Chapter 3

Hydrodynamics and Light Scattering

Hydrodynamics describes the low-frequency, long-wavelength behavior of a system that is disturbed
from equilibrium. When a system is disturbed from equilibrium, some quantities and parameters
decay very quickly back to their equilibrium state, while others take a long time to relax [1]. Con-
served quantities, such as particle number, momentum, and energy, take a long time to relax to
equilibrium, while non-conserved quantities decay quickly [1]. Similarly, order parameters, such as
average magnetization, take a long time to relax to equilibrium, while parameters which are not
order parameters decay quickly [1]. Therefore, at long times, a non-equilibrium system can be com-
pletely described by order parameters and the densities of conserved quantities [1]. Hydrodynamic
equations are the equations of motion for these quantities and parameters.

For further information on the subjects covered in this chapter, please consult books by Reichl[1],
Hansen and McDonald[2], and McQuarrie[3].

3.1 Scattering and Correlation Functions

A particle or light field propagating through space can be described by a wave vector k. The
direction of k indicates the direction of propagation of the wave, and the magnitude of k indicates
the wave number, or inverse wavelength, of the wave. Scattering occurs when a propagating wave
encounters a medium which alters the magnitude or direction of its wave vector. In this section, we
will show that the behavior of light scattered from a medium is related to the density correlation
functions of the medium. As a result, light scattering experiments can be used to probe the structure
of a material.

3.1.1 Elastic Scattering

Neutron or Light Scattering In this section, we want to describe the behavior of a particle or
light field that undergoes elastic scattering from a medium. This discussion could apply to x-ray,
proton, neutron, or electron scattering, among others.

Elastic scattering occurs when there is no transfer of energy from the particle to the scattering
medium. The direction of the particle’s wave vector changes, but its wave number (or frequency)
remains the same. A schematic of the scattering process is depicted in Figure 3.1 . The incident
particle or light field with wave vector k::) is scattered from the sample at point 7, changing its wave
vector to k:_} The vector k‘} has the same magnitude as k:_;, but a different direction. The scattered
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light is detected at point .

Detector

Scattered wave

Incident wave

— -
Ko r
Sample

Figure 3.1: Elastic Scattering of a particle or light field from a medium

The scattered particle or light field can be modelled as a spherical wave. The quantum me-
chanical expression for this wave is

GklF=r L
U, =— [ ————eko" () ar!

where p(7) is the density of scattering agents and the integral is carried out over all scattering
agents.

In most light scattering experiments, the distance from the sample to the light detector is sig-
nificantly larger than the size of the sample itself. In this case it is valid to make the assumption
that r >> r/. Then

k| F—r' ikr—ik rr!
ik|F—r'| ikr—iky-r
and the wavefunction can be written

i etk N~ BN CL = iR o
U, = 7 /p(?"')e_z(kf_k")'r dr’ = 7 /P(T/)e_m'r dr’
r r

where k = k} — k:—; is the difference between the initial and scattered wave vector.

We can also assume that the medium is composed of point particles, so the density is the sum
over all points

i=1 i=1
Then the wavefunction simplifies to

- ikr N N N o
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In light scattering experiments the measured quantity is the intensity of scattered light over
the angle spanned by the detector. This quantity is called the scattering cross section j—g, and it is
proportional to the square of the wavefunction:

N 2

- 1 do a? ik a -
1) = 10,2 o 5 50 = I Ry = G NS(F)

ISl

where S(k) is called the static structure factor, and is defined as:

N

S(E) = A1 e )

i=1

In order to find the scattering intensity, we must evaluate this term.

The Static Structure Factor The static structure factor can be rewritten as:

where

o= [ e p(rar
and p(r) is the local number density. For a homogeneous liquid, (p(r)) = po.

To model real systems, we can simplify the calculations by expressing the density correlations
as a sum of the homogeneous density p, and local fluctuations dp.

p(r) = po+ op
Using this separation, the scattering function can be written in two pieces:

1

S(k) = (ko) = po(2m)*8(F) + - (Spidpil)

The first term arises from the homogeneous background and is called the forward scattering.
The second term gives the scattering from the density fluctuations. In an ideal gas, there is no
interaction between the particles §p = 0, and so there is only forward scattering.

The Density Correlation function It is also helpful to think about the scattering in real space.
Define the density correlation function G(7) as the Fourier transform of S(k) into coordinate space.

G(7) = (Qi)g / S a1
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From this, we can see that the Fourier transform of the structure factor gives probability of finding
two particles separated by a vector 7.

