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1 Modes of Convergence

1.1 Almost Sure Convergence

Definition 1. Let {X,,; be a sequence of random variables. Then X, X if

P{w: nhﬁn;() Xp(w)=X(w)}) =1

Remark. Almost sure convergence means a sequence of functions X, (w) converges point-wise to X (w)
except for some measure zero set.

Theorem. X, “3 X if and only if

Ve > 0, 1131 P(| Xy —X|<eVk>m)=1

Proof. (=) Let Qy = {w : limy 00 Xn(w) = X(w)}. Suppose P(f2y) = 1. Let ¢ > 0 be given.
Let A,, = N2 {|Xr — X| < €}. Then A4,, C A1 Vm and limy, o0 P(Ap) = P(USS_; Am) by
continuity of probability measure. For each wy, there exists m(wg) such that | Xy (wo) — X (wg)| < € for
all k > m(wp). Therefore, Vwy € Qq, wy € A, for some m and we can conclude that Qg C UX_; A,
and 1 = P(Qp) < P(UX_,Ap) = limy, 00 P(Ap) = 1.

(<) Let Ay (L) be a set defined above with given e = L. Suppose that lim,, o P(Ay (1)) =1 for
all n. By continuity, we have P(A(2)) = 1 where A(1) = UX_,A,,(2). Let A = N2, A(L). Then
by the continuity, P(A) = 1 because A(Z)’s are monotone decreasing sequence of sets. Therefore,
Ywy € A and Ve > 0, there exists M such that |X,,(wg) — X (wp)| < € for all m > M. We conclude

that P({w : limy, oo Xm(w) = X(w)}) = 1. O

1.2 [LP-convergence
Definition 2. Let p € (1,00) and {X,,} be a sequence of random variables. Then,X,, L x i

E|X,|P < oo, E|X|P and lim E|X, - X[P=0
n— oo

Remark. We often use the case when p = 2 because L?-space is an inner product space and many
interesting results can be derived.
1.3 Convergence in probability

Definition 3. X,, 5 X if
lim P(|X, —X|<e) =1 Ve>0
n—oo



1.4 Convergence in distribution

Definition 4. Let {Fx, } and Fx be distribution functions of random variables {X,,} and X. X,, = X
if
lim FXn(x) e Fx(I) Vx € C(Fx)

n—oo

where C'(Fx) denotes the set of all points where Fx is continuous.

1.5 Relations of modes of convergence

1. X,, ¥ X implies X,, & X (Obvious by the Theorem above)
2. X, Kx implies X,, 5 X (Use Chebyshev inequality or its variants)

3. X,, & X implies X,, = X
(proof) Let x € C(Fx) and € > 0 be given. We have,

Fx,(z) = P[X,<a]=P[{X, <a}n{|X, - X[ <e}]+ P[{X, <z} n{|Xn - X| =€}
< PIX <z+d+P]|X, - X|>d

Hence, limsup Fx, (z) < Fx(x + €) because the latter term converges to 0 by in probability
convergence. Similarly,

1-Fx,(z) = P[X,=a]=P[{Xy, 22} n{[Xn - X| <e}]+ P{Xy = 2} N {| X5, — X| = €}]
< PX>x—¢€+P[|X,—X|>¢

Hence, liminf Fx, () > Fx(z — €) and we conclude that lim Fx, () = Fx(x) by continuity of
Fx at x.

4. X,, “¥ X does not necessarily imply X, L x.
(counterexample) Let X, be random variables defined on (2, F, P) where {2 = (0, 1), F is Borel
sets on (0,1) and P is the Lebesgue measure. Let X,, = nv Lio<cw<1y(w). Then Vw € (0,1) there
exists N such that X, (w) =0 for all n > N. Thus, X,, converges to 0 everywhere and obviously
X, “%0. However, E|X,|P = fl/n

o ndw=1 for all n and we can see that X,, does not converge
in LP to 0.

