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Lecture #19: Second-Order Effects

Last time: perturbations = accidental degeneracy
Today: effects of “Remote Perturbers”. What terms must we add to the effective H so that we

can represent all usual behaviors with minimum number of parameters.
Use the van Vleck transformation.

Two effects to be discussed

* centrifugal distortion of all zero- and first-order parameters.
e.g.
B—D [explicit R-dependence of B(R)]
A—> A, [implicit R-dependence of A(R)]

[interaction with all v’s of same A-S state]
* A-doubling and other 2nd-order parameters [interaction with all v’s of all other states]
We will work with °T], >3 example

Recipe
* H*"in terms of E, B, A, (A, ), o, B

* van Vleck transformation: diagrammatically in the form of “railroads” for each location
in Heff
* each term in van Vleck transformation is

explicit function

f(Vl,/J) ” 2 Hev,e’V’He’v’,ev

=0 0
Eev - Ee’v’

e,,V,
“ _J
d
new 2" order
parameter
e/f s i N
2H3/2 E, +Ap/2+B,, (y2 —2) -B, (y2 _1)1/2 B . (y2 _1)1/2
gl E, —Ap/2+B, (y*) o+ 13 1yy]
T E,, +B,, [y? 71y
y=l+1/2

For simplicity we do not include v terms (A terms are not possible for S < 1 states).
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What do we do with these?
( 11 [interesting ;/ \
HI
4
H m
n
remote

4

\ 1 y

follows rules for
matrix
multiplication
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’ ’
Hmn Hnm

Hy' ' =E28, . +AH ,+—Z H o H
_Eg

E

m’ ~ En

H H,
~ 7\(2 mn nm’
2 Eo +En. _E°
2
We are going to write H*" in terms of
zero-order parameters E,B, A
perturbation parameters o, B
second-order parameters D, Ap, 0,p,q
~ ~ROT ASO
H=H +H
(B - (ﬁROT)2 <e/f dependent q (A-doubling)
e/f independent D (centrifugal distortion of B)
+(ﬁso)2 <e/f dependent o (A-doubling)
e/f independent A (2nd-order spin-spin)
+(ﬁR0T o 5° )2<e/f dependent p (A-doubling)
e/f independent Y (2nd-order spin-rotation)

A, (centrifugal distortion of A)

Generate many 2nd-order parameters — not all are linearly independent.
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Let’s first work through all paths from [T, ,, v;; to remote state and back to [T, ,, vy;.

“RAILROAD” diagrams, to keep track of second-order perturbation theory paths.
|matr1x element |§

+Bv vii v VT /
" ““ ) , same
[T vy
2 1/2
_anvi-l (y _1) same
I: :I H%/Z’ V 11
1 1
2H1/2, VH Vl'[VZ BVHVZ +( ) y V . same 2H1/2, VH
other states Same
[2A3/2’ 4A3/2’ H?/Z’ 3/2 ]
collect terms and sum
H£2) ¢ — 2 Biv’ (y4 + y2 - 1) + A%v'/4 B ]BVV’IA‘vv’y2
HI/Z,ZHW f Vh EO _ EO,
2
+z ( VHVE) +( VHVZ) [1+( 1) 2y+y ] ( VIIvE VHV2)2[1+( 1) y:l
E; —E,
n p)
Now define some 2nd-order parameters.
B2
=y —mwh_ (defined so that D > 0 for vy; = 0)
Vﬁ?fvn Evl—l _Evl’—l

vv vv
=22 St
Vn;tvn _E
2

AO = 2 ‘?VH_VI’-I[_EO/

viiFvn Vi

o(’T)= 2, ) o g

dhy
Bl
4 VHVZ VIIVE [HSO ®HROT]
vzzl EO _EO
(#vy)

M [ HROT ® HROT]
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Thus
HO [?j =-D(y*+y* - 1)- %Anyz +A, /4 +$(225)

(no A-doubling)

1 2 s _ s 1 2xs Y1 = S 2
+5p( 2 )[1*(—1) YJ+ECI( ) )Ll*(‘l) 2y +y’]

(A-doubling) (A-doubling)

These same parameters appear in other locations in *[T H*".
Non-Lecture

1/2
_Banh (y2 N 1) same

s v/ m
2 —
% At /2B "= o o e
B, ¢ -D"
2H3/2, Vi = 2‘, v > SAMC 2H3/2, Vi

same

etc.

other states

Thus
c 1
(2) _ 4 2 2
H2H3/2,2H3,2 (fj—_Dl:y — 3y +3:|+5AD(y — )+A /4+ q I:y —1]
1/2
_va' (y2 _1) 2H1/2’ V’H _A /2+B y
1/2
Avv'/2+va' (y2 — 2) 2H3/2, V’H
2H3/2a Vi H v
_Bi’ V3 (yz _1)1/2 20s 7 V V4 Bv V4 I:l ( 1) y e
> v s nvs nvs
Thus

S (:) =+D|y*(y*=1)" +(y? = 2)(y* 1) |+ %AD B(y2 —1)" - %(y2 - 1)”2}
[0]