We can also write the density correlation function in a slightly different form:

G(P) = — Z/dro 7 — 7 — F)O(17 — 1))

= [ @rstotr + plr)) = X (p99(0) = ~{p(p(0)

The Pair Distribution Function To better understand the physical interpretation of the struc-
ture factor and the density correlation function, we can rewrite them in terms of the pair distribution
function g(r). The pair distribution function is given by:

22 —Tij))

i#]

This gives the probability that, if I have a single particle ¢, I will be able to find another particle j
at a distance 7 away. It is defined only for terms with i # j. We can write g(r) as:

where h(r) is the pair correlation function. The Fourier transform of the pair distribution function
can be written:

g(k) = h(k) + (2m)*5(k)
This allows us to rewrite the structure factor and the density correlation function in terms of the
interactions between individual pairs of particles.

Figure 3.2: The pair distribution function

To write the structure factor S(k) and the density correlation function G(r) in terms of the pair
distribution function, separate the summations into terms with ¢ = j and terms with ¢ # j. The
structure factor is written:

S(kj) — % Z(e—z’kn eikrj>

i?j
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The terms with ¢ = j each contribute a value of % After taking the summation over all N
particles, this gives a value of 1.

=1+ (e ™M)y = 14 pg(k) = 1+ ph(k) + (27)%3(k)p
i#j

Now, the first two terms 1 + pr(E) give the scattering due to the molecular structure, or fluctua-
tions. The third term gives the forward scattering, which as we discussed earlier is the scattering
that we would expect in a system with no fluctuations (an ideal gas).

The density correlation function is written:
1
= (38 (rig =)
4,3

when ¢ = j, we are discussing a single particle. Therefore, r; ; = 0 and each term contributes
+6(7). After taking the summation over all N particles, the N cancels and we are left with 6().

G( ) f) + — 2(5 rz,]
#J
= 0(7) + pg(r) = 6(7) + p (h(7) + 1)

By writing the expressions for S(k) and G(7) in terms of g(7), their physical interpretation
becomes more clear. The pair distribution function for a typical liquid and a typical solid are
shown in Figure 3.3 and Figure 3.4. If a particle has a radius d, then clearly no other particle
can be closer than distance d. Therefore, for both the solid and the liquid, ¢g(7) has a value of
0 from a distance 0 to a distance d. At this point, the probability rapidly increases and begins
oscillating around a value of 1. In a liquid, there is short range structure as weak intermolecular
interactions form a series of solvation shells around a particle. However, these forces only act at
short range, and as the distance increases the correlation decays to zero. In a solid, the structure
persists throughout the sample, and therefore the oscillations do not decay.

3.1.2 Inelastic Scattering

The previous section described the behavior of a particle as it undergoes an elastic scattering event.
In this section, we will address the phenomenon of inelastic scattering, which applies primarily to
light fields. Inelastic scattering occurs when scattered light transfers some energy to the scattering
material. While an elastic scattering event causes only a change in the direction of the wave vector,
an inelastic scattering event causes both a change in the direction and the wavenumber of the
scattered light. In other words, the scattered wave becomes frequency dispersed. Figure 3.5 gives
a schematic of an inelastic scattering event.

1) Scattered Intensity To calculate the intensity of scattered light from an inelastic scattering
event, we can follow a very similar process to that which we used for elastic scattering: model
the scattered light as a spherical wave, and simplify it by assuming that the distance from the
sample to the light detector is large compared with the size of the sample, and that the medium is
composed of point particles. However, there is one major difference. Since the scattered light can
transfer energy to the material, the position of the particles now depends on time. The scattered
wavefunction is then:

5.72, Spring 2008 J. Cao
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Figure 3.3: Pair Distribution Function for a Liquid

Figure 3.4: Pair Distribution Function for a Solid

5.72, Spring 2008 J. Cao
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Figure 3.5: Schematic of an Inelastic Scattering Event

which gives a differential cross-section of:

-

do iR (1) —iR ()
dQdw  “ <Ze D e

i J

By taking the temporal Fourier transform, we can find the structure factor:

do o [ e —iRri(t) —iRr ()
dew—a/e <Ze zj:e I\ dt

)

= a’NS(k,w)

Note that the structure factor S is now dependent on both the wave vector k and the frequency
w. Therefore, it is called the Dynamic Structure Factor.

2) The Intermediate Scattering Function The intermediate scattering function is defined as
the Fourier transform of the dynamic structure factor into real time.

. 1 L
R =5 / S, w)et dos

-

S(k,w) = /F(E, e “tdt

It is called the Intermediate scattering fumction is because it has one variable, the spatial
dimension k, expressed in Fourier space, and the other variable, the time dimension ¢, expressed in
real space. It can be expressed explicitly as:

F(E,t) = 5 (e(0)p-+(0)

where:
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ult) = 3
i
Note that this function looks identical to the static structural factor from section 1, except that
now the density is a function of time.

