
���������
	��
���������������������������� �"!$#&%('*),+-/.103254$6�798$.;:�<=.;:�03>�?�2@:�032A2@:�8$7B4C>�?�.36D�EGFIH J KLEMF�N 4PORQ�S 6�7B4RT03256�T UVRW 7B0 WXW >ZY[.1? W .�\$:�2@\].^:�?�7B.;6R? W >�?_? W .`6a0Z> N .cb(>@0;?�2@:�6R7B4d? W . D >@4$8 K 8$7e:�.30;?�7B254X>�:�.1? W .c6�>@fg.hIi EGF 03256�T h H�E 03256�T h DhAi EGF h T EGF Qj&kjml h KLE Q�S 6�7B4RT03256�TCn Q�Spo(qsr lut ovqwrZx ly{z o x l | h KLE 03256�T h KV 79? W ? W 7B6_b}2@:�fX~ V . W >�Y[.��]� E �C� E 03256�T E 6a.30 W"� K$�@F�� >@4$8��
�m�g���*� E � 03256 W"� K$�@F�� �� D����
�m� S �*� E � 03256 W"� K$�@F�� �� K����
� � S��I� 03256 W � � K��@F�� �� D nw6�.;0 W
� K��@F�� � | S��I� 03256 W � � K��@F�� �� K n�6�.30 W
� K$�@FI� � | EG�VRW .;:�. � E �@� 6a7B4_T E��@� ?�>@4 W�� K$�@FI�^��� b V .�f�� N ?�79\ N9� ? W .X�$:�6�?d>@4$8�6a.303254$8 .3¡I�C>�?�7B254$6g¢ �6�.30 W
� K��@F�� >@4$8X8$.;�C4$.�£� E 6�.;0 W
� K��@F�� � ~ V . W >ZY[.��
� £�g��� £� E � �� D¤���
� £� S � £� E � �� K ���
� � S���� 03256 W � � K$�@F�� �� D £� S��I� 03256 W � � K��@F�� �� K £� EG��¦¥ 2@?�.�§¨? W 7B6`?�:�7B0�© V 7 N9N 4$2@? V 2@:�©ª>@6 V . NBN V 7e? W ? W .g4$254 N 7B4$.Z>�:«.3¡I�C>�?�79254$63~"¢C��?1? W .g.3¡A�C>�?�2@:�7¬> N¢].^?u>m§­\ N >@4$.1>�\$\$:�2�® � 796¯6a?�7 N9N �$6�.;8Pb}2@:¤? W 256�.c>@6 V . NBN°�±� ?Z²³6¤4$2@?¤:�.Z> NBNe� 4$.303.;6�6�>�: � ~$6�794$03. V . V 7 NBN ¢*.8�:�2@\$\C794$´�> NBN ? W . K � �@F � ?�.;:�fg6_7B4P>@4 � 0Z>@6�. �µ� -/.c4$2 V .¶®�\�>@4$8
�d· �@� KF � Q � Q¸ K �F � � J 6�.;0 W � � K��@F��¹E Q�S K �F �>@4$8X8�:�2@\�? W .`2@:�8$.;: k xº x ?�.;:�fg6¯?�2L´5.;?R? W .�»a.3¡A�C>�?�2@:�7¬> N ¢*.;?u>m§°\ N >@4$.3¼½.3¡I�C>�?�79254$6��
� £�g��¾ K £� E � �� D ���
� £� S ¾ K £� E � �� K"���
� � S��I� �� D £� S��I� �� K £� EG�-/.16 W > NBN 8�:�2@\�? W .1?�7 N 8$.36R>@4$8X�$6�.c? W .36�. W .;:�.Z>@b¬?�.;: �

