1.3.5 The Determinant Of A Square Matrix

In section 1.3.4 we have seen that the condition of existence and uniqueness for solutions
to A x = b involves whether K, = 0, i.e. only w = 0 has the property that Aw = 0.

To use this result, we need a method by which we can examine the elements of A to
determine if K, =0

For N = 1, this is simple. For the single equation

Ax=b (1.3.5-1)

If a# 0, we have a single (unique) solution x = b . Ifa=0, then if b = 0, there exists an
a

infinite number of solutions. If b# 0, there is no solution.

For N > 1, we want a similar rule. Given an N x N real matrix A, we want a rule to
calculate a scalar called the determinant, det(A), such that

0, then Ax = b has no unique soltuion
det(A) = ) ) (1.3.5-2)
c,c # 0, then Ax = b has a unique solution

Since this determinant is to be used to determine whether a system Ax =b will have a
unique solution, we can identify some characteristics that a suitable functional form of
det(A) must possess.



Characteristic #1:

If we multiply any equation in our system, say the jth ajjx; + apx,+ ... + apnxn=b;
(1.3.5-3) by a scalar c# 0, we obtain an equation

€a;1X; tcapxyt+ ... T CanxN= ij (1.3.5-4)
As this new equation is completely equivalent to the first one, the determinants of the
following 2 matrices should either both be zero or both be non-zero.

a'll a'12 alN a11 alZ a'lN
an aj, aN and |ca, ca, .. cay (1.3.5-5)
ay Ay e Ay ay Ay o A

Moreover, if ¢ = 0, then even if det(A) # 0, the determinant of the 2" matrix in (1.3.5-5)
should be zero.

We note that we can satisfy these requirements if our determinant function has the
property that the determinant of the 2" matrix is ¢ * det(A).

Characteristic #2.

The existence of a solution to Ax = b does not depend upon the order in which we write
the equations. Therefore, we must be able to exchange any 2 rows in a matrix without
affecting whether the determinant is zero or non-zero.

One way to satisfy this is if A’ is the matrix obtained from A by interchanging any 2
rows, then our determinant should satisfy det(A’) = £ det(A). (1.3.5-6)



Characteristic #3:

We can write the following 3 equations
Xx+ty+z=4

2x+y+3z=7

3x+y+6z=2 (1.3.5-7)

in matrix form with the labels

X=X X=y x3=z (1.3.5-8)

to yield the matrix

1 1 1
A=|2 1 3
31 6

We could just as well label the unknowns by
X=X X2=z x3=y (1.3.59)

In which case we obtain a matrix

1| (1.3.5-10)

Obviously, such an interchange of columns does nothing to affect the existence and
uniqueness of solutions. Therefore either det(A) and det(A’) are both zero, or det(A) and
det(A’) are both non-zero.

One way to satisfy this is to make det(A’) = = det(A). (1.3.5-11)



Characteristic #4:

We can select any 2 equations, say # 1 and #j,

aiX) +apxs + ... + ainXn = by
81X+ apXot ... T nNXN= bj (1.3.5-11)

and replace them by the following 2, with ¢# 0
aiX; T apXz + ... +ainxn = b;
(caj; + ajl)xl + (cap + ajz)Xz + ...+ (can + ajN)xN =(cb; + bj) (1.3.5-12)

If A is the original matrix of the system, and A’ is the new matrix obtained after making
this replacement, than either det(A) and det(A’) are both zero or they are both non-zero.

Characteristic #5:

If C = AB, the viewing Cx = b as

We see that det(C) # 0 if and only if both det(A) # 0 (so a unique Bx exists) and if
det(B) # 0.

One way to ensure this is if det(C) = det(A) x det(B)  (1.3.5-13)

Characteristic #6:

If any 2 rows of A are identical, the equations that they represent are dependent. We
therefore do not have a unique solution, and must have det(A) = 0.

Similarly if all elements of a given row are zero, we have the equation 0 = b;, which is
inconsistent if b;# 0. Therefore, we must have det(A) = 0.



Characteristic #7:

If any 2 rows of A are equal, say columns #i and #j, then for all M e [1,N] ay; = amj. We
can therefore write each equation as

aMiXp T amveXo .o FayXi T .. T ayX ..t apnX
=aviX] tawmxp + ... + aMi(xi + Xj) + ... T aunXN (1.3.5-14)

Since x; and x; only appear together in this system of equations as the sum x; + x;, we
could make the following change for any c that would not affect Ax,

Xi € xitc Xj < xj—c¢ (1.3.5-15)
Therefore, we must have det(A) = 0.