3) The Van Hove Function The Van Hove Function is defined as the Fourier transform of the
intermediate scattering function into real space.

» 1 Tk gn L () — 7(0) —
G0 = o / PR 7R = 2; (5(F(E) = 7(0) = )
The Van Hove Function can also be expressed as
S 1 - S S - -
Gt = [ ar <Z S0 — 7= 7%) 3873 (0) - ro)>
i j

1 e o -
= [ @ ol v p(r.0)

=~ {07 1)0(0,0))

where ¥ N = = p,'. The Van Hove function describes the fluctuation of densities at different times
and positions.

It can be difficult to keep track of the many functions used to describe inelastic scattering. The
following table summarizes these functions and their different spatial and temporal variables.

Name Symbol Spatial Temporal
Dimension | Dimension

Dynamic Structure Factor S(k,w) | Fourier, k | Fourier, w
Intermediate Scattering Function | F(k,t) | Fourier, k Real, ¢
Van Hove Function G(7,t) Real, 7 Real, t

4) If we are only interested in the spatial structure, we can perform a sum over the temporal
dimension:

S(F) = % / (., w)dw = F(F,0)

This gives the spatial structure.

5) The density can again be expressed as the sum of a constant background p, and fluctuations
dp:
p = po+dp

Then the dynamic structure factor can be expressed as
- - ot 1
S(E,w) = (2m)'8(F)3w)es + [ ' (Gpn()3p-1(0) de

In the first term, k=0 and w = 0. This is the forward, elastic, not scattered wave for an ideal gas.
The second term gives the spectrum of density fluctuations in the fluid.
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3.2 Navier-Stokes Hydrodynamic Equations

3.2.1 Basic Equations

Conservation of Mass Consider a fixed volume in space, such as that pictured in Figure 3.6
The total number of particles in the region at any point in time can be found by taking the
sum over the density at all points:

N=/Vp(f’)df

The change in N over time depends upon the flux, which can be found by integration over a
surface or a volume

AN L .
_Jm—Jam_—f J~dS——/V-JdV
dt o

We can rewrite the change in the number of particles in terms of density:

an _ dpd — /v Jdv
dt

Remove the spacial integration and rearrange

To express the equation in terms of density and velocity, we rewrite the flux as J= pU, so that

VJ =V - (p?)

Then the conservation of mass is given by:

dp =
- V- v) =0
5 TV (pv)
Jin Jout
Flux in Flux out

Figure 3.6: The flow of material into and out of a fixed region of space

Continuity Equations In general, for any dynamic quantity A, we can define a density p and
write down a continuity equation.
This equation will be determined by the interaction between currents J and sources o.

OpA | =
5 +V-J=0

5.72, Spring 2008 J. Cao
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The total current J can be modelled as the sum of a conservative term Jy = pAT and a
dissipative term Jp.

J= jv + J; D

The source o can be written as the sum of external sources o.,; and production sources op
0 = Oegt +0D

Therefore, the continuity equation for A can be written more explicitly as

OpA - L.
%—FV'(;)A’D’)—FV-JD:U@”—FJD

In the physical world there are five conserved quantities: the density, the momentum (in three
directions), and the energy (or entropy).

A=A{1,mv,S}

Therefore, we will find five continuity equations. We have already found the continuity equation
for density, and in the next two sections we will find the equations for momentum and entropy.

l Oext

—| o= |——

Figure 3.7: The flow and forces for a dynamic quantity

Momentum Equation (Navier-Stokes equations) To find the continuity equation for mo-
mentum, substitute A = ma into the general continuity equation.

opmv = oL - 3 . .
p@t + V- (pmv:0)+ V- Jp =0t + D

We assume that the production force is zero. The external force is pressure, which acts to create a
net momentum or acceleration.

Oext = pﬁ - 6P
The terms representing conservative and dissipative current are both tensors. This is because

momentum is a vector, and so the current, which represents the change in momentum, must be a
tensor. The conservative current is given by

D= —1II. The continuity equation for momentum

<

The dissipative current is the stress tensor
can then be written as

optl = - -~ - 3
m%Jrv-(pmﬁ;ﬁ)Jrvp:pFJrv-n

5.72, Spring 2008 J. Cao
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Let’s take a closer look at the stress tensor. For an isotropic medium, the stress tensor can be
expressed as

- 2 .
Hl}j = UB(V . U)5i7j + 77(82'?)]' + 8]'%' — g(v . U)(Si’j)

where 7p is the bulk viscosity. It gives the expected change in volume resulting from an applied
stress. Likewise, 7 is the shear viscosity. This gives the expected amount of shearing, or change in
shape, resulting from an applied stress. The final term 0;v; 4 0jv; — %VU&M is a traceless symmetric
component which changes the shape, but not the volume, of the medium.