5. X, L% X does not necessarily imply X,, “¥ X.
(counterezample) Let Yy, ; = 1{%<w<%)where k>1,1<j <k Let X, be the lexicographic
ordering of Y3, ;. That is, X1 = Y11, Xo = Y21, X3 = Y59, X4y = Y31 and so on. Let k, be the

corresponding value of k for given X,,. Then it is easy to see that E|X,|P = %.Thus, Xn Lo,
However, given any w € (0,1), X,, does not converge to 0 because X, (w) = 1 infinitely often.

6. Two counterexamples above directly imply that the converses of both (1) and (2) are not true.

7. X,, = X does not necessarily imply X,, = X
(counterexample) Let our probability space have sample space = (f%, %) equipped with
Lebesgue measure. Let X(w) = w and X,, = —X. It is easy to show that both X and
—X has uniform distribution on (—%,%) and therefore X,, = X. However, given ¢ = %,
P(|X, — X| <€) = P{w : 2jw| > 5}) = & for all n. We conclude that X,, does not con-
verge in probability to X.



2 Limit Theorems and Delta Method

2.1 Law of Large Numbers

Theorem. Let {X,} be a sequence of independent and identically distributed random variables. Sup-
pose E|X1| < co. Then we have

Iy as

L2 X

i

where p = E[X4].

Remark. This is known as Strong law of large numbers. From the first section, we can see that it
directly implies the weak law of large numbers. i.e.

1 n
E;Xigﬂ

We can considerably relax the i.i.d. condition and there are many versions of both SLLN and WLLN.
However, some kind of independence structure is essential for any law of large numbers.

2.2 Central Limit Theorem

Theorem. Let {X,} be a sequence of independent and identically distributed random variables. Sup-
pose E|X1|? < co. Let X, = 3. X;, p = E[X1] and 0> = E[X}] — E[X1]?. Then we have

Ti

Vi S N

where N(0,1) denotes a random variable whose distribution function is

| x?
F(x) :/_Oo \/ﬂexp(—?)dx

2.3 Delta Method

Lemma. (Taylor Expansion) Let g(x) be a r-times continuously differentiable function in the neigh-
borhood ofa. Then we have

" g™ (a)(x —a)”
g(x):ZngT(x_a)

n!
n=0

R, (h
h(T) =0.

where R-(h) = o(h") or in other words limy,_,o

Definition. For a sequence of random variable {X,,} and a positive sequence a,, X,, = O,(ay,) if for
any € > 0, there exists C and N such that P(|2=| > C) < ¢ for all n > N.

X =op(ay,) if a% 5o0.
Lemma. Op(a,)op(b,) = 0p(anby)

Proof. Let X,, = Oy(ay,) and'Y;, = 0,(by,). Let €,n > 0 be given. Choose C such that P(|§—:| >C) < 2.
Choose N such that P(|§—:\ < §) < 2 forall n > N. Then we have,

XY, Y., X,
P22 <) < P(CIF2 < )+ P52 > C) <y ¥n> N
and we conclude that % 2. O



Lemma. If X, = X, then X,, = O,(1).

Proof. Let ¢ > 0 be given. Since X has a distribution function Fx and lim,_, ., Fx(z) = 1, there
exists C' such that P(|X| > C) < § where Fx is continuous at C'. By the convergence, we can choose
N such that |Fx, (C) — Fx(C)| < § for all n > N. Thus we conclude that P(|X,| > C) < € for all
n> N. O

Theorem. (Delta Method) Let \/n(Y, — u) = N(0,0%) and g(y) be a continuously differentiable in
the neighborhood of p with g'(u) # 0. Then we have,

Vi(g(Yn) = g(w)) = N(0,9'(1)*0?)
Proof. Using Taylor expansion, we can get

Vi(g(Yn) — g(p) = ' ()Vn(Yn — p) + VnRi (Y — 1)

Thus, it is sufficient to show that \/nR;(Y;, — p) = 0,(1). Let m(h) = £1(h) "By Taylor theorem, we

A
have limp_,o m(h) = 0. Let € > 0 be given. Choose § > 0 such that

m(h)| <e Vh<§

We have,
lim P(m(Y, —p)| <e) > lim P(|Y, —ul<d)=1
n— o0 n—oo
by WLLN. Thus, m(Y,, — 1) = 0,(1) and by the lemmas above, we can get the desired result. O

Remark. For o, and O, notations, equality (=) means logical implication from left to right. So one
can say o(1) = 0,(1) for example. You can derive other elementary results using o, and O, notations
easily.