Similarly, if any column of A contains all zeros, det(A) = 0.

We now have identified a number of properties that any functional form for det(A) must
have to be a proper measure of existence and uniqueness for Ax = b.

We now propose a functional form for the determinant, and show that it does satisfy these
characteristics.



We define the determinant of the N x N matrix A as

N

det(A) = Zi....iEilizmiNai_laiz,z...aiN’N (1.3.5-16)

ij=li,=1  iy=l
Where

0,1if any two of {1,,1,...,1 } are equal

E +1,if (i,,1,...,1y ) 1s an even parity permutation  (1.3.5-17)

L1y

-1,if (i,,1,...,1y ) 1s an odd parity permutation

By “even parity permutation” we mean the following. Since E;; ; =0 ifany two of the

i

set {1;,1,...,1y }, we know that the ordered set (i,,1,...,1y), if E;; ; s to be non-zero,

ijiy..d

must be related to the ordered set (1, 2, 3, ..., N) by some shuffling of the order.

For example, consideri; =3,1,=2,13=4,1=1, so
(i], iz, i3, 14) = (3, 2, 4, 1) (1.3.5-18)

We want to perform a sequence of interchanges to put it in the order (1, 2, 3, 4).

Interchange #1, (3,2,4,1)> (3,2,1,4) (1.3.5-19)

Interchange #2, (3,2,1,4) 2 (3,1,2,4)

Interchange #3, (3,1,2,4) =2 (1,3,2,4)

t

Interchange #4, (1,3,2,4) > (1,2,3,4) (1.3.4-19)

t4

So we have put (3, 2, 4, 1) into order (1, 2, 3, 4) with four interchanges.



Note that we could do the same thing with only 2 interchanges:
(3,2,4,1)>(1,2,4,3) > (1,2,3,4) (1.3.5-20)
or less efficiently, with six

(3,2,4,1)>(4,2,3,1) >(2,4,3,1) > (1,4,3,2) > (1,4,2,3) 2 (1,4,3,2) 2
(1,2,3,4)  (1.3.5-21)

The number of interchanges by which (3, 2, 4, 1) is reordered into (1, 2, 3, 4) is therefore
not unique; however, what is unique is that (3, 2, 4, 1) can only be reordered into (1, 2, 3,

4) in an even (0, 2, 4, 6) number of steps.

(3, 2, 4, 1) is therefore said to be an even parity permutation of (1,2,3.,4).

If N = 3, we have the following parity assignments

Even Odd
(1,2,3) (3,2,1)
2,3,1) (2,1,3)
3,1,2) (1,3,2)

PARSaR

K S

even = “clockwise order”  odd = “counter-clockwise order”
so Ei;3=Ex =Esp=+1 , Eai=Ex;=Ei;=-1

while E;;1=E;2=Ei21=Ex3=0 (1.3.5-22)
ForN=2,E,=+1, Es; =-1 (1.3.5-23)

For a 2 x 2 matrix,

a;dp

det(A) = = E12a11a22 + E21a21a2 = apiaz —azian (1.3.5-24)

a, dy
1=1 i1:2
i2:2 i2:1



For a 3 x 3 matrix A,

a;1a1,a43

3 .3 3
det(A) = |ayapayl=> > > E . .a ja ,a , (13.525)

i=1i,-1iy-1
a383,d33

We use this formula to rearrange det(A) into a more recognizable form. First, split the
summation over i; into ;=1 and 1; # 1.

3

det(A) = iiEl,iz,i3alla121,2ai3,3 + iizEil,iz,i3ai|,laiz,zai3,3 (1.3.5-26)

i,=11;=l1 ij=1,i,=li3=1
ip#1

Now if 1;=1, then E =0ifi, =1 oriz =0, so the 1*' term becomes det(A) =

Liy s

a“ZZEllz,uanalz,zaua+ZZZEIMM (a2, 5 (1.3.5-27)

ih=liy= ij=1,1,=11i;=1
i #1

We now split the summation over iy,

det(A)—aUZ“Z“Ehz’13 a; ,a; ; +aIZZZEl“U} a; ,a; ; +ZZZE,“,2,,3 a; 135, ,d4 3

i,=2i3=2 ij=1,iz=1 ij=l,i,=1,i3=1
i;#1 ij#l 127&1

(1.3.5-28)
Then, we split the summation over is,
det(A) =

auZZEnm ai,08, s+alzZZE11113 8183 +anZZEw a18i,2 +ZZZE111213 8;,18i,28i3

i,=2i=2 ij=1,i3=l1 i=1,1,=1, ij=1,i,=1,i3=1,
ip#l iyl i,#1 izl iyl i3zl

(1.3.5-29)



Now for every term in the last summation of (1.3.5-29) i;# 1, i,# 1, i3# 1. This means
that there must be some repeated index, e.g. 1,=13, in each term and so E. =0.