We can express the change in the stress tensor as

- 3 1 =
(V . H)z = Z Vjﬂjﬂ' = (g?? + nB)Vl(V . U) + nVZUi
J

With this, we can rewrite the momentum continuity equation as

opv = . 1 R
m% + V- (pmi ) + VP = (30 +np)V(V - 8) + 7920

This is also called the Navier-Stokes equation.

Entropy Equation (heat-diffusion) To find the continuity equation for entropy, substitute
A = s in to the general continuity equation. In this case, we are thinking of the entropy for each
particle and not the entire system, so a lowercase s is used.

ops

E‘Fﬁ'(pS’l—)‘)‘f’ﬁ‘jD:O—ext‘f’UD

We can simplify this expression by assuming that there are no forces that that create or de-
stroy entropy, so geyt + 0p = 0 We also know that entropy flows from high temperatures to low
temperatures, so

Jp o =V -T
Write this explicitly using the constant A
- AVT
p=Tr

Then, substitute this to get the continuity equation

dps = . . (VT B
E—FV-(psv)—)\V- <T> =0

We now have expressions for the 5 continuity equations for number of particles, momentum, and
energy.

dp = .
-F . = 1
7 + V- (p?) 0 (3.1)
m%—l—ﬁ-(pmﬁ:ﬁ)—l—ﬁp = v.-i (3.2)
dps = - . (VT B

The solution to this set of equations gives p(k,t). Though it is impossible to solve analytically,
approximate solutions can be obtained by linearizing the equations.

5.72, Spring 2008 J. Cao



Chapter 3. Hydrodynamics and Light Scattering 12

3.2.2 Linearized Hydrodynamic Equations

The hydrodynamic equations are impossible to solve analytically. However, it is possible to obtain
approximate solutions by linearizing the equations. Define the operator

0A
L(A) = —
(4) =~
For a time-independent quantity Ag,
0Ag
L(Ag)=——=0
(As) = —;

We can construct any quantity A as the sum of a time-independent, “stable” part Ag and a
fluctuating part §A
A=Ag+ A

Then we can write £(A) as an expansion. If we truncate the expansion at the first order, linear
term, we find that

06A

ot

For a homogeneous solution, p is a constant. There is no collective kinetic motion, only small
Boltzmann motions which average to zero. Therefore, v, = 0. Entropy is also a constant. Therefore,
we have three constants:

L(A) = L(Ag + 6A) = L(Ag) + L(5A) =

Pos, Uy = 0,5,

Since the density, velocity, and entropy are constants for a homogeneous solution, we can construct
these quantities for a non-homogeneous solution by expanding around them:

p = po+0p
S =28,+0d8
7

We can also expand around a constant temperature and pressure:
T=T,+6T

P=P,+0P

Start by substituting the density expansion into the density continuity equation

d .
7 (Po+3p) +V - [(po + 3p)0] = 0

dop = L
E—FV-(/)OU)—O

This is the linearized number density continuity equation. To reach the final expression, we have
used that % = 0. We have also ignored the term V - (0p¥) because it is of quadratic order and we
can assume that it is negligible.

5.72, Spring 2008 J. Cao
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In order to linearize the continuity equation for entropy, begin by expanding the original expression.

dds dp L o . (VT _
p§+soa+sov-(pv)+pv-(5sv) — AV (T) =0

The second and third term can be combined and will go to zero by conservation of mass. The fourth
term is negligible. Then by substituting in the expansions and keeping only the linear terms, the

expression simplifies to:

00s A _,
o — VT =
P 5 TOV 1) 0

Similarly we can linearize the momentum continuity equation, the solution is

o = 1 . .
mpoa—: + VoP = (§n+n3)(v V) -7+ V30

In summary, the linearized hydrodynamic equations are given by

dop =

VT = A
7 +poV - U 0 (3.4)
ov 1 = =y - 2=
mpose + VP = (Gn+np)(V:V)-T+9V-0 (3.5)
dds Ao
o — e VIOT = :
po—o, Tova 0 (3.6)

3.2.3 Transverse Hydrodynamic Modes

In order to solve the eigenvalue equation, we need to decompose the velocity into its transverse and
longitudinal components. Begin by rewriting the velocity in terms of its Fourier components

1 P
oL / Ok, t)e* T dk
T

Through substitution, the momentum continuity equation becomes

(r,t) =

o},

> 1 N ND
¢ T 1kPk = (3 +np)(ik)(ik - k) + (k)i

mpo
Now, decompose ¥(k,t) into its 3 components
v(k,t) = v (t)2 + vy (1)F + v ()2

A longitudinal mode is one in which the velocity vector points parallel to the k vector, and a
transverse mode is one in which the velocity vector points perpendicular to the k vector. We can
decide arbitrarily that the k vector points in the z direction. Therefore, v, (¢) is the longitudinal
current and v, (t) and vy, (t) are the transverse currents.