Q



¿ %v)"À
ÁvÂ�ÂI� �"!$#&%v'
)ÄÃ{'
Å �ÆC:�25fÇ? W .`fÈ25fg.34[?��$fÇ.3¡I�C>�?�7B254$63~ V .10Z>@4X. N 7Bfg794C>�?�. � ?�2��C4$8� � ���� � S ¾ � K � � E ¾ K � �� D � � � �� K �
� � Q �-/.�0Z>@4É> N 6a2Ê. N 7BfÈ7B4C>�?�.½79?�b¬:�25fË? W . D §{fÈ25fg.34[?��$fÌ>@4$8/? W .Íf�>@6�6`.3¡I�C>�?�79254/?�2=´5.;?L>�6�.303254$8:�. N >�?�7B254$6 W 79\ � � �� K �
� S ¾ K � �� D E � � �� D � � Q�I� � � ��
� � � �5�¥ 2 VMV .`. N 7Bfg794C>�?�. �O � �� D � � Q��� � ��
� � U O � ���� � S ¾ � K � U � E O ¾ K �� D � � �� K �
� U O � �� K ��� S ¾ K �� D U �2@: �*Î� D � �
� � � S ¾ � K � � �� D � �«� Q��� �*Î��� Î �«� ¾ � K ��I� � ��
� � � E ¾ � K � � �� D � �«� �*Î� K � �
� � �«��¾ � �� D �
�m�´579YI7B4$´ OCÏ � � ¾ � K ��I� U ��
� ��Ð S ¾ �� D ��Ð"� Q�I� �*Ñ�
� Ñ ��Ð EG�Ò 4$.`6�2 N ��?�7B254�7B6 jj Ð � E���Ó V .@² N9N 0;25fg.c¢�>@0�©Í?�2L? W >�? ��Ô W .12@? W .;:¨6�.;?�6_25b,6�2 N ��?�7B254$6_6�>�?�796�b �O Ï � � ¾ � K ��I� U ��
� � S ¾ �� D �`� Q�I� � Ñ�
� Ñ � EG�
Æ�2@:¨6�2 N ��?�7B254$6 V 79? W .^®�\ �¦Õ{Ö D � Õ(× � � 8$.;\*.34$8$.34$03.�~ V .`´5.^?�> K §{6�?�:��$0;?���:�.`.3¡A�C>�?�7B254Ø � �� K � � Ö � S × ��I� � ¾ Ö× � ¾ � K ��I� Ù � EG� � ¸ �
Ô W 7B6_7B6R? W .1¡A�C>@4Ú?��$fL§{fg.30 W >@4$790Z> N W >�:�fg254$7B0�256�0;7 NBN >�?�2@:_.3¡I�C>�?�7B254 �

�



¿ '
Á¦��#&%v'
),+Û_Ü�ÝÚÞmßuà3áãâ�äAå$ß-/.c¢].3´5794 V 79? W ? W .`´@:�>�Y[.36�?¨fg2A8$.
� E .^®I\ � � Q� K �æ �C�VRW 7B0 WXW >@6 � � �� K � E � Qæ � � S K �æ Î �>@4$8 V 7 N9N ¢].«>L6�>�?�796�b(>@0;?�2@: � 6a2 N ��?�79254P7Bb

æ Î E �I� � ¾ � FAç h × ��I� � ¾ Ö× � Ö � E Qæ � �vè �
Ô W .`¡I�C>@4[?�7e? � æ E � ��� � �êé Î ¾�ë �êéu�7B6¨0Z> NBN .38X? W .=»a.3¡A�C>�?�2@:�7B> N 8$.3b}2@:�f�>�?�7B254�:u>@8$7B�$6�¼d>@4$8�796¨? W .ìb}�$4$8C>@fg.34[?u> N 8$7B6a?���:a¢�>@4$03.�6�0Z> N .`7B4? W .14$2@:�? W §{6a25��? W 8$79:�.30;?�79254 �Ô W 7B6R03��¢C7B0 W >@6R? W :�.;.c:�2A2@?�63~ × E ��í �I� Ö>@4$8

× E Q� í �I� Ö�î Q� í ��� Ö Ø Q�S èÖ � æ � Ù
�êéu� E Q� ¾ æ � Ö�î Q� ¾ æ � Ö Ø Q�S èÖ � æ � Ù

�êé¶�
Ô W .1�$:�6a?¨:�2I2@?¯?���:�4$6¨25��?¨?�2L¢].`6�\C��:�7B25�$6 Ó 7Bb V .`03254$6�798$.;:�? W . D §­fg25fg.34[?��$fï.3¡A�C>�?�7B254P>@4$8X? W .f�>@6�6_.3¡A�C>�?�7B254 ~ V .16�.3.c? W >�? O � Õv× ÕðÖÕ{Ö �I� � Õ(× U O �� U E O ¾ K �� ��� j&ñj�k UÔ W .½? V 2X.3¡A�C>�?�7B254$6`>�:�. N 7B4$.Z>�: N9� 8$.;\].;4$8$.34Ú? VRW .34 × � E Ö � ��� �gò .3.�> N 6a2X.3¡I�C>�?�7B254 � �5�^� Æ�2@:? W .;:�.1?�2L¢].1>½4$254I§­?a:�79YI7¬> N � 6�2 N ��?�7B254 ~ V .1fL�$6�? W >ZY[.

