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Lecture 20

Cointegration

We think, or at least we cannot reject the null hypothesis, that many macro series have unit roots. For
example, log consumption and log output are both non-stationary. At the same time often we can argue that
some linear combination of them is stationary,say, the difference between log consumption and log output is
stationary. This situation is called cointegration. We will see on today lecture that asymptotic behavior of
estimates change completely depending on whether the series are cointegrated. The practical problem will
be though that we often do not have enough data to definitively tell whether or not we have cointegrated
series.

Multi-dimensional Random Walk

I start with summarizing multivariate convergence results. I am not providing proofs, but they can be easily
found in the literature. Each of the statements are just multi-dimensional variants of single dimension results
that we’ve already seen.

Let ¢, be i.i.d. k x 1-vectors with zero mean, E[e.€;] = Ij, and finite fourth moments. Then,
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where W is a k-dimensional Brownian motion. We also want to allow for serial correlation, so we need to
look at the behavior of

v =F(L)e , Y i|F| < oo
The longterm variance of v; will be F'(1)F(1)’. Finally, let
N = Me—1 + V¢

We will use the following results:
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Intro to Cointegration

Last time we started the discussion of OLS estimates on persistent regressors. We’ve seen on a case of
spurious regression that if there is no cointegration, then the estimate is not consistent, and |t| —? oco. Now
we consider an example of regression with persistent regressors when there is a cointegration.

Let us have two random walks, x; and y;, such that a linear combination of them is stationary. This
situation is called co-integration.

i (eg,ug) ~i.d.

{ Yy = By + ey

Ty = Tp—1 + Uy

Assume that Fe? = Eu? = 1;cov(es,u;) = ¢, and forth moments are finite. For simplicity assume that
er = ¢us + /1 — ¢?z, and apply convergence above to e; = (ut, 2¢)’.

1 Uy Wi (7)
— =
Fa(5)= (i
here W7 and W5 are two independent Brownian motions.
We are interested in OLS estimator of 3 in a regression of y; on x;. Notice that z; is not exogenous

(correlated with the error term in the first regression!). Despite this correlation (and contrary to your
cross-section-OLS intuition), 8 will be consistently estimated. Moreover, (3 is super-consistent.

%El‘tet - %th—let—f' %Zutet
77 .17 77 .17

T(3-B) =

From what we know the denominator converges to fol W2dt, the second term in the numerator satisfies the
Law of Large Numbers. The statement (b) implies:

1 /1 _ 2 1 1
Tth_let = %th_lutJrT(’bet_lzt éd)/ WldW1+\/1f¢2/ WidWsy
0 0

We conclude that

A ¢IW1dW1+\/1—¢2fW1dW2+¢
T(ﬁfﬂ)j fwlgdt .

Notice that if ¢ = 0 (z; is exogenous), then the limiting distribution T'(3 — 3) = %7??;2
zero and free of nuisance parameters. However, since ¢ # 0, the limiting distribution is slllifted. As a result,
{3 has a finite sample bias of order %, which could be large. In addition, one can show that the limit of
the t-statistic would also depend on ¢, and thus, not be free of nuisance parameters. This makes inference

difficult.

is centered at

Regression with persistent regressors.

Three facts from the example above may look strange at first: 1) the rate of convergence on persistent
regressor is stronger; 2) if regressor is persistent small endogenuity does not preclude us from having a
consistent estimator; 3) behavior for cointegrated case is strickingly different from no-cointegration.

Let us consider a more general regression that may have different stochastic and non-stochastic trends.
Let us write the model as

Yt = Y2t + e
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where z; = [211 22t 23t 24t] Where 21 is zero-mean and stationary, zo; is a constant, z3; is I(1), and z4 = t.
We can write z; as

F(L) 0 0 0 e
0 1 0 0 1
T R(I) ¢ H 0 m
(L) T k 1 t

where €; (i.i.d) and 7; (non-stationary process) are defined in the first section of this lecture. Assume that
e is a stationary process (we may think of it as a component of v;). The regression of such a for is called
canonical.