This decomposition is especially helpful in the transverse £ and ¢ directions because most of the
terms in the continuity equation go to zero. The continuity equation for the transverse currents
becomes (in Fourier space)

ovr

L ok
ot nk-vr

mpo

5.72, Spring 2008 J. Cao
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Tk

\'

Vi Vi y

Figure 3.8: Velocity components in k-space

which is easy to solve, yielding the solution

VT (t) = UTkL (0) ef’kaQt

where vy = # is the kinematic shear viscosity.
o

This result looks like a diffusion equation

— = —DEk*P,
ot K

Therefore, yr can be interpreted as diffusion constant for velocity.

3.3 Longitudinal Hydrodynamic modes

3.3.1 Solving the Continuity Equations

It is much more difficult to solve for the longitudinal velocity component of the current because
not as many terms go to zero.

Fourier Transform of the density Begin by writing the density in terms of its Fourier com-
ponents

- 1 - k7 T
p(r,t) = @) /p(k,t)e "k

Using this expression, the linearized hydrodynamic equations can be written in terms of the Fourier
components of the density. Note that hereafter, for brevity, we will drop the ¢ signs of the trans-
formed variables. Readers should keep in mind that these k-space variables always refer to the
Fourier transform of the fluctuations away from equilibrium.

d
%—i—ik/}ovk =0 (3.7)
0 ‘ 4
mpO%—szPk—i-(gn—i—nB)kzvk =0 (3.8)
Os, A o
o— + —=k*T, = 0 3.9
Pog +To k (3.9)

Also we denote the velocity as v for simplicity. However, it is important to remember that this
only refers to the longitudinal velocity, v, j.
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Choosing independent variables As written, the three continuity equations have five vari-
ables: pg, vg, Tk, Pk, and Sk. Luckily, these variables are not all independent. Let pg, vg, and Ty
be the three independent variables. We can use thermodynamic relations to rewrite P, and S in

terms of these variables.

The Helmholtz free energy is a function of temperature and density, F'(T, p). We can write this in

differential form:
dF = —SdT + Pdp

This is a total differential of the form:

dz = (8,2) da:—l—(az> dy
ox v oy ),

Using this, we can write the entropy .S and the pressure P in differential form
oF
5=- (aT)
p

F
op )¢
Define the variable a as

o= (5r),~ o7 (), - (i7), -~ (&)
8TP0T8pT8p8Tp op)r

Here we have used the property that for continuous functions, the mixed partial second derivatives

are equal. This gives one of the Maxwell relations.

We will also use a couple of well known relations, the isothermal speed of sound:

_JL(or
CT_m(?pT

08

and the specific heat:

With these relations in hand, we can rewrite the pressure P and the entropy .S in terms of temper-

ature T and density p:

oP oP
dP=(—=—) d — | dT = mC?d dT
<80>T P <0T)p mCrdp+a

T,dS =T, <8S> dp+1T, <65> dl' = =Ty,adp + CydT
op )¢ oT o

5.72, Spring 2008
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The Condensed Equations With these substitutions, we can rewrite the continuity equations
in terms of the independent variables pg, vg, and T}.

d )
% +ikpovy = 0 (3.10)
) 1k 9 9
Vg + [CTmpk + aTk] +bkvy, = 0 (3.11)
mPo
. T,
Ty + ik < "O‘p") vp +ak*Ty, = 0 (3.12)
Cy
where we have defined the constants a and b
A
a =
poCv
4 1
b={\ns+3n
3°) mpo
and py = —ikpyvk is used to simplify the last equation.

The Laplace Transform To further simplify the equations, use the Laplace transform of each
variable:

R 9] . 1 d+i00 ..

pe) = [t and ) = g [ e
00 1 d+ico

op(2) :/0 e Hop(t)dt  and () = 27”/5 - lop(2)dz

. 9] 1 §+ico .

