Lecture 11
Large Sample Tests.

1 Likelihood Ratio Test

Let Xi,...,X,, be a random sample from a distribution with pdf f(x|f) where 0 is some one dimensional
(unknown) parameter. Suppose we want to test the null hypothesis, Hy, that 8 = 6, against the alternative
hypothesis, H,, that 6 # 6y. Assume the same regularity conditions hold as in the MLE theory. Then
likelihood ratio test (LRT) statistic is

where z = (X1, ..., X,,) and 01 is the ML estimator. Then we have
Theorem 1. Under the null hypothesis,—2log A(x) = x3.

Proof. Denote 1,,(0) = log L(0]z). By the Taylor theorem, for some 8* between 6, and GAML,
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Al (0 . 191, (0" 5
= -2 (E%ML)(@O —Omr) + 5379(2)(90 - 9ML)2>
021, (6% A
YT

since A1, (0rr1)/00 = 0 by FOC.
By the MLE theory, éML —p p. So, 0* —, 0. Note that I, depends on n. So it does not follow from
the Continuous mapping theorem that 921,,(0*)/96% —, 8%1,,(0y)/06*. However, as will be shown in 14.385,

by the uniform law of large numbers,
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where 1(6) denotes the information matrix, i.e. 1(0) = —E[0%log f(X;]0)/06?]. By the Slutsky theorem,
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In addition, from the MLE theory,
Vn(Oarr — 0o) = N(0,171(6p)).
So, by Continuous mapping theorem,
I(00)n(0rrr — 60) = X3

By the Slutsky theorem,

1 921, (0%)
nl(6y) 062

—2log M) = — I(0o)n(Bo — Orr1)? = X3

O

It follows from this theorem that the large sample LR test of level a rejects the null hypothesis if and
only if —2log A\(z) > x3(1 — a), where x?(1 — ) denotes 1 — a-quantile of x?. Note that in final samples,
the size of this test may be greater than a but as the sample size increases, the size will converge to a.

In general, let 8 be a multidimensional parameter. Suppose that the null hypothesis ©y can be written in
the form {# € © : ¢1(0) =0,...,gp(8) = 0} where g1, ..., g, denote some nonlinear functions of . Equations
g1(0) =0, ..., g,(8) = 0 are called restrictions of the model. Assume that restrictions are jointly independent
in the sense that we cannot drop any subset of restrictions without changing set ©g. Then, under some
regularity conditions (mainly smoothness of g1, ..., g,), —2log A(z) = x3 under the null hypothesis. So, large
sample LR test of level o rejects the null hypothesis if and only if —2log A(z) = x3(1 —a). Often, we denote
LR = —2log A(z). LR is called the LR-statistic.

Example Let Xi,..., X, be a random sample from a Poisson(\) distribution. Recall that the pmd of the
Poisson()) distribution is f(z|\) = A®e=*/x! for x = 0,1,2, .... Suppose we want to test the null hypothesis,
Hy, that A\ = Ao = 6 against the alternative hypothesis, H,, that A # \g. Suppose we observe X,, = 5 while

our sample size n = 100. Let us derive the result of the large sample LR test. Likelihood function is
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L(A|z) = W
i=1<%i*

where z = (X7, ..., X;,). The log-likelihood is
(N =Y Xilog A —n —log [ | X!
i=1 i=1
So, the ML estimator A ML Solves
ZXi/j\]\lL -n=0
i=1

or, equivalently,

Az = X,



So, LRT statistic is
AMz) = (/\O/S\ML)ZLXle_”(A“_xML).

Then

LR = -—2logA(x)

= -2 <Z X; log()\o/S\ML) - n()\o - 5UWL))

=1

= —2n(X,log(Ao/X,) — Ao+ X,)
—  —200(510g(6/5) — 6 + 5)
17.6,
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while x3(0.95) = 3.98. So large sample LR test rejects the null hypothesis.

2 Large Sample Tests: Wald

Once we know the asymptotic distribution of some statistic, say, §(Xi,..., X,), we can construct a large

sample test based on this asymptotic distribution. Suppose we can show that
Vn(§(X1, ..., X,) — 7(0)) = N(0,0?)

where 0 is our parameter and 7(-) some function. Suppose we have a consistent estimator 62 of o2, i.e.

62 —, 0%, By the Slutsky theorem,

Va(8(X1, ..., Xn) — 7(0))/6 = N(0,1)

Suppose we want to test the null hypothesis, Hy, that § = 6y against some alternative hypothesis. Under
the null hypothesis,
VA(S(X1, s X) = 7(00))/5 = N(0,1).

So, one test of level a will be to reject the null hypothesis if 0(X1,..., Xy) ¢ (7(60) — 2a/26/v/n, 7(60) +
Z1_a/20/+/n). Another test of level a will be to reject the null hypothesis if 0(X1,...,X,) > 7(6o) +
Z1—a6/+/n). The choise of function d(-) and critical region for the test should be done based on power
considerations.