1515513

This last term is therefore zero and we have

3

3.3 3 3 3
det(A) = a,, Z ZEl,iz,i3ai2,2ai3,3 tap ZZEi,,l,i3ail,lai3,3 13 Z in,,iz,lail,laiz,z (1.3.5-30)

i,=2i,=2 {21151 i=Li,=1,
ij#l i =l 1,21

Here we have added restriction i3 # 1 on the summation in the 2™ term on the right since
i2:1 and Eil,l,ig =0 if i3 =1.

We now note that since 1 is the smallest number,

+1,1f 1, <1,
-1,if 1, <1,  (1.3.5-31)

0,if 1, =1,

E

Liy,is

and so we can write E =E

Li, i3 ig,iy °

Next we look at E.

i, 15

(i1, 1, 13) =2 (1, 1y, 13).

. By performing one interchange, we have

So if, (i1, 1, 13) is odd, (1, 11, 13) is even
If(iy, 1, 13) is even, (1, 1y, 13) is odd

In any event, E =-E =-E. . (1.3.5-32)

iy, 1,3 Lij i3 1,13



Finally for (i, I, 1) we not that in 2 interchanges
(i, 12, 1) > (1, i, i) 2> (1, 11, 1)

sothat B, =Ei,i, =E,,  (1.3.5-33)

il

We therefore have

det(A) allzzElz i3 12a123 a’lZZZE S 11 lal3 +al3zzElllz 1]1a122 (1.3.5-34)

i,=2i3=2 =l,i3=
11¢1 13¢1

Using the determinant formula for a 2 x 2 matrix (1.3.5-24), we see that

b dy dn
z ZEIZ i, 4,28 3 = 220833 —axnax = (1.3.5-35)
i,=2i;=2 as, dgy
b dy) s
ZZ i, @ 1@4,3 = 21323 — a31433 = (1.3.5-36)
=2i; a3 g
R CPIR:Y 1
Z i, 3018, = azaz —azan = (1.3.5-37)
i1=21,=2 31 43

This yields the familiar formula for the determinant of a 3 x 3 matrix

a;a,,4,;

dy Ay dy ays s dy 8y (1.3.5-38)

ay1aydy| =arl

3 a3 a3 dg; a3 as

Q303,03

In the general formula (1.3.5-16) for det(A), we must have an expression that is define for
N > 3m and that allows us to prove various properties of the determinant to show that it is
valid measure for determining existence/uniqueness of solutions.



In general, we can determine the parity (even or odd) of a permutation (ij, 1z, ..., in) by
the following method:

ForeachM =1, 2, ..., N, let a,, be the number of integers in the set {im+1, Im+2, ... , IN}
that are smaller then iy.

The total number of inversion (pairwise interchanges) required to reorder (iy, iy, ..., iN)
into (1, 2, ..., N) using a particular straight-forward strategy is

V=>""a, (13.5-39)

If vis even, (i, iz, ..., iN) is even (note : 0 counts as even).
Ifvisodd, (i, 1z, ..., in) 1S odd parity permutation.

This provides a well-defined rule to determining the value of

g i
Look at some examples:

(1,2,3,4):0,=0,a, =0, a, =0, v=0 (even) Ejz34 =+1
(1,3,2,4): 0,=0,0, =1, a; =0,v=1(odd) Eiz4=-1
(3,4,1,2): a,=2, 0, =2, a; =0,v=4(even) Ez41» = +1



We now use the definition (1.3.5-16) of the determinant to prove several properties of the
determinant.