Ty (2) :/0 e AT, (t)dt  and  Ty(t) = 27”/5 - MT(2)d>

Using this transform, the continuity equations can be rewritten (in matrix form):

z o ikpo 0 Pr pi(0)
kI bk o | = | 0 | =] u(0)
0 é—]f/aTopo 2 + ak? Tk T:(0)

3.3.2 Thermodynamic Identities
1) Isothermal and Adiabatic Speed of Sound The adiabatic ¢; and isothermal cp speeds of

sound are given by:
1(or
m\0p /g

cpr=——=
= m\ op T

Q
wnK
I
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Here, we have used the constant volume Cy and constant pressure C'p heat capacities:
aS
Cy=T|=—
v (6T>p

oS
Cp=T|—=—
} <8T>p
and the identity for differentials:
on\ _ (0x) (0
dy). \0z y \0y/,
Now, we can show that the ratio is equal to:

10y (op
Cl:me dp S:CV_l

Cg 1 (oP Cp N ;
m \ dp s
2) Thermodynamic identities can be used to rewrite the quantity

mC% (Cp — Cy)

Start by writing the expression explicitly in terms of thermodynamic variables:

mC (Cp—Cv) =T <8P>T <g§>P - <g§q’>p

p
In order to simplify this expression, we will use another identity for differentials:

(3).= ().~ (), (5).

Using this identity, combined with the identity introduced in the previous section, we can rewrite
the first term in the expression:

(@), = @), (), (@), ~ (@), (5), Gr), (&),

oT
Now, plug this into the expression above and cancel terms, to obtain the new identity:

dS oP
mC2 (Cp — C :-n<> ()
7 (Cp=Cv) ap ) p \OT ),

3) Adiabatic and Isothermal Compressibility The adiabatic xg and isothermal x7 com-
pressibilities are given by:

1o
xs=2\ap ),

1 (0p
o= (35),
Therefore,
_Cp _xr_ ¢
SOy xs &
5.72, Spring 2008
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3.3.3 Eigensolution

1) Now, we can solve the set of continuity equations for the density. The density can be found
from:

. Det'M(1]1) _1

p(z) = DM (M), p(0)

Note that the Laplace transform of the intermediate scattering function is:
F(k,2) = (M) loxl?)

To solve for p(z), find Det' M(1|1) and DetM.

k2T,a?
mCV

Det' M(1|1) = (2 + ak?) (z + bk?) +

= (2 + ak?) (z + bk*) + k*CF (v — 1)

and
DetM = z (2 + ak?) (2 + bk?) + zk*c% + 2k

where we have used some of the thermodynamic identities defined in the previous section.

2) The eigenfrequencies can be obtained from DetM (z) = 0. The eigenvalues can be solved using

perturbation z = s, + s1k + s9k + . ... The solutions are
2
c a
2y = —a—5k? = ——k
cg T

2y = +icgk — Tk?

where

r:;[(aﬂ))ﬂ

3) To first order in k, we have

2 1 2 1.2
() — Det'M(1]1) _*°+ (1 - ;) csh” AN N
= DetM 23 + zk2c% N v) z v 22+ k3

Then, to second order in k, we have

1) _a 1
ﬁk(t) = pAk(O) |:<1 — ’y> e 'Yk2t + ; COS(CSk’t)e_Fth]

The first term gives the contributions from thermal fluctuations, while the second term gives the

solution for a damped acoustic wave. Notice that the integrated intensity of the first term is

<1 — %) and the integrated intensity of the second term is %
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Figure 3.9: Light Scattering Spectrum

Light Scattering

The Landau-Placzek ratio gives the ratio between the intensity of thermal and acoustic scattering

Tihermal . <(5p)2>thermal _ (%>2P <AS2> = Cp—Cv =v-1

Tacoustic <(5p)2>m66h (%)25 (AP2) Cy

Note that the dynamic structure factor is twice the real part of the Laplace transform of the
intermediate scattering function (Figure 3.9):

S(Fw) = / PR, )e=™!dt = 9ReF (5 = —iw)

[e.9]

The initial value of this function is

1 PoXT
F(k,0) = — {|6pk]*) = poh + 1 =
(k,0) = 7 {16ox]") = poh + 5
Acoustic Scattering
By ignoring the coupling to entropy flow, we have
oP
dP = <> dp
op /g
so that
do
# +ikpovy = O (3.13)
U +ickkpy + bk 0, = 0 (3.14)
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For an ideal gas, b = 0, and so we get a propagating sound wave
z = dicgk

In a viscous liquid, b # 0, and so we get a propagating acoustic wave with a damping term

1
2 = +icgk — §bk2

3.4 Transport Coefficients

Before we jump into the next section on transport equations, let’s take a moment to briefly sum-
marize what we have seen in this chapter and where we are going;:

1) The response of a liquid to an external probe f:—d"ﬂ is given by spontaneous time-dependent

fluctuations, described in G(7,t) or S(k,w).
2) Hydrodynamic equations describe the decay of spontaneous fluctuations.

3) Hydrodynamic modes can be used to find transport coefficients.

