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5.04, Principles of Inorganic Chemistry II
Prof. Daniel G. Nocera
Lecture 6: LCAO and Hiickel Theory 1 (Eigenfunctions)

A common approximation employed in the construction of molecular orbitals (MOs)
is the linear combination of atomic orbitals (LCAOs). In the LCAO method, the k™
molecular orbital, yy, is expanded in an atomic orbital basis,

Yk = Cada + Cplp + ... Cidy

where the ¢;s are normalized atomic wavefunctions and [g¢gdz =1. Solving
Schrddinger’s equation and substituting for yy yields,

Hy, =Eyy
[ H-EJyi) -0

| H-E| co¢ +Cpthy +...+Ci4 ) =0

Left-multiplying by each ¢; yields a set of i linear homogeneous equations,
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Solving the secular determinant,

Haa ~ESaa Hab ~ESap -+ -+ Hy —ES;y
Hpa =ESpa Hop ~ESpp -+ -+ Hyp —ESy;

: . . =0
Hia —ESia Hip —ESp -+ -+ Hyi —ES;

where H; = [¢Hgdz; S;=[asdr=1; Hy=[4Hpdr; S;=[agdr
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In the Hickel approximation,

i = o
ij = 0 for ¢; not adjacent to ¢
i = P for ¢; not adjacent to ¢
i =1
j=0

nDnnITITT

The foregoing approximation is the simplest. Different computational methods treat
these integrals differently. Extended Hickel Theory (EHT) includes all valence
orbitals in the basis (as opposed to the highest energy atomic orbitals), all S;s are
calculated, the Hjs are estimated from spectroscopic data (as opposed to a constant,
o) and Hjs are estimated from a simple function of S;, H; and Hj; (zero differential
overlap approximation).

The EHT (and other Hiickel methods) are termed semi—-empirical because they
rely on experimental data for quantification of parameters. Other semi-empirical
methods include CNDO, MINDO, INDO, etc. in which more care is taken in
evaluating Hj; (these methods are based on self-consistent field procedures). Still
higher level computational methods calculate the pertinent energies from first
principles — ab initio and DFT. Here core potentials must be included and high order
basis sets are used for the valence orbitals.

As an example of the Hickel method, we will examine the frontier orbitals (i.e.
determine eigenfunctions) and their associated orbital energies (i.e. eigenvalues) of
benzene. The highest energy atomic orbitals of benzene are the C pr orbitals.
Hence, it is reasonable to begin the analysis by assuming that the frontier MO’s will
be composed of LCAO of the C 2pr orbitals:

) 03
O b4
b6 s
The matrix representations for this orbital basis in Dg is,
‘6] [1 000 0 0llg] [g]
? 01 000O0O0flg ®
E.¢ﬁ3:001000¢3:¢3 Xeoes = 6
50 |0 0 01 0 Of|gs| |0
o 0 00 01 O0||lg 18
_¢6_ _0 0 00O 1_ _¢6_ _¢6_
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6| [01 000 0|la] [0]
| |0 0100 Ollg]| |
C6 * s = 0001000 = %4 Xtrace =0
@4 0 00O01O0|e @5
| |0 0000 1||a]| |
#| |1 0 000 O||d]| |4 ]
(¢] [-1 0 0 0 0 Ol[¢] [a]
& 0 0 0 0 0 -1||¢ e
;g 0 0 0 0 -1 0O o
C2 o 3 = ¢3 = ?5 Xtrace =—2
4 0 0 0 -1 0 Ol||ds| |04
. 0 0 -1 0 0 Ol &
6] [ 0 -1 0 0 0 O0f[¢s]| |0]

The only orbitals that contribute to the trace are those that transform into +1 or -1
themselves (i.e. in phase or with opposite phase, respectively). Thus the trace of
the remaining characters of the pn basis may be determined by inspection:

E 2C6 2C3 Cz 3C2’ 3C2" i 253 256 Oh 36\, 3(5d
. 6 0 0 0 -2 0 0 0 0 -6 2 0

The I'p, representation is a reducible basis that must be decomposed into irreducible
representations.