Property I:
det(A") = det(A)  (1.3.5-40)

Proof:

N N
The determinant of the transpose of A is det(A") = zz E. . a{»l ..aa,N (1.3.5-41)

ij=1  iy=l

Now, for every permutation (i, 1, ..., In), there exists another permutation (ji, j2, .., iN)
such that

a; 18, 5.8, =28, .8y

1

(1.3.5-42)

N
order of 1¥ subscripts (i, i, ...,in) (1,2, 3...,N)
order of 2™ subscripts (1,2, ...,N) (1, 2, ---» JN)

If we perform v pairwise exchanges to convert (iy, i, ..., ix) =2 (1,2, ..., N),
Then in the same # of steps (1, 2, ..., N) =2 (j1, j2, - .-, JN)-

Therefore, E; ; =E, . (1.3.5-43)

AN JisN

Using the definition of the transpose, a; =a;,so the determinant becomes

N N
det(A)=> .Y E, .aa,, .ay;, (13.544)

=l n=l

Using (1.3.5-42) and (1.3.5-43), we have

N

N
det(A)=>..>'E, ,a ja ,.a, y=det(A) (1.3.5-45) QED.

=1 iy=l



Property I1:

If every element in a row (column) of A is zero, then det(A) = 0.

Proof:

Let every element in column #M of A be zero. Then, in the formula for the determinant,

N N
det(A)=>.>E, ;a a ,.a y.2a_ y (13.5-46)

=1 iy=l

We see that a; , =0 for all iv. As every term in the summation is therefore zero, det(A)
=0.

Let us now say that every element in row #M of a matrix B is zero. When we take the
transpose, b’ = bji, so every element in the mth column of B' is zero. By the result

above, det(B") = 0. Using property I, (1.3.5-45), we then have det(B) = 0.

Q.E.D.



Property III:

If every element in a row (column) of a matrix A is multiplied by a scalar ¢ to form a
matrix B, then det(B) = c*det(A).

a;  ap aN a;  ap AN
A=la,, ay .. a,| B=|cay, ca, .. cay (1.3.5-47)
L aNi an anN | | aNi adng anN N

Proof:

We write the determinant for B, obtained from A by multiplying every element in row #
M by a scalar c, as

N N

detB)= > ..> E, . b, b ,.b y..b  (13.5-48)

ij=1  iy=l

As det(B) = det(B"), we can also write the determinant as
N

N
det(B)=det(B")= D .> E, . b b, by, ..by,  (1.3.5-49)

ij=1  iy=l

Substituting for b;; in terms of ajj, ¢ we have
N N

det(B) = Z"'ZEil,..-iN a8y, Cay; ey

1

=1 iy=l

N N
=C ZEil,...iNal,ilaZ,iz ANy

=l iy=l
=c*det(A") =c det(A) (1.3.5-50)
From the rule det(A) = det(A"), it is clear that this formula holds also if we were to

multiply every element in a column of A by the scalar c.

Q.E.D.



Property IV:
If 2 rows (columns) of A are interchanged to form a matrix B, then det(B) = -det(A).

Proof:

Let us interchange columns #rand s, r <s

ap a, ay N ap ay a, N
a a a a a a a a
. gy e Aoy e Aoy s e Ap e By e Agy
A= ' s B= s ' (1.3.5-51)
ayg anr AN ann ay AN aAne ann

We write the determinant B as

det(B)—Z ZN:E bbb b b

N N
Zz...ZEi],miNail,laiz,z...air’s...aisﬁr...aiN’N (1.3.5-52)

=l iyg=l

where we haveused b, =a. , b, . =a

i o Di i+ » according to the interchange of column # r
and #s.

Now, if we use result for performing a pairwise interchange of i, and is,

Eil,...i, ..... i in ='Eil,...is ..... iy (1.3.5-53)
we have
det(B)——Z ZE i i 8 e ey edy o (1.3.5-54)
=1 iy=l

We are now free to re-label the dummy indices i, < 15, and to switch the order in which
we multiply the factors in each term to write

det(B)Z-
Z ZE i 108 g8y d  det(B)=-det(A) (1.3.5-55)

= iy=l1

By usmg property det(A") = det(A), we can demonstrate (1.3.5-55) holds when we switch
2rows. Q.E.D.



Property V:

If 2 rows (columns) of A are the same, det(A) = 0.

Proof:

Let B be the matrix that is obtained from A by interchanging the 2 rows (or columns) that
are equal.

By property 1V, det(B) = -det(A).

But, since B and A are identical, det(A) = det(B).

Therefore, we must have det(A) =0. Q.E.D.