� × � �� K S Ö ¾ K � EG� ómô � �� K E ¾ Ö× K �VRW 7B0 W 796g?�:��$. �Mõ 2 V .;Y[.^:Z~ V . W >�Y[.�6a?�7 NBNRN 256a?d>�8$.;´@:�.3.=25b�b¬:�.3.38$25fX~_6�2/? W >�?�? W .X:�.3f�>@7B4$794$´.3¡A�C>�?�7B254 � Q � 8$2I.36R4$2@? W >ZY[.«>�\$:�.36�6���:�. V¨W 790 W 7B6 V . N9N §­¢*. W >ZY[.38=>�? î1ö �Ô W . × ��÷E �I� Ö � 0Z>@6�.36 W >�Y[.�> NBN �C. N 8$6 V . NBN §{8$.;�C4$.38 �ÉÔ W 7B6L6�2 N ��?�79254É´57eY[.36½>Ê8$796a\].;:�6�7B254:�. N >�?�7B254P>@6R6 W 2 V 4X7B4d�C´5��:�. � Q �^� ¥ 2@?�.�? W >�?R? W . W 7B´ W b¬:�.3¡I�$.;4$0 �XN 7Bfg7e?¯25b �¦è � ´579Y[.36× ·ùø �I� �ðÖ � S æ ë � �êú �êéu�¸



>@4$8P? W . N 2 V b¬:�.3¡A�$.34$0 �PN 7BfÈ79?¯7B6 × E � ¾ ÖÖ � S æ ë �f��$0 W N 79©[.d? W .�fg7B8I§ N >�?�7e?��$8$.Í-üû1ýþ>�\$\$:�2�®�7Bf�>�?�79254$6 ��Ô W 796 V >ZY[.�7B6g03> NBN .;8ÿ? W .��¤>@4C>@7 V >ZY[.2@:«? W .�fÈ7e®$.;8��¨256�6�¢ � §{´@:u>ZY�7e? � V >ZY[.@~¹6�7B4$0;.g? W . W 7B´ W §­b¬:�.3¡I�$.;4$0 � \]256�7e?�79Y[.½¢$:u>@4$0 W N 2I2@©I6 N 7e©[.�>´@:u>ZY�7e? � V >ZY[.@~ VRW 7 N .`? W . N 2 V §{b¬:�.3¡A�$.34 � ¢$:u>@4$0 W W >@6¨? W .ì0 W >�:�>@0;?�.;:�796a?�79036 25b�>��¨256�6a¢ � fg2A8$. �R� bV .�?u>�©[.ã? W .¤03254[Y[.34Ú?�7B254L25bC\*256�79?�79Y[.�b¬:�.;¡I�$.34$0 � ¢C��?�> N9N 2 V ? W . V >ZY[.34A�$fì¢*.;: Ö ?�2�6a\�>@4ì? W . V¨W 2 N .:�.Z> N >m®�7B63~�? W .103254$4$.30;?�7B254$6�>@fÈ254$´L? W .1fg2I8$.;6_¢*.30325fg.36_0 N .Z>�:�.;: � 6�.3.c�C´5��:�. ¸ �¶�

-3

-2

-1

0

1

2

3

0 1 2 3 4 5

ω
/β

R

kR���	��
 ß�ÜRâ�äAå$ßuàÔ W .;:�.`>�:�.«>@4�7B4��C4$79?�.`6�.;?R25b,6�2 N ��?�7B254$6¯?�2L? W .16�?�:��$0;?���:�.`.3¡A�C>�?�7B254 � ¸ �
� E �
� � Kæ � .^®�\ � � Q� K �æ � �VRW .;:�.1? W . ��� >�:�.�? W . õ .^:�fg79?�.�\*2 N9� 4$25fg7¬> N 6¯>@4$8× ��I� � ¾ Ö× � Ö � E Qæ � � ��ç SüQ �Ô W .1\]2 Ne� 4$25fg7B> N 6¤6�>�?�7B6�b �

��� � D]�±E � � Q � ����� x h �h D � � ë � x E ��� x éu� O D � hh D U � � ë � x éu�è



