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5.04, Principles of Inorganic Chemistry II
Prof. Daniel G. Nocera
Lecture 1: Symmetry Elements and Operations

Consider the symmetry properties of an object (e.g. atoms of a molecule, set of
orbitals, vibrations). The collection of objects is commonly referred to as a basis set

- classify objects of the basis set into symmetry operations
- symmetry operations form a group
- group mathematically defined and manipulated by group theory
A symmetry operation moves an object into an indistinguishable orientation

A symmetry element is a point, line or plane about which a symmetry operation
is performed

There are five symmetry elements, which will be defined relative to point with
coordinate (xy,yy,2;) :

Az

(X1, Y1, 21)

Y
<

1) identity, E
Ex1,Y1,21) = (X1, ¥1,21)
2) plane of reflection, ¢
o(xz)x1,¥1,21) = (X1, Y1,21)
AY AY
(X1, Y1)

o (xz)

(X2, ¥2) = (X1, =Y1)
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3) inversion, i

[ (Xll Yis Zl) = (_ X1~Y1 I_Zl)

4) proper rotation axis, C, (where 6 = ZT”)

convention is a clockwise rotation of the point
C2 (Z)(Xll Y]_IZ].) = (_ XlI_Y1IZ]_)

AY AY
(X1, Y1)
Cy(2)
> X — > X
(X2, ¥2)
= (-X1,-Y1)

5) improper rotation axis, S,
two step operation: C, followed by ¢ through plane 1 to C,

S4(2)x1, Y1, 21) = 0(xy) C4(2)X1, Y1, 21) = o(Xy)y1, X1, 21) = (Y1,-%1 - 23)

AY AY

(X1, Y1) x and y

C4(2) o(xy) Y1 ;oordinar'fes
- — o not change

L but z is

—Z1 transformed
to -z
(X2, Y2)
= (Y1, —X1)

Note: rotation of pt is clockwise; Corollary is that axes rotate counterclockwise
relative to fixed point

In the example above, we took the direct product of two operators:

on-C,=5S, forneven: S."=C," -0, =E-E=E
l fornodd: S.,"=C." -0, =E-0} = o},
SnZn :CnZn.O_th =E-E=o0y,

Horizontal mirror plane
(normal to C,)
formeven: S,"=C," -0, =C,"

formodd: S,"=C,"-0,™=C,™ 0, =5,™
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Symmetry operations may be represented as matrices. Consider the vector v

A“

Q Convention is that the principal

(X1, Y1, 21)

axis of rotation (rotation axis

d with highest n) positioned to be
N\ coincident with the z axis
>y
0
/ (X1, Y1)
X
X1 X1 X1
1) identity: E|y; | = ? Yi|=1Y1
4 Z Z
1 00
matrix satisfying this conditionis: |0 1 0
0 01
100
E=|0 1 O] ... Eis always the unit matrix
0 01
%, X4 1 0 O]
2) reflection: o(xy)|y:|=| VY1 o(xy)=|0 1 0
124 -2 0 0 -1]
1 00 -1 0 O]
similarly o(xz)=|{0 -1 0 and o(yz)=| 0 1 0
0 01 0 01
X4 - X4 -1 0 O
3) inversion: |y |=|-Y; i=| 0 -1 O
Zy -2 0 0 -1
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4) proper rotation axis:

because of convention, ¢, and hence z;, is not transformed under C,(0) .-
projection into xy plane need only be considered... i.e., rotation of vector v(x;y:)
through 6

AY

(X1, Y1)

note, this is for a clockwise rotation

Od
because angle is measured from x axis...
is opposite direction from «

(X2, ¥2)
X1 :\ZC(?sa C.(8) Xy :\Zc?s [-(6-0a)]= \:/cos 6-a)
y; = Vsina y, =Vsin[-(@-a)l=-Vs
using identity relations:

X5 =V Cos(#—a)=Vcosfcosa +Vsindsina = x; cosé +y; sind

Y, == Vsin(6-a)=-[Vsindcosa - Vcos@sina] = —x, sinf +y; cosé

Reformulating in terms of matrix representation:

X1 X1 COSO+Yy,sSiné
C,(@)|y1|=|—-X%X;Sin@+y,;cosd
Zy Zy

cosd sing 0 ,
~Ch(@)=| —sing cosé O whereQ:%
0 0 1

Note... the rotation above is clockwise, as discussed by HB (pg 39). Cotton on pg.
73 solves for the counterclockwise rotation... and presents the clockwise result
derived above. To be consistent with HB (and math classes) we will rotate clockwise
as the convention.
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The above matrix representation is completely general for any rotation o...

Example: C3,6:E
n
i 2z 2z 1 [ 1 3
cos— sin— O -— — 0
3 3 2 2
2 2 3 1
Cs = —sin—” cos—” 0= —£ -— 0
3 3 2 2
0 0 1 0 0 1
5) improper rotation axis :
Oh ) Cn(e) = Sn(e)
1 0 O cosé sing O cosé@ sinég 0
0 1 O|-|]-sin@ cos® 0O|=| -singd cosd O
0O 0 -1 0 0 1 0 0 -1

Like operators themselves, matrix operations may be manipulated with simple
matrix algebra...above direct product yields matrix representation for S,

Another example:

10 0 |-1 0O -1 0 O
01 : -1 0= 0 -1 O
0 0 -1 0O 01 0O 0 -1
ox(=on) - Cz) = [
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