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5.80 Lecture #14 Fall, 2008
Lecture #14: Definition of Angular Momenta and |A & M,).

~ROT
Evaluation of H
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We want to be able to set up effective Hamiltonian models for rotation-vibration-electronic structure of

diatomic molecules with non-zero electronic angular momenta.

The important terms in H are
~ROT ~2
H =BR)R

electrons

* g convenient basis set for evaluating matrix elements of H*" and H*® — HUND’S CASE A

~

* A, A ., and A Zs A*and A2 operators and |A oo M,) basis functions

*  H and van Vleck Corrections to H°"

*  Limiting cases where H" is approximately diagonal and energy levels are expressed in terms of
a pattern-forming rotational quantum number like J(J + 1), N(N + 1), R(R + 1). (Example in

next lecture for *[] and *Y* states.)

* effects of accidental degeneracies — perturbations.

Angular Momenta

R nuclear rotation

L e orbital angular momentum

S e spin

J total angular momentum ﬁ + E + §

N angular momentum. exclusive of spin J-S=R+L
J a total electron angular momentum =L +8§

See H. Lefebvre-Brion/R. W. Field, pages 72-81.

All angular momenta can be defined by their commutation rules.
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ALA =+ g, Ax

Eiix +1 for X, Y, Z in cyclic order
-1 for non-cyclic
0 repeated coordinator

Above is a “normal” Commutation Rule which is applicable for all SPACE components of j , L , S , R ,
ﬁ , j a and all body components of ﬂ , § (but not j , ﬁ I/\\I ).
L 1

involve rotation
of body

Trivial matter to derive properties of eigenbasis |A o0 M,) under operation by A% A, A, from
commutation rule.

A \AocM )=1A(A+1)|AaM, )
) =ho|AodM,)
Az\AaM> "M, |AoM, )

Ar=A, + igy and Ki = Ax tiAy (up for upper case)

1/2

Ki|AocM >:h[A(A+1)—ocA(oci¢1)

A “raises” o A “lowers” o

+

|AocM Y=h[A(A+D)-M, (M, £1

|A atlM,)

1/2

] |AoM,, £1)

A" “raises” M,
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This is all you need to know for rotation of diatomic molecules

EXCEPT
Anomalous commutation rule [;‘\n, A il= —ihz Eii Kk applies only to BODY components of ] , R , N .
k

The only difference is

As|AoM, ) =+h[AA+D - F D]"*|A 0 F1 M,,)

A, acts as a “lowering” operator rather than as raising operator.

Now, suppose we want to evaluate what other angular momenta than A do to |A oo M,) basis functions.

We classify these other operators as vectors or scalars with respect to A by similar commutation rules.

The Wigner-Eckart Theorem will eventually tell us how to evaluate the effect of B (some other operator

classified by its commutation rule with respect to A )on |A o M,).
A scalar is defined as [ S,A; |=[S,A: |=0 alli, Tand S|A o M,) =, |A 0. M,,).

A normal vector (with respect to A ) is defined as
LA,V ]=+inY &,V
k

It happens that
[ﬁi ,§j ] = [f,, ,§J ] =0 ﬁ, S operate on different coordinates and are
scalar operators with respect to each other

and all angular momenta obey normal vector operator commutation rules with respect to J for space
fixed components.

A . j enerates rotations in lab frame
I:JI’AJ]:IhZSUKAK &
k

and all angular momenta obey anomalous vector operator commutation rules with respect toR for body
fixed components.

[ﬁi ’ ;&j ] _ —ihz £ A, R generates rotations in body frame.
k

This has convenient effect that [j i,ﬂ j:| =[j i,§ i1=0 because J=R+L+S. See this in example.
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A VN N VN VN VN A VN
E.g Ji,Lil=LRi, L+ Li L;i{+[Si,L;
—iheijkLk +ih81jkLk =0

which means that J acts as a scalar operator with respect to [n L A'S ¥) so we can factor y into
electronic ® vibration ® rotation factors!

So we can write a convenient basis set.

