MIT Department of Chemistry 5.74,
Spring 2004: Introductory Quantum Mechanics IlI.

Instructor: Prof. Andrei Tokmakoff

IRREVERSIBLE RELAXATION'

We want to study the relaxation of an initially prepared state. We will show that first-order
perturbation theory for transfer to a continuum leads to irreversible transfer—an exponential

decay—when you include the depletion of the initial state.

The Golden Rule gives the probability of transfer to a continuum (for a constant perturbation):

v

The probability of being observed in |k) varies linearly in time. This will clearly only work for

short times, which is no surprise since we said for first-order P.T. b,(¢) = b;(0).

So wy, represents the tangent to the relaxation behavior at 7 = 0.

The problem is we don’t account for depletion of initial state.

What long-time behavior do we expect?

From an exact solution to the two-level problem, we saw that probability oscillates sinusoidally

between the two states with a frequency given by the coupling:

f Cohen-Tannoudji, et al. p. 1344; Merzbacher, p. 510.
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l4— 1st order P.T.

But we don’t have a two-state system. Rather, we are relaxing to a continuum.

Fermi’s Golden Rule says we have a time-independent rate, wy,. Statistically, for relaxation from

an initial state, including depletion of the initial state, a constant rate implies exponential decay:

P, (t+dt)=P, (t)[1-W,, dt]

OP P,(t+dt)-P,(t _
8‘[” = M( dz [{( ):_Pu(t)wk/

P, (t)=exp[-W,t]

P, (0)=1
You get exponential decay with some big assumptions:

Irreversible decay: the system never returns to its initial state—no feedback as in two-level system

History independent of initial state: whether or not the initial state is occupied does not influence

future development

COUPLING TO CONTINUUM

When we look at the long-time probability amplitude of the initial state (including depletion and
feedback), we will find that we get exponential decay. The decay of the initial state is irreversible
because there is feedback with a distribution of destructively interfering phases.

Let’s look at transitions to a continuum of states {|k)} from an initial state |)—under constant

perturbation.
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L= Jm)ul =o)X + | i)kl
n k

initial  continuum

We want a more accurate description of:
b(t) = <k|U,(t,t0]€>
The exact solution to U; was:

U, (t,t,)=1-+ Ldr Vi (1)U (1.t,)

<F or first-order P.T., we set this to 1. Here we keep as is...

b () = (k[£) =4 [ de (k[V, (1) Uy (.1, )
7T insert Zln)(nl

1 t i . . .
=8, -+, J:O dre™ vV, b, (1) Here Vi, is not a function of time

kn “'n

or in its differential form:

m%%:zeWV@ma) (1)

These exact forms allow for feedback. This is the general form, where the amplitudes b; depend

on all other states.

For transitions into the continuum, let’s assume that transitions in the continuum only occur from

initial state: <k|V|k’> =0.
So we can remove summation, and express the complex amplitude of a continuum state as

by =LV, f dr &% b(7) )

We want to calculate the rate of leaving |, including feeding from continuum back into initial

state. From (1):



ihébf =D& Vi by + Vi by 3)

ot =y,
/\\ feedback into | £)

l sum over continuum

Substitute (2) into (3), and setting 7, = 0:

ab 1 i, (T— i
8‘[[ =_?Z|ka|2 'Eb[(r)e Wy dt—4V, b, (t)
k=/

This is an integro-differential equation: the time-development of 5, depends on entire history of

the system. Note we have two time variables:

T [0 > k)
t: |k)—>[e)

Assumption: b, varies slowly relative to ®,,, so we can remove it from integral.

ab io (T— i
E%b{—h%sz £e el %h—ﬂd

k=l

: . 1 : . -
Now, we want the long time behavior: t >>—— so we want to investigate the limit t — 0.
®y,

Focus on integral. Defining t'=t—t dt'=dr
£ . S
Lelmk,(r—t) dr = ﬂelmk/t dt’

lim

Note on integral: LT ererdt’ (purely oscillatory / not well behaved)
T—>o
Instead integrate J: el gy’ take €— 0
lim 1 . o1
bl = 26 > +1 2(D - = +md(0)-iP—
e—>0" iw+te o+e 0+e ®
. 1 x#0
Cauchy Principle Part: PLl=4"*
0 x=0
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b, i V|
Db SV o(0) _hL(vasz'EJ

k#/ k#/ Ek -

term1
term 2

Term 1 is just the Golden Rule rate! Here we have replaced the sum over continuum states by a

integral

Z i_): p(Ek - EE) V_ka = IdEk p(Ek){z_;ka/r 8(Ek _Ez)}

k#t

Term 2 is just the correction of the energy of E, from second-order time-independent perturbation

theory, AE,.
k \% f
, ={t|V|0) +Z‘ | | ‘
k=/
So, we have

with b,(0)=1,

b,(t)= exp(—% —1AE, t)

Exponential decay! Irreversible relaxation from coupling to the continuum.

Switching back to Schrodinger Picture, ¢, = bfe_ia’f’

¢, ()= exp{—{v_vzk/* +1(E/ - D t}
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We expect solutions to the T.D.S.E. to be complex and oscillatory:

dissipative

tm[ 6]
E'=E,+AE

Cy = €Xp if!t:l

’
dispersive

~ Y

Re[Q] =

P, =|c£|2 = exp[—v_vket]

Probability decays exponentially from initial state.
Fermi’s Golden Rule rate tells you about long times!
0 4 -
to / 1/w,, t
1st order P.T.
What is the probability of appearing in |k)? Using eqn. 2:
b, (t)=—+ [ Vi, €™ b, (r)dr
1—exp —ht—é(E'é —E )t
I—c,(t)
bk (t)zvke T — Vk/, . —
E, -E| +1iaw,, /2 E,-E, +1iaw,, /2

Final state resonant with
shifted initial states.

For long times (f — o)

_ V|
(E,—E)) +T?/4 P, N

ke

'=w, -
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