3.4.1 Diffusion Constant

We will begin our exploration of transport coefficients with the diffusion constant. We will use
the concepts developed in this chapter to find three different expressions for the diffusion constant.
These expressions are called Einstein’s relation, the Green-Kubo relation, and the Scattering func-
tion in the hydrodynamic limit.

1) Einstein’s Relation Define a single-particle correlation function
Gs(7,t) = (9(r(t) —7(0) — 7))

Taking the Fourier transform into k space gives the self-intermediate scattering function

—

Fs(k,t) = (expl—ik (7(t) = 7(0))] ) = (psx(1)ps.x(0)) (3.15)

All transport coefficients are defined for length and time scales when £ — 0 and w — 0. In real
space, they apply to relatively long length and time scales. Therefore, hydrodynamics theory ap-
plies. Recall that hydrodynamics theory applies on the coarse-grained scale much larger and longer
than characteristic molecular interactions.

Apply Fick’s law to the problem:

p =DV
Therefore
pr = —Dkpy,
and
Fy(k,t) = e ¥*Dt (3.16)
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We now have two equations for F S(E, t). Expand both of them to k? and set them equal
1
1—k?Dt4...= 1—k2§(z(t)—z(0))2+...

Then solve for D

This is Finstein’s Relation.

2) The Green-Kubo Relation To find the Green-Kubo relation, use time-invariance to rewrite
the thermal average in Einstein’s relation

(et =02 = { [ gl tv<t1>v<t2>dt1dt2>

= 2/0 (t—7)C(r)dr

where
C(t) = (v:(0)e:(0)) = 5 ((0)0(0)
Therefore -
D = tli)r& o {|2(t) — 2(0)]*) = C(r)dr
0

This is called the Green-Kubo Relation.

In general, for any variable A(t) we have

/OOO <A(t)A(0)> dt = lim — (A(t) — A(0)]?)

t—oo 2t

3) Relation to Scattering We can also relate the diffusion constant to scattering, such as
incoherent neutron scattering. The dynamic structure factor is related to the diffusion constant
through

0o 2D2k‘2
(kw) = Wt (e t)dt = ————
Sulh) = [ RO =

Then solve this equation for D

Therefore
1 . , o0 .
lim lim - / Fy(k,t)e™tdt = lim C(t)e™tdt

w—0 0

D= ; (v(t)v(o)) dt

This is the final expression for the diffusion constant.
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4) In this section we showed how there are three different methods for finding the diffusion
constant. These are Einstein’s Relation, the Green-Kubo Relation, and the Scattering Function, as
w — 0 and £ — 0. This process can be generalized for different types of transport coefficients. In the
next two sections, we will evaluate the viscosity coefficients and the thermal transport coefficients
using these three methods.

3.4.2 Viscosity Coefficients
In this section, we will evaluate the viscosity coefficients n and np using Einstein’s relation, the

Green-Kubo relation, and the scattering function in the hydrodynamic limit (w — 0 and k& — 0).

1) The Transverse Current Define the transverse current as the sum of the velocity components
in the x-direction

Jo =3 via()8 (F— Fi(t))

i
The Fourier transform is

To = via(t) exp (—iEﬁ(t))

i

Therefore, the transverse current correlation function is

Cill,0) = 37 ()T 4(0))

1 o S,
= >~ (wil®);(0) exp [k (1) - 75(0))] )
tj
On the other hand, the Navier-Stokes equation predicts that
Je — V2, =0

where v, = # is the kinematic shear viscosity. The Fourier transform of this relation is
o

Je + kT, =0

which yields the solution
Ti(t) = Jx(0)e !

Using this expression, the transverse current correlation function is
1
Cilkt) = 55 (Te(0)T-5(0) " = ik, 0)e
Now, we have two different expressions for the transverse current correlation function.

2) To complete the expression for the transverse current correlation function, we must find
Ci(k,0). Using the first expression for Ci(k,t), we find that

Cy(k,0) = % <Z Vi (0) exp (—iIZFZ-(O)) 3" 0j2(0) exp (—iEﬁ(O)) >

J
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fZ (vBors exp [ =ik (= — 2)] )

where

1
<'Uixvjac> = 51’]’ <Ui9cUi:v> =0;; = 51']'1)3

1) ﬂ7m
Note that Cy(k,0) is independent of k. Now, expand the two expressions for the transverse current
to the order of k2. Set them equal and and solve for Cy(k,0)

Cilk, ) = Co(k,0) (1 —vk*t) = Z <v2 v;(0 [1 - k; (zi(t) — Zj(O))2]>

Then we have

Ok, 0y = lim 125" (ui(0)0;(0) [2(t) — 5 O)F)

t—oo 2tIN 4—
ij

3) To simplify this equation, use the momentum conservation condition ) . v;(t) = >, v;(0).
Then we can write that