As an example, let 011, be the ML estimator of parameter 8 € R. We know that, under some regularity

conditions,
VO —0) = N(0,171(9))

Under some regularity conditions, /=1(6) may be consistently estimated by I=1(fx1). Suppose that our

null hypothesis is that § = 6y. Then, under the null hypothesis,

\/ﬁfl/Q(éML)(éML —6p) = N(0,1)



If the alternative hypothesis is that 6 > 6y, then an appropritate test will be to reject the null hypothesis if
Onr > 0o + 21—l 1/2 GML )/+v/n. If the alternative hypothesis is that 6 # 6, then an appropriate test will
be to reject the null hypothesis if Orr & (0o — zay2d™ 1/2(0ML)/f, 0o + 21—aj2l ™ 1/2(9A1L)/\f).

In this section we continue working within the framework of MLE example above. By continuous mapping

theorem with g(z) = 22, under the null hypothesis
W =nI(Oar) O — 00)* = X3
W is called the Wald statistic. Recall that LR-statistic is given by

10% ,L(G*))

LR = n(@ML - 90)2 ( 592

where 6* is between 6y and 0,;7. As in the case of Wald statistic, under the null hypothesis,
LR =3
Moreover,
W —-LR —,0

since I(0arr) —p 1(60) and —(1/n)821,,(%)/36 —, I(8). Thus, LR and Wald statistics are asymptotically
equivalent. They are different in finite samples though. In particalur, it is known that W > LR in the case
of normal likelihood.

An advantage of the Wald statistic in comparison with the LR statistic is that it only includes calculations
based on the unrestricted estimator é]u - On the other hand, in order to calculate the Wald statistic, we

have to estimate the information matrix.

Example (cont.) Let us calculate the Wald statistic in our example with a random sample from the
Poisson(\) distribution. The log-likelihood is

= i:Xilog)\ —nA— logﬁX,»!
i=1 i=1

So,

\)/ON = Z X;/A—n
and

(A\)/ON? = Z X, /N2
Thus,
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So, theWald statistic is
W =n(A—X)%/A=100-(5—-6)%-(1/5) = 20.

So, the test based on the Wald statistic rejects the null hypothesis with an even smaller p-value than the
test based on the LR statistic.

3 Score Test

Recall that the score is defined by

o, dlog Ly P 10
S(0) = S201X) = k(;g " (0]X) = Z %.
=1

By the first order condition for the ML estimator, S (éM 1) = 0. By the first information equality,
ol X 0
S(6p)] ZE{ ng | 0)} =0.
By definition of Fisher information,

E

<8logé;(9Xi9)>2] _ 1(60).

So, by the Central limit theorem, under the null hypothesis

1 S(6y)

Vi \/T(0o)

= N(0,1).

By the continuous mapping theorem,
LM = S(G())Q/(nl(ﬁo)) = N(O, 1)

The LM is called Lagrange Multiplier (LM) statistic. Let us show that the LM statistic will take large
values if the null hypothesis is violated. Consider the optimization problem log £(f|x) — max s.t. 6 = 6.
The lagrangian is

H =log L(0|z) — X\(0 — b)).

The FOC is
S(0) = A.

We know that 0,77 maximizes log £(0]|z) and, in large samples, O will be close to the true parameter
value 6 with large probability. If the true value of parameter 6 is far from 6y, then é]\,[ 1, will be far from 6.
So, if 0y maximizes H, A will be large. As a result, S(6p) and the LM will both be large. Thus, we can base
our test on the LM statistic.



If the null hypothesis is composite, we can substitute éo for 6y where éo denotes the restricted (under the
null) estimator of 6y.
Let us show that LM — LR —, 0. By the Taylor theorem,

2,

g2 (07 (00 — OnrL),

S(60) = S(60) — S(Brz) =

where 6* is between 0 and /. As before, —(1/n)0%1,,(6*)/90> —, I(6y). By the Slutsky theorem,

102, , .,
LM~ LR=LR —E%Q(Q)—I(QO) —, 0

Thus, we have shown that LR, Wald, and LM statistics are all asymptotically equivalent under the null
hypothesis. However, they differ in finite samples. For example, in the case of normal likelihood, we have
LM <LR<W.

An advantage of the LM statistic is that it only includes calculations based on the restricted estimator

0. On the other hand, in order to find the LM statistic, we have to estimate Fisher information.

Example (cont.) Let us calculate the LM statistic in our example with a random sample from Poisson(\)
distribution. We have .
S(Xo) = ZXi/)\o —n =500/6 — 100 = —100/6
i=1

and I()\()) = 1/)\0 = 1/6. SO,

S(ho)2 1 [100\° 100
LM = =— (=) 6=—~1
nI(No) 100 \ 6 6=-5 =1

4 Generalizations and Summary

Let © = (X1,...,Xn) be a random sample from distribution f(X|6) with 6 € ©. Suppose we want to test
the null hypothesis, Hy, that § € Oy against the alternative hypothesis, H,, that 6§ ¢ 0. Let 6o be a
restricted estimator, i.e. 0y solves maxgee, £(0]z), and 0y;7, an unrestricted (ML) estimator, i.e. 057, solves

maxgeo L£(0|z). Then, under the null hypothesis,
LR = Q(Zn(é]u];) — ln(éo)) = XZ

W =n(0rr — 00)1(Or11) Orrr — b0) = X2

LM = (1/n)S(00)I " (60)S(60) = x;,

and all of them are asymptotically equivalent to each other.
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