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Phonons: 1-D Linear Chain of Atoms

An atomic description of the vibrations of a solid. This will be a more realistic
description than Einstein’s or Debye’s, which are continuum models. Debye’s model

works well at low T (T3 law) and high T, but not so well at intermediate T.

Linear chain in 1D of atoms connected by harmonic springs of force constant k; atoms
are labeled as (n-2), (n—1), n, (n+1), (n+2) ,....

Lattice positions or equilibrium positions of atoms along the chain are labeled as
(n—1)a, na, (n+1)a,... where a is the lattice spacing

N  total number of atoms in chain
Xn  instantaneous displacement of nth atom from equilibrium position

Plot of x(na,t) vs. position along lattice at some t = t] represents a collective vibrational
mode, a phonon, of the solid
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A=16a lattice position

longitudinal phonon — displacements parallel to direction of motion (top) transverse
phonon — displacements perpendicular to direction of motion.

Phonons of many A's can be supported
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1 = 2a is the shortest physically sensible wavelength; in the continuum model, there is no
limit to the shortness of 1.

. 2r
wavevector magnitude k = - = q

[Reserve k for force constant and for wavevector of photons, but not phonons.]
GOAL: want to determine allowed values of A or q but phonons are unlike photons, for

which

V= % 2TV =m=cq (photons)

PROBLEM: for phonons, in general

o #cq

especially at large q (short wavelength),  does not vary linearly with q.
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DISPERSION RELATION
GOAL: for phonons, find allowed values of q and find the relationship between ® and q.

Phonon described by

integer : site #

2
x(na,t) = Acos(Tnna — (x)tj = Acos(qna — (x)t)

lattice spacing

The constant phase point moves according to

wt
n(t)ya=—
q

so the phase velocity is w/q.

Equation of motion for n-th atom in lattice is

d*x(na,1)
f=ma=m————- m = mass of atom
dr*
Force between atoms for harmonic potential
f = kAx Hooke's law force [NOTE: This k is force constant, not

wave vector]

Force on n™ atom including only nearest neighbor interactions.
y

f= _k(xn - xn+l)+ _k(xn - xn—l)
= kxn-i—l + kxn—l - 2kxn

So
dzx(na,t)
m———>—==kxp 1 + kx| = 2kx,
dt
d? —wt
” cos(qna ):kcos gna+ ga— ot )+ kcos(gna — ga — wt
dr?

—2k cos(gna — wt)
cosa +cos B = ZCos(a;Bjcos(a;B]

—mw? cos(gna — wr) = 2k cos(qna — ot) cos(qa) — 2k cos(gna — o1 )

= 2kcos(gna — wt)[cos(qa)—1]

revised 04/06/084/6/08 2:58 PM



5.62 Spring 2008 Lecture #23 Page 4

—mm’ =2k cos(qa) — 2k

o’ = ﬁ[l —cos(qa)]
m

1/2
o= [Zk (I—cos qa)}

m

DISPERSION RELATION (o vs. q)

ALLOWED VALUES OF ¢

long chain — N very large — ends of chain destroy collective modes — don't care about
ends — join them (periodic boundary condition) because math is convenient

x(na,t) = x(na + Na,t)
allowed values of q will come from this boundary condition
cos(gqna — mt) = cos(gna — ot + qNa)
This will be true for one cycle or for an integer number of cycles later — 1 cycle =2m so

gNa=p2xr  wherep=12,....N

0= 21
q PN

allowed values of ga run from ~0 to 25
nearly continuously because N is so large
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curve is really N values
f @ but these values
o /gre very closely spaced
0 T 2n
qa N values of qa

DISPERSION CURVE usually plotted from qa = —t to +r

o= (kgqua
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< 1* Brillouin zone q

Limit of w when qa — 0 (very long 1)

1/2
= {z—k(l - cosqa)}

m

1
cosqazl—a(qa)2+... when ga — 0

K 1/2
o= (—j |qa| linear in qa at small Iql.
m
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At small (q) we have acoustic waves: where ® is linear in q, ® /q is the speed of sound.

Similar to a light wave, where @ /q = c. All @’s have the same velocity. A disturbance
composed of a range of ®’s moves through the lattice without spreading.

At short A (qa = m), the wavelength becomes comparable to the lattice spacing, and the
linear variation of ® with q breaks down. We call this dispersion because a disturbance
composed of a range of ®’s spreads as it propagates in the lattice.

Atqa =T,

2
—na =T so A = 2a—smallest physically realistic wavelength

1/2 172
2k k

¢ =w(q)/ g is not independent of q.

COMPARISON TO DEBYE MODEL

In the Debye model, ® =< A”'. Debye model gave excellent results at low T
(C, o< T%. Atlow T, only low-m phonons are excited. It is in the low frequency range
where m o< g, according to the dispersion curve, so the goodness of the Debye model is
expected. At higher T, the Debye model is not so good because the dispersion curve has
the form  # constant .. q.

1D DIATOMIC MOLECULE CHAIN

The presence of two different atoms in the chain leads to optical phonons in
addition to acoustic phonons. Consider a 1D chain consisting of alternating atoms of
mass m, and m, interacting harmonically with force constant k
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yn_1 y n yn+1

Xn-1 Xn Xn+1

unit cell
x, = displacement of n® m, atom
y, = displacement of n™ m, atom
GOAL: find dispersion relation for a diatomic molecule chain
Force on n" m, atom
f=-k(x, -y,) + kX, - yo1) =ky, +ky,, - 2kx,

Equation of motion

2
d“x
my dtzn = k(yn + V-1~ 2xn)

For n™ m, atom

f:_k(yn _xn+1)+_k(yn _xn):kxn+1 + kx, — 2ky,
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2
d Yn
dt?

my = k(xn+1 + X, - 2yn)

Now, consider the following proposal for x,(t) and y,(t):
X, = Aei(qna—a)t) V, = Bel(qna—a)t)
This is a specific linear combination of cos and sin that is easier to use than cos.

Plugging trial forms of x, and y, into equations of motion

k(1+¢799) B+ (2m; —2k)A=0
k(1+¢49) A+ (0%my —2k)B=0

Non-trivial solution exists only if determinant of the coefficients of A and B =0

1/2

1 1 1 1 2
a)zzk(—+—]il{—2+—+ cosqga

my  mp nmy m% mymy

— solutions ACOUSTIC PHONONS
+ solutions OPTICAL PHONONS
Allowed values of ga run from - to ° (or ~0 to2m)

ACOUSTIC MODES - DIATOMIC CHAIN (- solution)

Atga=0 =0

1/2
Atga=T7 w:(ﬁj (m, >m,)

m,
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Highest Frequency possible without intra-unit cell motions.

In acoustic modes, both atoms in each unit cell move in phase. At ga = p, both atoms
move in phase but phase changes from one unit cell to the next unit cell.

OPTICAL MODES — DIATOMIC CHAIN (+ solution)

r 1 1 1/2
Atga=0 0= 2k(—+—ﬂ
L m, m,
2k 1/2
Atga=T ®= m_) (m, >m,)
2
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Atoms within each unit cell move out of phase but phases within each cell are
identical

Atoms in each cell are out of phase and phase changes from cell to cell

Optical phonons — the out of phase motion of 2 different atoms in a unit cell sets up a
dynamical oscillating dipole moment which can couple to an external oscillating electric
field — the optical vibrations are IR active. They absorb at the frequency where the
dispersion curve for light [v = ck/25t] crosses the optical dispersion curve. At this special
point the light frequency and the vibrational frequency match, and also the light
wavelength and the vibrational wavelength match! So when IR light enters the crystal
and excites the vibration, the vibration moves through the crystal along with the light, at
the speed of the IR light! But thermally excited optical phonons at other wavelengths,
that don’t match the light dispersion curve, don’t move through the crystal.
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-n 0 ga T

Since ¢ = 3 “ 10" cm/s for photons and ¢ = 3 “ 10° cm/s for phonons, the photon
dispersion curve intersects the phonon curve at qa=0

Reststrahlen Absorption

Csl 63 cm™ GaAs 263 cm™!
KBr 114 cm™ LiH 588 cm™!
NaCl 164 cm™ SiC 800 cm™

These are the absorption frequencies calculated for the + solution at qa = 0.

3D SOLID LATTICES

1 atom/unit cell — 3 branches of acoustic modes — 1 longitudinal and 2 transverse
where displacement is perpendicular to direction of wave. All crystals have 3 acoustic
branches.

2 atoms/unit cell — 3 acoustic modes and 3 optical modes where 1 is longitudinal and 2
are transverse.

Each phonon branch has N allowed wavevectors.
3N total acoustic phonon modes, 3N total optical phonon modes.

If n atoms per unit cell, then (3n —3) optical phonon branches.
3n total degrees of freedom, 3 of which are the acoustic phonons.
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