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5.04, Principles of Inorganic Chemistry II 
Prof. Daniel G. Nocera 

Lecture 8: N-Dimensional Cyclic Systems 

This lecture will provide a derivation of the LCAO eigenfunctions and eigenvalues of

N total number of orbitals in a cyclic arrangement. The problem is illustrated below:


There are two derivations to this problem. 

Polynomial Derivation 

The Hückel determinant is given by, 
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From a Laplace expansion one finds,

 DN(x) = xDn–1(x) – DN–2(x) 

where 

D1(x) = x 

x 1
D2(x) = = x2 − 1 

1 x 
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With these parameters defined, the polynomial form of DN(x) for any value of N can 
be obtained, 

D3(x)  = xD2(x) – D1(x) = x(x2–1) – x  =  x(x2–2)

 D4(x)  = xD3(x) – D2(x) = x2(x2–2) – (x2–1)

   and so on 

The expansion of DN(x) has as its solution, 

2π x = −2cos j (j = 0,1, 2, 3 ...N − 1)
N 

and substituting for x, 

2πE = α + 2β cos j (j = 0,1, 2, 3 ...N − 1)
N 

Standing Wave Derivation 

An alternative approach to solving this problem is to express the wavefunction 
directly in an angular coordinate, θ 

For a standing wave of λ about the perimeter of a circle of circumference c, 

ψ j = sin 
λ 
c θ 

The solution to the wave function must be single valued ∴ a single solution must be 
obtained for ψ at every 2nπ or in analytical terms, 
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ψ = sin c (θ + 2π ) = sin c θ
λ λ 

= sin c θ • cos c 2π + sin c 2π • cos c θ = sin c θ
λ λ λ λ λ 

must go to 1  must go to 0 

     iff  c 2π = 2π j (j = 0,1, 2 ... N − 1)
λ 

condition for an integral 
∴

λ 
c = j number of λ’s about the 

circumference of a circle 

Thus the amplitude of ψj at atom m is, (where c = j and θ = 2π m)
λ N 

ψ j(m) = sin2π m j (j = 0,1, 2 ...N − 1)
N 

Within the context of the LCAO method, ψj may be rewritten as a linear combination 
in φm with coefficients cjm. Thus the amplitude of ψj at m is equivalent to the 
coefficient of φm in the LCAO expansion, 

N 
ψ j = ∑ cjmφm 

m=1 

2π mwhere cjm = sin j (j = 0,1, 2 ...N − 1)
N 

The energy of each MO, ψj, may be determined from a solution of Schrödinger’s 
equation, 

Hψ j = Ejψ j 

H − Ej = 0ψ j 
N 

H − Ej = 0∑ cjmφm 
m 

The energy of the φm orbital is obtained by left–multiplying by φm, 

N 
H − Ej = 0φm ∑ cjmφm 

m 
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but the Hückel condition is imposed; the only terms that are retained are those 
involving φm, φm+1, and φm-1. Expanding, 

⎤
⎦ 

α 1 β 0 

c φm ⎥ 

⎤ 
⎥⎦ 

⎡
⎣ 

⎡ 
⎢⎣ 

⎡ 
⎢⎣ 

H mφ H m φm 
⎤ 
⎥⎦


φm φ
 φm φm φ
−
 −
Ejm E
+
c c 

1–m

⎢ 

φ 

cjm j j(m+1) j 1m+1 j(m+1) + 

H − cj(m–1)E φφm–1φm 0
+
 =
c m 

β 0 

Evaluating the integrals, 

α cjm − cjm Ej + β [cj(m+1) + cj(m−1)] = 0 

α cjm + β [cj(m+1) + cj(m−1) ] = cjmEj 

Substituting for cjm, 

j(m–1) j 

⎛
⎜⎜


⎞
⎟⎟
j =

⎠


Ej sin 2π
m 
N


j2π
m 2π(m + 1) 2π(m − 1) 
N


α
sin β
j +
 sin j sin+

N
 N
⎝


2πmDividing bysin j,
N 

⎛
⎜⎜


⎞
⎟⎟


2π (m + 1) 2π (m − 1)sinβ
 sin j j+

N
 N
⎝
 ⎠
α
 +
 =
 Ej2π msin j

N 

Making the simplifying substitution, κ = 2π j
N 

β (sinκ(m + 1) + sinκ(m − 1))Ej = α + 
sinκm 

⎛
⎜⎜


⎞
⎟⎟


sinκm • cosκ + sinκ • cosκm + sinκm • cosκ − sinκ • cosκmEj = α + β 
sinκm⎝
 ⎠


Ej  = α + 2βcosκ


Ej = α + 2β cos 2π j (j = 0,1, 2 ...N − 1)

N 
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Let’s look at the simplest cyclic system, N = 3 

N = 3, so Ej = α + 2β cos 2π j where j = 0,1, 2 
N 

=E0 α β
+ 2


E1 = α + 2β cos 2π = α − β 
3

4π
E2 = α + 2β cos = α − β 
3 

Continuing with our approach (LCAO) and using Ej to solve for the eigenfunction, 
we find… 

⎧ 
⎪⎪
⎨


N± for N even 
2ijθe φm for j= 0, ± 1, ± 2 ...ψ
 ∑
=
j (N − 1)
⎪ 

⎪⎩


m ±
 for N odd 
2


Using the general expression for ψj, the eigenfunctions are: 

2π 4π


ψ 0 = ei(0)0φ1 + e
i(0) 

3 φ2 + e
i(0) 

3 φ3


2π 4π


ψ +1 = ei(1)0φ1 + e
i(1) 

3 φ2 + e
i(1) 

3 φ3


2π 4π


ψ −1 = ei(−1)0φ1 + e
i(−1) 

3 φ2 + e
i(−1) 

3 φ3


Obtaining real components of the wavefunctions and normalizing, 

ψ = φ + φ + φ → ψ = 1 (φ + φ + φ )0 1 2 3 0 3 1 2 3 

ψ + ψ = 2φ − φ − φ → ψ = 1 (2φ − φ − φ )+1 −1 1 2 3 1 6 1 2 3 

ψ − ψ = φ − φ → ψ = 1 (φ − φ )+1 −1 2 3 2 2 2 3 
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Summarizing on a MO diagram where α is set equal to 0, 

1


2


1


–2 
2


–1 6


E/ 0

1


1
 6


2
 1


3


2 

5.04, Principles of Inorganic Chemistry II Lecture 8

Prof. Daniel G. Nocera Page 6 of 6 




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