<Zvi<t>z§<t> Zvj<o>> - <Zw(t>z§<t>vj<t>> = > (=)
then the viscosity coefficient is given by

= i, s (140) — 4F)

where A = ). Pj;2z;. This is Einstein’s expression for the viscosity coefficient.

n

4) Define 0, as the time derivative of A

. d
A:Uzz:dtzl:])mzz

Then we can write the viscosity coefficient as

=g [, OO di

5) Define the Fourier transform of Cy(7,t) as Cy(k,w)

Cy(k, t) —v26_7k b= Cyk,w) = 02%
t\ /vy t\ vy owQ n Vtkz
Therefore, the viscosity coefficient can be written as
2 2
pom~ w 7
= lim lim —=C,
L i fimg gz Crlhoeo)
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6) In general, 0,5 denotes
d
Oap = % Z f)'iari,é’
i
From the virial theorem, the thermal average of o, is
(0ap) = 0PV
The longitudinal current is given by

Ti(t) = Jy(0)e 0"

1 4
b= nB + 31
mpPo 3

4 [
B+ 3= /0 (0022 (t)8022(0)) dt

where

Therefore, by analogy

where
00,, = 0,.(t) — PV

Evaluation of the Thermal Transport Coefficients

1) Summary of the Transport Coefficients Before we enter the topic of thermal transport,
let’s briefly review the transport coefficients we have defined in this chapter.

i) Diffusion Constant

D:/O v (t)v,(0)dt

ii) Viscosity Coefficients

1 o0
- xzt Tz dt
1= [, 7 00e0)
+% _ 1 /OO[ (t) — PV]]0..(0) — PV]dt
nB 377— Vi, T o 022 Ozz
where J
an,é’:dtzi:Piariﬁ
iii)
1 o
A= A(t)A(0)dt
g, (AnA©)
where

A_iz | v _,_EZ i — (E)
ot 2" | 2m 2 % i

%
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2) Mean Free Path Approximation The mean free path approximation can be used to ap-
proximate the value of the diffusion constant and the viscosity coefficients. The mean free path
approximation states that the motion of molecules is described by collisions. The behavior of these
collisions is governed by two main assumptions:

i) The collisions are Markovian. In other words, the velocity of a particle after a collision is
random and is not correlated with the velocity before the collision.

ii) The distribution of collisions is a Poisson process e/,

Using this approximation, the diffusion constant is

D = / <vg> e tTedt = <v§>7‘c
0

and the viscosity coefficient is

N
—t/7c 2 2
n= Vk:BT/ <<ZP,UZZ> >e dt = VieT <Pm Z>7'C

3) Hard-Sphere gas For a hard sphere gas, the average collision time 7. is given by

Te =

S

B 1 [ ™m ]2
" \2r02p |8kBT

where o is the radius of the particles. Then, substituting this expression for 7. into D and n gives

1 k‘T
40 p

1
1 mkT |2
402

’)’/:
7T

3.4.3 Thermal Diffusion (Conduction)
1) Define the energy

Ep =Y dei(t)e 0
where de = e — (e). The correlation function is
C(k,t) = Z <(562-671'&%"(”66]-67“2@(0)>
ij
The initial value of this correlation function is
Ck,0) =Y (deide;) <eXp [ ik — 7«]]> 3 (Sesbei) = (E(0)E(0)) = NCykpT?
i A

where we have used the fact that (de;de;) = 055 ((de)?).
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2) Now, expand the correlation function to the order of k?:

k2 2
Clk,t) = C(h,0) = 53 <5ei(t)5ej(0) (zi(t) — 2/(0)) > Yo

v

2
= C(k,0) — % <| Zéei(t)zi(t) — Zéei(O)zi(0)|2> +...

where we have used the conservation of energy to rewrite the expression. This allows us to write

A= Zlez‘(t) — () zi(t)

3) Conduction Equation The conduction equation states that

dpe

— —VA(VT) =

BT VA(VT) =0
and therefore OF \

— -~ V?E=0

ot Cyvp

We can solve this equation for E(t)
E(t) = E(0)e
where a = ﬁ. Use this expression to write the correlation function
Clk,t) = (B2(0)) et = (E®) [1 — ak?t + .. ]
By equating the k? terms, we find that
ki2
ak?*NCykpT? = 5 (JA®t) — A(0)*)
Therefore,

A= thTQ /OOO (A A@)dr) = Jim VkiT221t (A() — A(O))

t—00

where

p? 1
e = 2m+2;Ul]
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