Decomposition of reducible representations may be accomplished with the following

relation:
/\ no. of members in the class

the number of times —» a, = lZ(XR X -CR)
a I'yr contributes to R

1—‘red R /

order

character of T,
character of T'ieq under operation R
under operation

Returning to the above example,

3, =i[6-1~1 £0.0-0 + (-2)A1)(3) + 0+0+0+0 + (-6))(A) + 2-1-3 + 0] =0

thus A4 does not contribute to I'y,
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How about aAZU?

2u

ap :21—4[6-1-1 +0:0-0 + (-2)(-1)(3) +0+0+0+0+ (-6)(1)(-1) + 2-1-3 + 0]

Continuing the procedure, one finds,

Fpn = Ay, + Bzg + Elg + E,

these are the symmetries of the MO’s formed by the LCAO of pr orbitals in benzene.

With symmetries established, LCAOs may be constructed by “projecting out” the
appropriate linear combination. A projection operator, P, allows the linear
combination of the i" irreducible representation to be determined,

dimension of T} N operator
po = Liy [x(‘)(R)]o R/
h ]
order — character of I'; under operator R

A drawback of projecting out of the D¢y point group is the large humber of
operators. The problem can be simplified by dropping to the pure rotational
subgroup, Cs. In this point group, the full extent of mixing among ¢; through ¢¢ is
maintained; however the inversion center, and hence u and g symmetry labels are

lost. Thus in the final analysis, the T'is in Cg will have to be correlated to those in Dgp.

Reformulating in Ce,

E Cec C C, C& c5°
Fpn| 6 0 0 0 0 0

= A+ B + E + E

I R

A2u BZQ Elg E2u

The projection of the SALC that from ¢; transforms as A is,

P<A>¢1=%[1.E.¢1+1.c6.¢1+1.c62.¢1+1.c63.¢1+1.c64.¢1+1.c65-¢1}
= h+tPt G+ 0+ P+

drop constant since LCAO will be normalized
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Continuing,

PR =g = g+ hs —ht 05 - 4

PESg = 0 + et - £05— du—ebs + £,
PERg = g + 0, - o5 = -6+ 2
PEg = 0 = 0y~ o5 + 0 -0 28
PEg = g — ep — 93+ g —eps — €6

The projections contain imaginary components; the real component of the linear
combination may be realized by taking * linear combinations:

For y(E;a) SALC's:

Y3’ (E1a) + wa'(Ewp) = 201 + (e + €*)d2 — (e + €*)d3 - 204 — (e + €*)ds + (e + £*)0s
V3'(E1a) — Wa'(Ep) = (e-¢e*)d2 + (e —e*)p3 + (e* - €)ds + (e* - €)ds

where in the Cg point group,

2r 2r 2r
€=eXp 6 | = COS? - |S|n?

* 2 .. 2 2 .. 2z 2
. £€+€ = COS— — isin— 4+ cOS— + isin— = 2cos— =1
6 6 6 6 6
e —e= —cosz—ﬂ + isinz—ﬂ - cosz—” + isin2_” = 2isin2—7r = i\/§
6 6 6 6 6
* 2 2 2 2 2
e—e" = cosZE —isinZZ _ [cosZE 4 isinZZ]| = _2isint = i3
6 6 6 6 6

. the E;5 LCAO’s reduce to (again ignoring the constant prefactor),

V/3(E1): V/B/(Ela)—i- l//4,(E1b): 20+ — &5 — 205 — P + 05
‘/’4(E1): ‘//3,(E1a)_ l//4,(E1b): b +¢3—05 0

Similarly for the ys(E;) and ye(Ez) LCAO's... normalizing the SALC's

%(A)—T(w(zﬁz+¢3+¢4+¢5+¢6) wz(B)=%(¢1—¢z+¢3—¢4+¢5+¢6)
E)= s Rt h-6-20-ara)  vEI=3bre-a-a)

1
vis(E,) = %(2@ b2 —g-gs)  VeEI=5 -t s g
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The pictorial representation of the SALC’s are,

5.04, Principles of Inorganic Chemistry II Lecture 6
Prof. Daniel G. Nocera Page 6 of 6




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




