anNXN = bj < row #_]
AqX] + aXs + ... F agnxy = by € row #k
aNiX; + anXo + ...+ annXy = by
We can choose any je[1,N], ke [1,N] and any scalar ¢+ 0 to form the following
linear system with exactly the same solution as (1.2.1-4).
anx;+ ... Fanxy = by
ax; t... tanNxN = bj < row #

(caji +ag)x; + ... + (cajy + an)xn = (cbj + by) € row #k

aNiX; T ... tannxXn = bN (121-5)



The process of converting (1.2.1-4) into the equivalent system (1.2.1-5) is known as
an elementary row operation.

We develop in this section an algorithm for solving a system of linear equations by
performing a sequence of these elementary row operations until the system is of a
form that is easy to solve.

We will wish to use matrix/vector notation Ax=b, so we write the system as

a,, a4, .. apy X, b,
a; aj, ay X b,
=|: (1.2.1-6)
dy A AN Xy b,
|2 A aw |[Xn] | Py

_ S 1%, b,
a, a, ay
a, aj, ay . b
J J
( ) ) ( ) = : (1.2.1-7)
ca., +a ca,+a .. (ca.,+a
n ) (et NI ] [ eb, +by)
a a a
| N1 N2 NN | _XN_ I bN |



Since we must change both A and b for every elementary row operation, it is
common to perform these operations on the augmented matrix (A, b)

_an a b |
a; ay bj
(A, b)=1: (1.2.1-8)
ay a, by
lan e B bN_
N x (N +1) Matrix

After our elementary row operation, the system is written as

a;, ad N bl
a aiN b
A b= |- (1.2.1-9)
(cajl +a,) .. (CajN +an) (ij +by)
Kay| AN bN ~
N x (N +1) Matrix

By applying the elementary row operation to the augmented matrix, we automatically
change both the left and right hand sides of Ax=b as needed to ensure that the

solution x does not change

We will now build a systematic approach to solving Ax=Db based opon a sequence
of these row operations.



We now present the standard approach to solving Ax=b , the
Method of Gaussian Elimination.

First, we start with the original augmented matrix (A, b) of the system,

a;, a, a3 .. ay b
a; @, ay; .. ay b
(A, b)= : : : : : : (1.2.1-10)
a Ay Ay .. A by
|an1 Anp  Byy e Agy by

As long as a;; # 0 (in section 1.2.3 we show how we can ensure that this is the case
for systems with a unique solution), we can define the finite scalar

dyy = 2L (1.2.1-11)
11

We now perform a row operation where we replace the 2™ row by the equation

-)\,21(8.11)(1 +apXy + ... FamNnxXn = b])
+  (azx; tapxyt+... tamnxn =by)
@y —Aya, )X, +(ay —Aya,)X, o+ (ay —Aya )Xy =(b, =, b))

(1.2.1-12)
We see that the coefficient multiplying x; in this equation is

a
(ay —rya,) =ay - [l

ap

Jan =a, —a, =0 (1.2.1-13)



If we write the augmented matrix obtained from this row operation to place a zero in
the (2,1) position — row #2 column #1 — as

(A(Z,l) b (2,1)) -

aj ap a 4N b,

0 (@ay —Aya,) (ay—Rryuapg) .o (ay —Ayay) (b, —A,b))

a,, a,, as, asy b, (1.2.1-14)
| dni Ay, ans ann by i

Again, the important point is that the linear system A% x = b has the same solution
x as the original system Ax=b.

As we develop this method, let us consider a particular system; for example, the set of
equations

X1 + X2 + X3 = 4
2X1+X2+3X3:7
3X1 + X2 + 6X3 =2 (1.2.1-15)

The original augmented matrix for this system is

111 4
(A,b)=1[2 1 3 7| (1.2.1-16)
31 6 2



ay

Since a;; = 0, we can define A, = = % =2 (1.2.1-17)

ap

We now perform the row operation (1.2.1-10) = (1.2.1-14) to obtain

1 1 1 4
A®Y, b E)=12-2)1) 1-@)1) 3-@)1) T-Q)@)
3 1 6 2
111 4
=0 -1 1 -1| (1.2.1-18)
31 6 2

We now wish to continue this process to place a zero in the (3,1) position of the
augmented matrix.
If a(z?l) =ay - 7‘21311‘9 b(zz’l) =b, —-1,b, (1.2.1-19)