Property VI:

If a™ is the mth row vector of A, and we decompose this row vector into 2 parts,
arbitrarily

AM =p™ + g™ (1,3.5-56)

And define matrices

A= a™ B=|_ bp"™ D=| d™ | (1.3.5-57)

Then det(A) = det(B) + det(D)  (1.3.5-58)

Proof:
N
Write det(A) = det(A") = zz E, 2y ay, (13559
ij=1  iy=l
As Ani, bM,iM +dM,iM >
N N
det(A)= D .DE, | a ..(by; +dy; )ay,
=1 iy=l

N N N N
=D DB sa by ag Y LB L agdy ady (1.3.5-60)

=1 iy=l =1 iy=l

So, det(A) = det(B) + det (D) Q.E.D.



Property VII:

If a matrix B is obtained from A by adding c times one row (column) of A to another row
(column) of A, det (B) = det(A).

Proof:

Let us define the following matrices in terms of their row vectors,

1 1 1
a() M a()

_a _a _a
Cah Cah Cah
A= B= D=
k k
a® a® +ca? ca?
™ ™) ™)
) " -
_a¥
E=| (1.3.5-61)
_a¥
™)

By property VI,
Det(B) =det(A) + det(D) (1.3.5-62)

By property III,
det(D) =c*det(E) (1.3.5-63)

So that

det(B) = det(A) + c*det(E) (1.3.5-64)
But, as 2 rows of E are identical, by property V, det(E) = 0.
Therefore

det(B) = det(A)  (1.3.5-65)
Q.E.D.



Property VIII:

det(AB) = det(A) * det(B)  (1.3.5-66)

We demonstrate this only for a 2 x 2 matrix,

2
det(AB) - Z z E11 Aa IZil_l alsklbkl’il [Z azykzbkbiz j|

ij=li,= k,=1

2 2 2
- ZZElll zzalklaZkzbkl 1|bk2 iy

ij=l1i,=1 ky=1k,
2 2
:Elzzzalk azkzbkI bk2 +E21zzalk aZkZbk 2bk2
f=l k=1 b=l k=l
2
= zalk sk, [Elzbk lbk 2 +E21bk zbk2
k=l iyl
)33
= a8y b -b b
e kl,l k2,2 k1,2 k21
=0if kl = k2
2 2
:z Z‘,al,klaz,k2 [bkl,lbkz,z _bkl,zbkz,l
k=1 K, %k,

=aj1az [bribaa — bizbai] + arzaz; [baibiz — basbii]
= [allazz - alzazl][bllbzz - b12b21]
=det(A) * det(B)



Property IX:

If A is an upper-triangular or lower-triangular matrix, then det(A) is equal to the product
of the elements along the principal diagonal.

Proof:

Let us consider

Lll
L=|L,, L, (1.3.5-67)
Ly, Ly - L
Then
N N
detL)=>..>E L L ,.L y (13568
ij=l  iy=l
For every permutation (i;, iz, ..., IN) of (1, 2, ..., N), we must have

i1+i2+...+iN:1+2+...+N (1.3.5-69)

So, in the expression above for det(L), if we have some Ly, Iy where Iyy>M, then we
must have some other [,<r in the product. As Lj,, = 0 for I, <r, all terms with any off-
diagonal elements of L are zero. The only term in det(L) that survivesisi; =1,1, =2, ...
IN=N, E, , =E,_, =+I,

So

1.y

det(L)=LiLy..Lan  (1.3.5-70)

Similar logic shows that for an upper-triangular matrix

U, U, .. U,
- U, .. U, -
U= _ (1.3.5-71), det(U) = U; Un...Unn (1.3.5-72)
Ull

Q.E.D.



We can now demonstrate that this functional form for det(A) satisfies all of the required
characteristics that were identified on pages 1.3.5-2 and 1.3.5-5.

Characteristic # Follows from property

1 111

IV

1\

VII

VIII

I,V

N (NN |WiN

I, V

We therefore have in equation (1.3.5-16) a form for det(A) that we can use to judge
existence/unqueness.

In practice, the most efficient way to compute det(A), or at least its magnitude, is to use
property IX. Since row operations do not change values of the determinant (property
VII), and exchanging 2 rows only changes the sign (property IV), then after N> FLOP’s
to perform Gaussian elimination with pivoting, we put A into an upper triangular form U
such that

det(A) = £ U Upp...Unw  (1.3.5-73)

This method is much faster than performing all of the summations necessary to evaluate
(1.3.5-16) directly.




	Characteristic #1:

