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5.62 Lecture #20: Virial Equation of State

Goal: Derive Virial Eqn. of State
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Plugging In Q into equation for p ...
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= RT . .
pV=RT +B, (T)(7) Virial Equation of State

B,(T) = NB_ N [“drr?[e " ®T _y)  2nd VIRIAL COEFFICIENT
2 2 a 0

[The 1st VIRIAL COEFFICIENT, B,(T), is 1!]
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As T — oo, B,(T) — 0 because [ _1] 50
At finite high T, B,(T) >0
Atlow T, B,(T)<0

VIRIAL EQUATION OF STATE

low T — attractive forces
dominate = pressure is
B(T) lower than ideal
0
high T — repulsive - 1/T
forces dominate = p
is higher than ideal
Boyle Point
(pV = RT)

Typical Values of B,(T) ... in cm’ mol™

500K 400K 300K 200K

Ar +7 -1.0 -155 474

C2He -52 -96 -182 410
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For p = % =4.46x10~ mol cm™

Ar C2H6
T(K) Pideal (atm) Pactual % dif Pactual % dif
500 1.8299 | 1.83047 +0.03 1.8258 —0.2

400 1.4639 1.4638  -0.003 | 1.4576 —0.4
300 1.0979 1.0971 —0.07 1.0889 —0.8

200 0.7320 0.7304 —0.2 0.7186  -1.82

€ 124k
k

(e is well depth. We % = 200K
will see this later. ]

Trend is toward too low p at low T and too high p at high T. There is a difference
between Ar and benzene in the sense that benzene seems always to have too low p.
If we include more terms in Z ...

pV =RT+ BZ(T)(Rf\;F) + B3(T)(%) +..= Y B,(MRTV'™  [B(T)=1]

n=l1

2nd VIRIAL 3rd VIRIAL
COEFF COEFF

Calculate B,(T) for Hard Sphere Potential

a .

where 6 =sum of two atomic radii

B,(T)= _1} B B=dn[ drefe " —1]

B= 47tjdr r*(e™ -1+ 47t_|j drr’(e® —1)
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INDEPENDENT OF
TEMPERATURE

What is physical significance of B, for hard sphere potential?
IT IS THE EXCLUDED VOLUME

Simple geometric argument independent of statistical mechanics:

41 3
avolume —o

3
3

1 N a 47 3 2TC

1 _— =

I 2 3 a3

1
1 1
1 1
: : each “volume” same as B, calculated
| | includes 2 atoms from stat. mech.
1 1

«—0—

Hard-sphere equation of state, correct through B,(T), is

pV:RT+B2§zRT+B2p because [sz—B
A% \'%
p(\7 - Bz) =RT small

p(\_f— N, 2“36* ]: RT

excluded
volume

Compare to van der Waals eqn. of state:

revised 1/9/08 2:11 PM



5.62 Spring 2008 Lecture #20, Page 5

(p +%)(V —b)=RT

|

excluded
volume

The true molar volume V is reduced by b. A volume V + b is required to
give values of p, R, T that are consistent with the ideal gas law.

So far we have considered only the repulsive part of the potential.

Now include attractions: e.g., square well, Sutherland, or Lennard-Jones.

© r<o
Square well potential: u(r)=1-¢, oc<r<Aic
0 r>Ao

See Non-Lecture: Result is excluded volume + term of opposite sign.

oo r<o
Sutherland potential: u(r)= (0_)6 [goal is to express Bin terms of G, €]
—€ r2o

r

B=4m J:dr rz[efu(r)/” - 1}

=47 Jocdr 72 (efoo —1)+4TC J:d”' e [6806/r6kT _1}

expand
- %TEG3 4T J: drr’ (1 +ec’ / r°kT — 1) for modest (i.e.,not too small) kT (weak attraction)

4nec’/kT der 7= de &
o 3 kT

If T is too small, must keep
more terms in the expansion.

£
B= gn'd 3 (k_T - 1) B is T-dependent and can be positive at low-T and negative at high-T

2 3

%/_/ %,—J
hard sphere  from attractive part of u(r)

By (1)=-Nag(r)= 263N, - %7:0'3Na ¢/KT

High T: T-independent, excluded volume repulsion dominates
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Low T: linear variation of B,(T) vs. 1/T. Use this to determine €.

Equation of state:

= RT
pV:RT+B2$ =RT+B,p

p(v - B2) =RT <«—jinsert the 2 terms of By(T) |

2n6°

— 2 :
p(V -N, j +p- 3 16°N L&/KT=RT 4_|rep1ace p/kT in second term|

L: p =nNa=N—_a
KT pVIN V.V

3
— 2no 2 —
p[V—Na i J+§nG3N§s/V:RT
2neo® 2
Define b = N, ”; La=Zmo NG

p(V=b)+a/V=(p+alV?)(V-b)=RT (ab/V*=0)
van der Waals Eqn. of State!

Non-Lecture

© r<o
Square well potential: u(r)=1-¢, oc<r<Aic
0 r>Ao

B= 4an drr? [ef"(r)/kT - 1]

= 4njocdr r? (eim — 1) + 4nJ:G drr? (eg”/” — 1) + 4TEJ:; drr? (64] — 1)

= —%n(f +%n[(ks)3—03}(egb/kT—l) + 0

expand this

= (1 +¢,/kT — 1) for modest kT > €, (weak attraction)

4 4 s
B=— 57:03 + Eno*(?& ~1)e, /kT i.e., if T is not too low

B, (T)= —% (T)= %n0'3Na —%n0'3Na(),3 = l)sb/kT

excluded volume + term of opposite sign!
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— RT
pV:RT+Bz7zRT+sz

p(V-B,)=RT

3
_ 2 2
p(V—Nan—;]+p'§7w3Na(ﬂ,3—l)gb/kT:RT
i:—p =nNa=N—_a
KT PVIN V.V

3
2 2 _
4 ]+§no3N§(}t3 ~1)ey/V =RT

p[V_Na

2n6® 2
7[30- ,a= 57:63N§(/13 - 1)8;,

p(V=b)+a/V=(p+alV?)(V=b)=RT (ab/V*=0)

Defineb=N,,

van der Waals Eqn. of State!
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