We write the augmented matrix following the first row operation as

(A(Z,l) b (271)) -

a'll a'12 a13 a'lN bl
@0 @1 @n @1
0 as, as; asy b}
a, a, as, asy b, (1.2.1-20)
_a’Nl aN2 a’N3 a'NN bN_



If a;; = 0, we now define the finite scalar A, = I (1.2.1-21)
11
And perform the following row operation, noting

a
as1-Aya,, =a,, —[ijall =a; —a, =0 (1.2.1-22)

11

(A(3’1) b (3,1)) —

ap ap ap 4N b,
an @ @n @n
0 a,, a,; as b}
0 aG) R b0 | (1.2.1-23)
Ay ay, ans ann by
Where

ag:j,l) = a3J _}\':ﬂalj’ ng’l) = b3 - >\431b1 (1-2-1-24)
For our system with (A(z’l), b®") given by (1.2.1-18),

_ay 3

Ay =—L=>=3 (1.2.1-25)
a,, 1
and
1 1 1 4
(A%, b =1 0 -1 1 -1
3-3)(1) 1=G)D  6-G)1) 2-(3)4)
11 1 4

=lo0 -1 1 -1 (1.2.1-26)
0 -2 3 -10



In general, for N > 3, we continue this process of row operations until all elements of the
1** column are zero except ay. The augmented system matrix at this stage of the
calculation will be:

a;, ap a3 aN b,
@ @ @0 @
0 a5 a5 arn b3
ND LNy G.1) G.1) G.1) G
AT, b)) =0 as, as a5y b; (1.2.1-27)
N,1) N,1) N,1) N,1)
0 ag an; e Az by

We now move to the 2™ column and perform row operations to place all zeros below the
(2,2) position.

3.1
First, if al;" # 0 we define A,, = —2— (1.2.1-28) and perform the row operation

2.0
22

3,2) 3,1)

_ (CA))] 32 _ 1B
a;” =ay’ - >\‘328'2j , by” =by" -, b, (1.2.1-29)
so thatall? =0
a,; ap a3 aN b,
@1 @) @) @
0 a3 as; . any b;
(32) 1.2y _ (3,2) (3,2) (3,2)
(A7,b77)=|0 0 a, asy b; (1.2.1-30)
N1 N1 N1 N,1)
0 ag an; e Az by




For our system with (A%, Gy given by (1.2.1-26),

a2,

o= a(zzz’l) _E (1.2.1-31)
so that
1 1 1 4
(A(3,2)’l_)(3,2)): 0 _1 1 _1
0 (2)-@)D BA)-O1) 10)-@2)-1)
1 1 1 4
=10-1 1 -1 (1.2.1-32)
0 0 1-8

In general for N > 3, we continue this process with another N - 3 row operations
(A%, b%) 5 (A“? ") > ... > (AN, ™) to place all zeros in the 2™ column.

a;,; ap a3 aiNn b,
0 A% a2 .. al)  be
N,2) 1.(N2)y 3.2 (3,2) (3,2)
A", =10 0 as, as b; (1.2.1-33)
(N,2) (N,2) (N,2)
0 0 ay; . any by

We then move to the 3™ column and perform row operations to place all zeros below the
(3,3) position then in column #4, we put all zeros below (4,4), etc.
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When we are finished, the system augmented matrix is of the following upper triangular
form

a;; ap a3 ayy aN b,
0 a8’ 2@ a%) . @) p@
0 0 al? al? ... al? b}
(A(N,N-l) ,b(N,N—l)) _ 33 3(4; ’ 3(1: ! (34 . (1.2.1_34)
0 0 0 . .. aL b,
N-D) N-D)
0 0 0 0 .. al} b |
For our example system with N =3, the final augmented matrix is
1 1 1 4
(A% %) =0 -1 1 -1 | (1.2.1-32, repeated)
0 0 1 -8

b

By “upper triangular” we mean that the only non-zero elements are found on or “above’
the principal diagonal.

\ ="above
"below <« a,, thediagonal"

the diagonal" \

ann

\ the “principal diagonal”
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We now write out the equations of the system defined by this modified matrix,

ANN-D) x=b (N.N-1)

Xy tapxy taixst+ ... FaNxXN = b1

2,1) 2,1) 2,1) _ 1.2,D
a5, X, +a5; X, +..+a5 Xy =b;

(3.2) 3,2) _ 132
a3, X, +...+a3 Xy =b;

(1.2.1-35)

(N—1,N-2) (N-IN-2)_ _ 1.(N-1,N-2)

anna Xnoa Faxan Xy =by
(N,N-1) _ W(NN-D)

ay Xy =by

For our system with N = 3, (1.2.1-32) gives the equations
X +X)+x3=4

Xy + X3 = -1
x3=-8  (1.2.1-36)

We see that we can immediately solve for the last unknown from

HON-D
Xy =X (1.2.1-36)

- (N,N-D)
AN

For (1.2.1-36), we have x; = -8/1 =-8  (1.2.1-38)

Then, we can work backwards, next solving for xy.j,

pOIND NN g
(N-1,N=2) (N-IN=2) 1 (N-1,N=2) _ (b N-I,N N
Anoin-l Xnop Taynog Ny XN = by = XNy = (NTN-2)

A N1 N-1

For (1.2.1-36),

xo= LLZEDI o (1.2.1-40)
(-1
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Next we solve for xn.,

(N-2,N-3) _ _ (N-2,N-3) (N-2,N-3)
. = [by> “aANnoN-2 Xnor T NN Xy (1.2.1-41)
N-2 = (N-2,N-3) oo
AN_2N-2

For (1.2.1-36)

X| = [4_(1)(_71)_(1)(_8)] =19 (1.2.1-42)

Therefore, the solution to the set of equations
X +X)+x3=4
2x1+x,+3x3=7 (1.2.1-15, repeated)

3x) + Xy +6x3 =2

1S

X, 19
X=X, |=|-7 (1.2.1-43)
X, -8

While we have found one solution to the set of equations (1.2.1-15) it remains to be
proven in section 1.3 that this is the only solution.

The process of solving for the unknowns by starting at the last position, and working
backwards with the equation set generated by the upper triangular matrix is known as
backward substitution.
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We therefore have the following algorithm to transform our system to upper triangular
form using Gaussian elimination:

> allocate N° memory locations to store A, and N each for x and b
»Fori=1,2,...,N-1 % iterate over columns from left > right
>if a;; = 0, STOP to avoid division by zero
—»Forj=i+1,1+2, ..., N % iterate over rows below diagonal

aj
> A —
a..

1

Fork =1 I+1, ..., N % iterate in row j from the ith column to right
> djk < ajk - kaik

end

>bj€bj - Xbl a

end

— end

We see that the basic computational unit of this algorithm is d € a + b*c
Comprised of two “floating point operations”, an addition and a multiplication, plus a
memory assignment in d denoted as <.

Each of these operations is equivalent, by most people’s definition, to 2 FLOP’s (FLOP =
“floating point operation”, +, -, , / between two numbers in memory). I will call the
combined operation d € a + b*c a “computational unit”, or CU, 1CU =2 FLOP’s.

We see that since there are three nested loops running over all or a part of [1,N], that the
number of CU’s, or FLOP’s, scales as N°. Gaussian elimination using this algorithm is
very slow for large N!
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% perform backward substitution
>Allocate N memory locations for the components of x

—p ForI=N,N-1, ... 1 % iterate over rows from bottom
>sum = (0

Forj=1+1,1+2,...,N
>sum € sum + a;;*Xx;

end

o € [b, —sum)]
a..

1

end

As there are only two nested loops, the number of calculations required to perform
backward substitution scales as N°.

So, in the limit of large N (i.e. many unknowns) it takes far more time (N°) to perform the
elimination row operations necessary to put the system in upper triangular form than it
does (N << N°) to perform backward substitution.

Let us now determine the exact number of FLOP’s, “floating point operations”, required
to perform the elimination, v, and the backward substitution, v, .

elim »
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First, consider the Gaussian elimination step.
Let v; = # of FLOP’s required to put all zeros in the 1* column

To put a zero at (2,1) to go from (1.2.1-10) to (1.2.1-14), we see on page 1.2.1-6 that we
need to perform a row operation involving 2(N+1) FLOP’s, d € a+b*c=2 FLOP’s
1 FLOP —calc. A,
2x (N-1)FLOP's —calc. al;"”,a;",...,al;"
2x1FLOP - calc.by"
~2 (N +1) FLOP's for the row operation

To place all zeros in the remainder of column 1, we need to perform another (N-2) row
operations to place zeros at (3,1), (4,1) ... (N,1).
Each row operation requires 2(N+1) FLOP’s.