! ) Case (a)
f t
g?r-llnhg;xra o fully “uncoupled” basis set in body
[v) |I\1LA)|SZ> |QIM) very convenient for body fixed matrix elements

- -
electronic  rotation

Now we can work out matrix elements of B(R)R * in this case(a) basis set.

(Note (v|IB(R)|v") =B, #0)
<V |B(R)| V> — B / We will see these again when we use J =0
v potential energy curve to derive centrifugal
distortion effects.

to cancel the 7 from all
angular momentum matrix
elements

R=J-L

/LR
Evidently ° , ® So R, =0

>
ol
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2

~2 A~ A ~2 ~2 A N A 2 N N A

R =RR=R,+R,=(J,-L.-S,) +(J, -L,-S,)
:(Ji +J§)+(L2X +L2y)+(S§ +S§)

2L, +TL) )

No need to be careful of order of

2 J S J S operators because body components of
_ ( xMx + ) ~ a :
yoy L and S commute with each other and

with those of j .

+2(L.S, + LySy)j
Now for some convenient simplifications.

Al + Aj =A"-A]
2(AXBX + AyBy) = (A+B_ + A_B+) confirm for yourself

Thus ﬁz =(J2 —J§)+(L2 —LZZ)+(S2 —Sf) diagonal part
plus off-diagonal terms below.

selection rules

L—uncoupling term -J,L_+JL,) AQ =AA =+1
S—uncoupling term -J,S_+1S) AQ =AY ==+1
Rotation-electronic term +L,S_ +LS,) AN =-AY ==+1 (AQ =0)

So we are almost ready to set up H*". However L is not a well defined quantity.

Non-Lecture: Stark effect in atoms
Al==%1

+—
AM, =AA=0
Electric field (axially symmetric) of atom B mixes L’s in atom A
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typically 10° cm™
for le” at 1A
N\

nLAMf> N <nL‘H‘n’L’>

nL 0 0
EnL o En’L;

A _
llf _2 anL
nL

o

typically 10" em™ for
different nL states of atom
L* destroyed
M? preserved

L’ and L, matrix elements not explicitly defined (become perturbation parameter)
L? and L, and L, selection rules on A are preserved!

(L*-12)=L" treated as a constant

# (v,n A S XIBL,

* %k % ¥

*

vV,n" A-18 Z> =B, B or B,, perturbation parameter.
~ROT ~2

Matrix elementsof H =B(R)R

1. Diagonal part (inv,n, A, S, X, J, Q, M)

BR)[ (12~ 12)+(L2) +(s* - 5?)]
B [JU+1D)-Q+1% +S(S+1)—-32]

include B,L*
in T, + G(v)

2. Within a **' A multiplet state.

/\/

The splitting of Q-components within an S # O state is

~ SO
due to H and is usually small relative to splittings
between different nA states. H*® gives “fine structure”.

Spin-uncoupling term — will destroy ¥, Q provided that E, —E(,,, is small.
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—B(R)[J,S_+1_S, ]
(B, /1) (241 Q17 SIE S us) =B, 10+ - @+ Q] [SS+ 1) - (Z+D)T]
notice Q'Q, ¥’y

~ROT
Above matrix element is = proportional to J, so at highJ H  will always overwhelm
AE], o, 2 and Q are destroyed, thus spin “uncouples from body frame”.

1/2

3. Between two electronic states AS=0,AY =0, AA=AQ ==+1

“L-Uncoupling” (even though L is already destroyed) destroys A and €.

—(BR)/m?)[T. Lo +3-L.]

_[<VAi]|B(R)|VA>/h2]<n, At1sy Q1.0+ L)

-B, ., [JJ+D—(Q£DQ]"” (A= 1[L.[nA)/n
B(n’A’,nA)

nASZJQ>

-B, . B(n’A’,nA)=p

Va£IVA

an unknown perturbation parameter to be determined directly from spectrum
4. Between two electronic states AQ =0 AA =-AY =+1

+HBISS + D - (X = )]

same 3 as above in #3 for L-uncoupling