H(2)
2= Dy =D"

+lp(225)\__(y2—1)1/zj+2q [ [1x Dyl -1) ]

4
o2 L s 2l eV 2 _q)"?
=+D2(y" - 1) = 2p(y’=1) "= SaCE)(1F 0ry)(y -1)

4 2 /T

A-doubling
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Non-Lecture

B, (Y’ F(=1)y) 2y same
12 vy
_Bvivi—[ (yz - 1) ML, v/, —SAMe
. . S 3/2> 11
o . +B ., (1F(=1)y)

2Zi2 vevip © Pysvip T, V' —SAme DR
other states same
2275’ 21_11/2’ 4275’ 41_11/2
H?. .. =-Dy[y* F(-1y2y* +y*]
1
+§qz(2]_[)[y2 —1+(1F 12y +y?)]
1 ,
+p: CTD[ 2015 -1y'y)]
+02(2H)

qsC’T1) is exactly correlated with By because it has same J-dependence.

0s(*Y) is exactly correlated with Es.

%pz(ZH) is exactly correlated with vs.

These second-order parameters cannot be determined by a fit to the observed energy levels. They also
cause the microscopic mechanical meaning of the E, B, y parameters to be contaminated.
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Now that I have worked out all of the correction terms for the *[], >3* H*", we can examine the structure
of this matrix. For simplicity, specialize to *Y* (s = 0).

2 2 2
H? (%) 15, I, >

2H3/2 _]l)n(y4 _ 3y2 +3) +1DH2(y2 _ 1)3/2
+7A0(y* - 2) —app(y’ - D"
1 1
+2qu(y* = 1) 2qp(1 F ) - D"
+Ayd
2 _ 42
1‘[1/2 sym Il)n(y +y -1 +A/4
+7Apy° + op
1 1
+2pp(1 Fy) +2q5[1 F2y +y’]

3 Dy(y* 72y’ +y?)
+qz(y2 Fy)

1
+2ps(1 Fy) + oy

NOTE: ** Centrifugal Distortion matrix elements are not trivial replacement of B by [B — DJ(J + 1)]
#* e/f degeneracy in °[] is lifted in H®

*#% all A-doubling in *T] states comes from *3*, none from *[], °A, “T1, *A, etc.

Now apply perturbation theory to H” + H” + H® matrices to analyze where specific effect
(e.g. A-doubling) originates.

Often want to do this in order to:
* 1dentify parameter responsible for an observed splitting with a certain J-dependence;
*  prove that two fit parameters are correlated and therefore not independently determinable;
*  build in correction for expected not-quite-remote perturber;

* determine whether a certain fit parameter can actually be determined by the information
contained in your specific data set.
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EXAMPLE - A-Doubling
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EXPLICIT  e/f dependence on-diagonal in H*"
IMPLICIT  e/f dependence off-diagonal in H*"

Ezn”2 T Ezn”2 . =~YPp —2yqp + “second order

—-E = + “second order”
? ns/z © ? Iy, f

H? largest parit largest parit
“second order” = —=212__ ~ Sest Aty + Sest parily

E,-E}, ~ dependent term  independent term

largest term
2
— _ B _
Hy,,0=-B,, (y 1

1/

1

ot DH2(y2 ~ 1)3/2 - ZPH (y

[\S]
I
[E—
—

—
=
[\S]

I
[E—

|

parity dependent part of H 3% /2.1/2

2 —

Hm‘”2 = +2%anqHY(y2 — 1)1/2 (}’2 _ 1)1/2 _ ¢BanHy(y2 _ 1)

o [s]
Es,—-E, = AH

So

B B
E . —Esp = —Zqu(yz — 1) =~ _ZX J’

Similar algebra for °[], ,:

B
Epe =Ejp= _(PH + zqn)Y‘" 2Xq13

2) —
from H' 2
M2, 2 from (Hs//2) / A
Usually |pn| > |qn| because pe<of
qo<p’
prg=2=2
B B



5.80 Lecture #19 Fall, 2008 Page 8 of 8 pages

At low-J, leading contribution to A-doubling
in°’[1,, is ~Jpy linear in J
in’[l,, is —(2Bg/A)J® cubicinJ

Structure of >3 state

lumped into E
;v

+e _ 1 B B
&«
/r same as YRS

lumped into B,

A mixture of mechanical and magnetic significance is what we determine by fitting a spectrum!

Finally, replace y by N as follows:

2 — — 4 3 2
€ F 1F F2y' 4y
for?*(j Y Fy y y' F2y
e J=N+1/2(F) y=N+1 N(N + 1) -N NN + 1)?
f J=N-12(F) y=N N(N + 1) 1+N NN + 1)

[F, labels: for isolated **'Y state, F, is N = J — S and lies at lowest E for given J and Fyg,, isN=J + S
and lies at highest E for given J.]

2+ © _ | 1_
E|l Y ; —EVZ+BVZN(N+1)—D2[N(N+1)] +5p2 5+(N+1/2)

N is pattern-forming

quantum number! E... . —E... . =—ypy =—(N+1/2)py

for same N (different J)