3 From Class

3.1 Transformations

Theorem. (1-to-1 transformation) Let X be a continuous random variable with distribution function
Fx(x) defined on X and let fx(x) = F'(x). Let g(x) be a continuously differentiable strictly increasing
function. LetY = g(X) and Y = g(X) . Then we have

—1
I )G Wyey
0 otherwise

Iy (y) :{

Proof. First note that Fy(y) = P(Y <y) = P(9(X) <y) = P(X < g '(y)) = Fx (9~ (y)). Thus we
have,

Fry+A) —Fr(y) _ Fx(g'(y+4y) = Fx(g~'(v)
Ay A,
_ Ex(gT'y+AyY) - Fx(gT'(w) As
A, A,

where A, = g ' (y + A,) — g~ (y). Taking A, — 0, we get the desired result by differentiability of
g. O

Remark. It is obvious that you just need to change the sign for a strictly decreasing function.



Theorem. (K to 1 transformation) Suppose there exists a partition, Ag, A1,..., Ak of X and fx(x)
is continuous on each A;. Let g(x) be a function such that each g;(x) = g(x)lzea,}(x)’s are strictly
monotone on A; and continuously differentiable. Let Y = g(X). Then we have

= o de ()
fy(y) = fo(gi (y))|ldT|1{y€g(Ai)}(y>

Example. (x?(1) random variable) Let fx(z) = \/%7 exp(—32?). Let Y = X2. Then we have

1 1 1 1 1
= — + — = —y 2 exp(—2v), € (0,00
and get the x?(1) density.
(log-normal variable) Now let Y = exp(X). Then we have

1 1 1
= logy)— = exp(—=(logy)?), € (0,00
fy(y) = fx( gy)y e p(—5(logy)”), y € (0,00)
and get the standard log-normal density.

3.2 Short Note on Order Statistics

Definition. Let {X;, X5,..., X,,} be a random sample. (which means X;’s are i.i.d random variables)
Order statistic (XM, X ... X(™) is the ascending ordering of the random sample. ie. X1 <
X@ < xB® <. < X pth order statistic is X (™).

Remark. Note that the order statistic is a significant data reduction. There are n! different random
samples that can generate the same order statistic. In general, it is often the most we can get without
losing information. For parametric families, we can do much better than order statistic. (See sufficiency
part.)

Theorem. Let X; has distribution function F(z) and X;’s are continuous random variable. Then we

have
n!

mfx(%‘)ﬂx)“l(l — Fx)" "

fxm(x) =
Proof. We consider Fy(z + A) — Fx(z) = P(X") € (z,2 + A]). Note that it is equal to the
probability that » — 1 X,’s are smaller than z, 1 X; is in (z,z + A] and n — r X;’s are greater than
z + A. That is,

!
(r) — n: r—1 _ . n—r
P(X\") e (z,x+ A]) = (r—l)!l!(n—r)!F(x) (Flx+A)—F(z))(1 = F(z+A)"
Therefore, dividing by A and taking A — 0, we can have the desired result. O

Example. Let X1, Xy, ..., X,, be a random sample from U[0, An]. Then the density function of X ()

is
n! 1 T T

o/ X@A = F@)t =n- (-0t =1 - 30"

Note that as n — oo, the density function converges to %exp(—%). Think of each X; to be life span of

fxow(z) =

an independent component which can fail at any time before An. Then it makes sense to think X ™)
as the life span(or time before failure) of the machine built with those components. This explains why
exponential distribution is often used for duration models.
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