5.61 Fall 2013
Problem Set #3

1. A. McQuarrie, page 120, #3-3.
B. McQuarrie, page 120, #3-4.
C. McQuarrie, page 182, #4-11.

2. McQuarrie, pages 121-122, #3-11.

3. A. McQuarrie, page 123, #3-17.
B. McQuarrie, page 123, #3-18.
C. McQuarrie, page 127, #3-36.

4. Solve for the energy levels of the particle confined to a ring as a crude model for
the electronic structure of benzene. The two dimensional Schrodinger Equation,
in polar coordinates, is

RPl{1a( o) 19
—— | -2 r= |+ 5 =—+U(r.0) |y = Ey.
Zy[rar(rar) r* 00’ (rd))}w v

For this problem, U(7,0) = oo for » # a, but when r = a, U(a,$) = 0.

A. This implies that y(r,0) = 0 for » # a. Why?

B. If w(r,0) = 0 for r # a, then %\E = (0. What is the simplified form of the

Schrodinger Equation that applies when the particle is confined to the
ring?

C. Apply the boundary condition that y(a,d) = y(a,d + 27) to obtain the E,
energy levels.

D. The C—C bond length in benzene is 1.397 A. Thus a circle which goes
through all 6 carbon atoms has a radius » = 1.397 A. Use this to estimate
the n =2 «<— n =1 transition for “benzene” treated as a particle on a ring.
The longest wavelength allowed electronic transition for real benzene is at
2626 A. Explain why the agreement is not perfect.
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5. This problem illustrates tunneling. It requires either iterative or graphical solution
(see McQuarrie problems 4-49 and 4-54 for inspiration). This is one of my
favorite guided “magical mystery tours”. Consider the potential energy function

V(x) =00 x| > a/2 Regions I (x <0) and V (x > 0)
V(x)=0 a/10 <|x| <a/2  Regions II (x <0) and IV (x> 0)
2
V(x) = ;2”2 | < a/10 Region Il —a/10 < x < a/10
ma

A. Draw V(x) and label the regions.

Some Background

Two boundary conditions are y(+a/2) = 0. The potential, V(x), has left-right

symmetry about x = 0. Thus all eigenfunctions of H must be either symmetric or
antisymmetric, thus

Vu(x <0)=(=D)""y,(x>0)forn=1,2, ....

So all you will eventually need to do is find either y(x < 0) or y(x > 0) and join
d .

them at x = 0 so that hoth y(x) and j}g are continuous at x = 0. The best way to

begin the construction of y,, is to write Y, in Regions I and IV as

Wawiaw (x > 0) = Acos [k(x — a/2) + n/2]
Wawian (x < 0) = Acos [k(—x —a/2) + /2],

These trial functions satisfy the x = a/2 and x = —a/2 boundary conditions for all
values of £.

Note that the arguments of the cosines are set up so that \,, a1 initially increases
from 0 as x becomes larger than —a/2 and W, gia1 iv initially increases from 0 as x
becomes smaller than +a/2. Thus Wa,wian and Wa,eiavare mirror images of each
other and Y, 1s necessarily continuous at x = 0.

B. What is k, expressed in terms of E, #, and m?

C. The barrier causes each of the energy levels to be shifted to higher energy
than the corresponding levels of the simple V(x) =0, |x| <a/2 box

E’Iloarrier _ E:ormal > 0

Before doing any calculations, answer this qualitative question: Do you
expect the level shifts of the even-n levels (anti-symmetric, node at x = 0)
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to be systematically larger or smaller than those for the odd-# levels
(symmetric, anti-node at x = 0)? Why?
Choose either path 1 or path 2

Path 1: D.  The wavefunctions in Region III have the form
2 172
W = Be + Ce (K :[32n ) 2mE} ]
a’ n
2
for E < ;2h2 and
ma
- - 2 1/2
y = Del 4 Ee (k _ |:2an B 32? } j
h a
2
for E > 32h2 .
8ma

You can solve for (B,C) or (D,E) at the region II, III boundary (x < 0) by

. o d . .
enforcing continuity of \ and 5" at x = —a/10. The same solution is valid
it

at the region III, IV boundary (x > 0). Show that y ., propagated in from

I
right

the II, III boundary is equal at x =0 to ., propagated in from the III, IV

boundary. Note that, at the value of £ you have chosen, %‘f is probably
discontinuous at x = 0.

E. To find each of the E'*™ eigenenergies, you need to increase the trial
e . dy . .
value of E™™ relative to E™™ until 55 is continuous at x =0. A

11 I
Wi _ % atx=0vs. E™ will

graphical method, where you plot
dx dx

permit you to find the eigenenergies. Find E:ame‘ forn=1,2,3,4,5,and
, K

8ma’
[There will be two classes of eigenfunctions for the barrier-box. The

dy

odd-#n functions will have d—" =0 atx = 0 and the even-n functions
X 1x=0

6, and plot them next to E™ = n

will have y,(x) = 0 atx = 0. You can find the eigen-energies, E™ ™", by

: o . dy . :
either adjusting £ until d—w is continuous at x = 0 or, for odd-n,
X

Wl _ 0, and for even-n, y(0) = 0.]
d-x x=0
Path 2:
D. The wavefunctions in Region III have the form
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llIHI — Be® 4+ Ce™ [K _ ‘: 3212 ~ 2mE:|1/2J

2 2
a fi
2
for E < szhz and
ma
_ _ 5 2
W:ZII:Dezkx_l_Ee—zkx (k:|:2mZE_32ZC :| j
fi a
for E > 320" .
8ma’

Find the general form of the wavefunction in regions I and II as well. Use
symmetry arguments to simplify these expressions. Note that you have to
use different symmetry arguments for the odd-symmetry and even-
symmetrry eigenfunctions.

E. Use the fact that the wavefunction and its first derivative are continuous at
the boundaries between regions to determine the values of the coefficients
and therefore the energy eigenvalues for the even-symmetry and odd-
symmetry cases that you described in part D. Do this for energy
eigenvalues for n=1,2,3,4,5,6, and then plot them against the standard

2.2
infinite well case where the energy eigenvalues are E = : n >
ma
Both Paths do F and G
F. Discuss the energy level pattern. Make whatever generalizations you can

about the effect of a central barrier on the pattern of energy levels.
Suggest (without full calculation) what would happen to this pattern if the
barrier were made twice as high or twice as wide. Which effect is
stronger, making the barrier higher or wider?

G. Plot y, +y, and y,—y, and comment on the left, right localization of the
resultant non-eigenstate probability amplitude distributions.

Problem Set #3 Fall, 2013 Page 4



MIT OpenCourseWare
http://ocw.mit.edu

5.61 Physical Chemistry
Fall 2013

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms

