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Consider a one-to-one matching market, where M is the set of men and W is the set of
women, and strict preferences for the men and women are given. Let p and y/ be any two
stable matchings. Let pu VM 1/ be the function from M U W to M U W that assigns to
each man m the more preferred of p(m) and p/(m), and assigns to each woman w the less
preferred of u(w) and p/(w). Similarly, let u AM 11/ be the function that assigns to each man
m the less preferred of pu(m) and p/(m), and assigns to each woman w the more preferred
of u(w) and p/'(w). We saw in the matching theory slides (Theorem 5) that p VM y/ and
pu AM 1 are again matchings, and moreover are stable.

Now suppose we have any collection S = {1, ..., ux} of stable matchings. Define sup™(S)
to be the function from M U W to M U W that assigns to each man m the most preferred
of pi(m), ..., ux(m), and assigns to each woman w the least preferred of p;(w), ..., pug(w).

We can see that
SUp™(8) = (- (s VM i) VM i) VM) VM g

and therefore, by the preceding result, sup™(S) is again a stable matching. Similarly, we
can define inf*(S) to be the function from M UW to M UW that assigns to each man m
the least preferred of pi(m),. .., ur(m), and assigns to each woman w the most preferred of
p1(w), ..., pe(w). Then inf"(S) is again a stable matching.

This leads to the following result. The theorem is due to Teo and Sethuraman (1998), but
our exposition follows the approach of Klaus and Klijn (2006).
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Theorem 1. Let py,..., 1 be stable matchings, not necessarily distinct, and let k be any
integer with 1 < k < [. Consider the function v : M UW — M UW given as follows. For
each man m, order the matches py(m), ..., w(m) from most to least preferred (there may be
some repetitions in this list); let v(m) be the kth entry in this list. For each woman w, order
the matches pi(w), ..., w(w) from most to least preferred, and let v(w) be the (I — k + 1)th

entry in this list. Then v s also a stable matching.

For a proof, note that u' := sup™({uy,...,u}) has the desired property for k = 1,

p? = sup™ ({1, ..., m} \ {u'}) has the desired property for k = 2, and so on.

If {pq,...,} is the set of stable matchings and [ is odd, then applying the theorem for
k = (I+1)/2 we obtain the median matching, in which every agent is assigned to the median
partner over all stable matchings. This formally expresses the idea that we can choose a

stable matching that balances the interests of men and women. If [ is even, then there are

two “almost-median” stable matchings, given by k =1/2 and k =1/2 + 1.



MIT OpenCourseWare
https://ocw.mit.edu

14.16 Strategy and Information
Spring 2016

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.



https://ocw.mit.edu
https://ocw.mit.edu/terms



