12.864 Inference from Data and Models 14 March 2005
Problem Set No. 3 Due: 30 March 2005

1. Let an observation vector be given by

y:[ —0.41043 0.48023 —1.2784 —1.0017 —0.89310 0.94575 0.80744 0.065709 —1.1805 —0.25846 ]T

where n; is white noise of unit standard deviation and zero mean. 0 < r < 10, sampled at points
rj = 1,2,...,10. You have reason to believe that the data are described by a sum of sine waves,

Z o sin <27rnr>

evaluated at the sample points 7;.

(a) Let N = 5. Using the singular value decomposition, find an estimate for the a,, and an estimate
of their standard error, assuming that you know the noise variance is 1. If you estimate the noise
variance from your residuals what do you get? Are the a, fully resolved? Are the residuals consistent
with the hypothesis about n;?

(b) Now assume N = 20. How do the answers to part (a) change? Which of the equations is most
important in determining the solution?

(Use the untapered SVD in (a), (b)).

(c¢) Now repeat (a), (b) using the tapered SVD, explaining what you are doing, and describe any
differences in the solutions.

2. Solve problem 1, without using the SVD, but conventional matrix-vector least-squares. How do
the solutions compare?

3. Some observations of a temperature field down a borehole (well) produce the following data, at
uniform depth intervals, z, =n,n=0,1,2, ...

y =
[ 157 —067 012 —0.71 —3.14 -181 -281 —503 -567 —6.83 —819 —827 —1059 —882 —1214 —12.89 ]T .
It is believed that the data are describable with a straightline a + bz, where x = [a, b]” are constants.
The noise in the data is thought to have zero mean, and there is no knowledge of the sign of a or
b. Using the Gauss-Markov (minimum variance estimate) find estimates of a, b, their standard errors,
and error covariance when,

(@) R = (anT ) = 071 0% = 1.8 = | (o) | — o

(b)R:<nnT>:JQI,U = = (xx') =4I



(c) S= H<XXT>H — 00, and, R is the 16 x 16 matrix,

1 29999  .9998 . 9985
.9999 1 9999 . 9986

R =¢ .9998 .9999 1 . .
. . . 1 9999

9985 .9986 . 9999 1

(an easy way to set this up, e.g., in Matlab, is to define a vector, f =[1 : —0.0001 : 0.9985] (that is
a 16-component vector declining from 1, in steps of 0.0001) and writing R =toeplitz(f). A so-called
toeplitz matrix has constant elements along each of its diagonals. Best to confirm that R is positive

definite.)
(d) Solve (c¢) using the SVD.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