VRW 7B0 W 7Bf½\ N9� ? W .�? V 2½:�.;03��:�6�79254X:�. N >�?�7B254$6
��� t � E �mD �
� � ��ç ��� ë � J ���� EM��ç ��� ë �>@4$8P? W .^:�.3b}2@:�. � �� K � � E � ��ç S Qæ � � S K �æ � �´579YI7B4$´�? W .`8$796a\].^:�6�7B254�:�. N >�?�7B254�>�¢]2�Y[. �Ô W .36�. W 79´ W .;:Rfg2I8$.36R>@´[>@7B4 W >�Y[.�? W :�.;.1:�2A2@?�63~$? V 2È´@:u>ZY�7e? � V >�Y[.;6 V 79? W

× � · �I� �ðÖ � S ��ç SüQæ � �>@4$8�>��¨256�6a¢ � fg2I8$. V 79? W × · � ¾ ÖÖ � S � � t �� x

0.01

0.1

1

10

0.01 0.1 1 10

ω
/β

R

(gH)0.5/2Ω

Eastward travelling waves, m = 2

�



0.001

0.01

0.1

1

10

0.01 0.1 1 10

ω
/β

R

(gH)0.5/2Ω

Westward travelling waves, m = 2

� ß��°Þ ����� ÝÚÞmß� b V .g0325f½\�>�:�.È? W .È¢*. W >ZY�7B2@:«25b�? W .g.3¡A�C>�?�2@:�7¬> N ¢].^?u>m§­\ N >@4$.g?�2P? W . õ 25�$´ W b}�$4$0;?�7B254$6«¢ �\ N 2@?a?�7B4$´ × Y�6 � � ��� 794��C´5��:�. � �5� ~ V .¤4$2@?�7903.¤? W >�?±254$.¤fg2I8$.¤796¹fg7B6a6�7B4$´ Ó ? W .¯254$. V 79? W«× 4$.Z>�: Ne�\$:�2@\*2@:�?�7B254C> N ?�2 � ��� ��Ô W 7B6c7B6�? W .�©[. N YI7B4 V >�Y[.Lfg2A8$.@~ >@4$8�79?c796c0;254$4$.30;?�.38�?�2d? W . jj Ð � E �:�2A2@? � Æ
2@:��C4$79?�. b¬:�.;¡I�$.34$0 � ~A? W 7B6¤79fÈ\ N 79.36 � EG��Ó .;¡I�C>�?�79254 � �5� ? W .;4d?�. NBN 6��$6 × E î � ��� Ö�VRW 7 N ..3¡A�C>�?�7B254 � Q � ´579Y[.36_�$6R? W .1fg.;:�798$7B254C> N 6a?a:��$0;?���:�.Ö ¾ K � S × � �� K EG�
Ô W .`254 N9� V . NBN §­¢ W >ZY[.38�6�2 N ��?�7B254 V 7 N9N ¢].1b}2@:¨.Z>@6�? V >�:�8I§­\$:�2@\�>@´[>�?�7B4$´ V >ZY[.36 V 7e? W

� E .^®�\ � � Q� K �æ ��� J � E Q� �I� �
! � 4C>@fg790Z> NBNe� ~ V .#"��$6a? W >ZY[.`´5.;256a?�:�2@\ W 790c¢�> N >@4$03.`25b�? W .%$3254C> N'& 2 V

¾ K � E � �� K �>@4$8�>@4P> N 254$´�§{.;¡I�C>�?�2@:R´@:u>ZY�79? � V >�Y[.c¢�> N >@4$03.��
� � E � �� D � J ��
� � E � �I� �� D �
(



Eastward travelling waves, m = 2 

0.01 

0.1 

1 

10 

0.01 0.1 1 10 

ω
/β

R
 

(gH)0.5/2Ω)ã��?�?�7B4$´Ê> N9N ? W .36a.g?�25´5.;? W .;:�´57eY[.36«? W .�´5.34$.^:u> N 8$7B6�\].;:�6a7B254�:�. N >�?�7B254/6 W 2 V 4�7B4/�C´5��:�.;6�¦è �¶� 6�6�.;4Ú?�7B> NBNe� ~ ? W . V >ZY[.36c254ª? W .L.3¡I�C>�?�2@:�7¬> ¢].^?u>d\ N >@4$.L:�.^\$:�2I8$�$03.½? .½b}� N9N 6a\ W .;:�790Z>Ne� V . NBN 794�>@4X>@4C> Ne� ?�790Z> NBNe� 6�7Bf½\ N .;:¯:�.3´579fg. � �>@4$8:�.36a� N W � N+*?�6Rb(>@79:N

¸ 

0 

1 

2 

3 

4 

5 

6 

7 

ω
/β

R
 

-4 -2 0 2 4


kR ,



