10.34, Numerical Methods Applied to Chemical Engineering
Professor William H. Green
Lecture #19: Boundary Value Problems (BVPs) Lecture 2.

Finite Differences
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Example: Rectangular Duct With Incompressible Flow
Rectangular duct with incompressible fluid being pulled by gravity:
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Figure 1. Rectangular duct with incompressible flow.

NxN, = # points
Vz(xi+1'yj)_zvz(XUyj)+vz(xi—1!yj) +Vz(Xi'yj+1)_2Vz(Xi'yj)+Vz(Xi!yj—l)

Interior:

(Ax)® (Ay)*
Rows of M look like this:
10.34, Numerical Methods Applied to Chemical Engineering Lecture 19
Prof. William Green Page 2 of 4

Cite as: William Green, Jr., course materials for 10.34 Numerical Methods Applied to Chemical
Engineering, Fall 2006. MIT OpenCourseWare (http://ocw.mit.edu), Massachusetts Institute of
Technology. Downloaded on [DD Month YYYY].



M =|0... 10001—21+100100100
= U@ T @ @0 @yt @0t @y

M¢ = pg/u {M¢ = b}
Shown in MATLAB

function makeAforLaplacian(Nx,Ny,Xmax,Ymax)

Non-sparse: A(n, n+1) = 1/(Ay)? Yoo
Sparse format: Myec(k) = N
Nvec(kK) = n+1

A ec(k) = 1/(AY)2

MATLAB for Sparse Matrix > Nk
Nx = 20; Ny = 30;
Xmax = 40; Ymax = 10;
A _sparse = makeA_sparse(Nx,Ny,Xmax,Ymax) ;
b = zeros(Nx*Ny,1); % unknown vector
b = b+1;
phi = A sparse\b;
check = A _sparse*phi;
check(400) ans = 1.0
bbig = 1le7*b
phi = A_sparse\bbig;
check = A _sparse*phi;

ans = le7

How do know if correct?
V_shaped = reshape(phi, Ny, Nx);
surf(V_shaped)

Makes a beautiful plot of the solution

Adding Convection
Peclet number Pe = 'Y/,

_ VXA
I:>elt:>cal =" X/D
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ODE discussion:
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Achieve Pea < 2 by making Ax smaller. This leads to stiffness. Difficulties when implicit

solving. Use adaptive meshing with Gear predictor-corrector.
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Detf = Dtrue

I:)elocall < 2

Method of lines for flow only in x-direction
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PDE > ODE {works only if: vy, v, ~ negligible; Pec< 2}

Equations like this for all discrete z and y values in mesh.
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