So, the total number of FLOP’s required to place all zeros below the diagonal in columnl
is

vi=(N-1)2(N+1) (1.2.1-44)

/N

# of row operations  # of FLOP’s per row operation

Next to move from (AN, b™") (1.2.1-27) to (A®?, b%?) (1.2.1-30)

We need to perform a row operation involving one FLOP less than those in column 1 —
so each column 2 row operation involves 2N FLOP’s. We need to perform now only (N-
2) row operations, SO

va=(N-2)2N)  (1.2.1-45)

# of row operations  # of FLOP’s per row operation
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In general, to place zeros below the diagonal in column #I will require (N — 1) # of row
operations, each involving 2(N + 2 — 1) FLOP’s. The total number of FLOP’s required
for column #I is therefore

—)(N+2-1)2 (1.2.1-46)
# of row operations  # of FLOP’s per row operation

The total number of FLOP’s required to perform the Gaussian elimination is therefore

Velim = ZV = Z(N—l)(N+2—l)2

~ f

For large N

2] (N—x)(N+2-x)dx (1.2.1-47)

For N very large, N-1= N,N+2—-x ~ N—-X,s0
~2j (N —x)*dx = 2] (N? —2xN +x%)dx

ehm
~ 2[N2j dx — 2Nj xdx+j x?dx]=2[N>N - 2N(1N2) FRLVEY
0 0 0 2 3
So, in the limit of large N,
Velim gN3 (1.2.1-48)
3

For backward substitution, inspection of the algorithm on page 1.2.1-15 shows that vy,
the total number of required FLOP’s is

N
Voo = Y (N=i+1)= 2£N(N—x+1)dx ~ 2jON(N—x)dx — 2[N? —%NZ] - N2
i=1
(1.2.1-49)

Therefore, for large systems of equations, where the number of calculations required to
solve the system is a concern, Vejim >> Vg, S0 the CPU time required to perform
backward substitution is trivially small.

17



Such scaling issues are a large concern, since in this course we will often solve large
systems of linear equations.

For example, let us say that we wish to solve a partial differential equation (e.g. the
diffusion equation V*c =0) on a 3-D domain. We place a grid of points (xi, yj, Z)
throughout the computational domain,

-
aaaaa

Il)g?ntgsnli the C 100 grid points in z-direction
x-direction —_— zx €21, 22, ..., Z100]
X; € [X1, X2,

-» X100]

100 grid points in y-direction
Yi€[Y1s Y25 -5 Yi00]

The total number of grid points (x;, yj, z«) in the 3-D mesh is 10% x 10* x 10> =10°

If we develop a method to solve a linear system of algebraic equations for the
concentration at each point, we have a system of 10° equations for 10° unknowns.

For Gaussian elimination, look at # FLOP’s and # of memory locations required to solve
a system of N equations

N , 2.3 # of memory locations to
# FLOP’s (—N ) store A (N?)
10°=1 1057 =1
0° =100 < (10 ~§ 108 (10%)* = 10,000
10* = 10,000 (10%* = 10* = 100,000,000

(10%*=10"=

18
x(10°)’ =S x10 1,000,000,000,000

E
% (10%)° ~3><1012
10° = 1,000,000 2
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For a system of 10° unknowns we would need 10'? locations in memory to store A — not
possible.

Even if we could store A, then even on a tera-FLOP supercomputer (10'> FLOP’s per
second performance), the CPU time required to perform the Gaussian elimination is

10" FLOP's Imin_ lhr _ lday

~ (10°8)(——( X

12 ~ - ) = 12days!!
10'“FLOP's/sec. 60s ~ 60min~ 24hr

CPU time ~

Even though Gaussian elimination appears useful (as we have developed it) for small
systems, we will need to develop other methods later to solve the large systems that arise
when solving partial differential equations and other challenging problems.

Note, even for small systems, some question’s remain:
» What do we do if a;;=0, or another a;; when we calculate the A factors during

Gaussian elimination.
> We have found a way to obtain one solution, if no problems
with division by zero. Are there any other solutions?
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