We show that the coefficients on the different components of z; will converge at different rates. 7 is the
OLS estimate. We are interested in the asymptotic behavior of

F—y=(22)" e

We need some normalization for this to converge to a distribution. Our normalizing matrix will be:

VTI, 0 0 0
0 VT 0 0
0 0 TI, 0
0 0o 0 T%?

Q=

here ky = dim(z11); ks = dim(z3;) We look at:
Q=) =(Q22Q7 )@ Ye

Consider the first part:

const ki X kij-matrix 0 0 O
O 1220 = 0 The elements of this block converge
0 to functions of Brownian motions. The exact
0 form of it is not important for the current point

Explanation:
- the convergence in the upper-left corner is due to Law of Large Numbers (applied to stationary process);
- % > 214 =P Ez1y = 0 due to LLN and 27 is mean zero;

- & 3 Z1123¢ is a sum of the form described in (b) so it converges to some linear function of [ W (t)dW (t)';
then, ﬁ > z1pzae —P 0.

- one can heck using Chebyshev’s inequality that % >zt —P 0
- you should check also that the normalization is right for all other elements of low-left matrix.

The important thing is that the matrix has a block diagonal structure, so we can look at the blocks
separately when inverting. Now, let’s look at the second part. We assume that z1; is exogenous, that is,
E(ei)z1t, 21,6—1..-) = 0. We do not assume that zs; is exogenous though(it may be that innovations to zs;
and error term e; are correlated).

\}lezé“ltet NEO7 1?;

-1/, _ T 26t N(0,27

@ e M | T 3 waw)a
ﬁ > tes N(0,57)
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17 is used for the long-run variance of zj:es; 27 - for the long-run variance of e;; 57 - for the limit variance (a
stronger Limit Theorem is needed here!); 73 and 74 denote some linear combination of stochastic integrals.
It is also known (Chen & Wei) that the first component is independent of the others.

Result :

VT (51 — 1) = N(0,v)

So 71 asymptotically a normal distribution at the usual rate, and the OLS t-statistic for 4 is asymptotically
N(0,1). All the other coefficients will converge to non-standard distributions at different rates. In particular,
the speeds of convergence are:

VT (%3 — 72) = something 2
T(43 — 73) = something 3
T3/2(44 — ~4) = something 4

Now let us consider a different regression
yr = Par + ey

where e; is stationary, and regressors z; may contain stationary and non-stationary components in different
combinations. We can find a linear transformation Dz; = z;, that transform our regression into a canonical
form ( z; = [21¢ 22t 23t 24¢] is described above). Sims showed that such a decomposition always exists. Then

Yt =Yzt + et

where v = 8D

So, what does this tell us about B? We know that B = D4. A component of B that is a linear
combination of 41, 43, and 44, and its distribution will be dominated by the behavior of 4; (due to its slower
convergence compared to the others). So, these components of B will be asymptotically normal and converge
at T. In particular, as long as we include a constant among the regressors, the coefficients that can
be represented as coefficients on the stationary regressors will be asymptotically normal and
converge at rate \/T

Example: Testing for Granger Causality
Suppose we have two series, y; and y2. We want to test whether y, Granger causes y;. We estimate
p p
Y=+ > Gr—i+ Y Qilari+ € (1)
i=1 i=1
and test Hy: oy = ... = ap = 0. Cases:
1. y1 is I(1), yo is stationary. Then the Wald stat = an, since z1¢ = Yo, 21¢ = 1, and 23 = Y1t

2. y1 is I(1), y2 is I(1), and cointegrated, i.e. a linear combination, w; = yot — Ay1; is stationary. Then
we can rewrite the regression as:

p p
yie=a+ > G+ Yy w6 (2)
i=1

= i=1

where g?)z = ¢; + A;. Then applying the results from above, a; converge to standard distributions,
and so does the Wald statistic. Note that we do not need to actually know w; and estimate (2).
We estimate (1) and just need to know that (2) exists, i.e. y; and ys are cointegrated for standard
asymptotics to apply.
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3. y1 and yo are I(1), but not cointegrated. Then in general, we cannot transform « to coefficients on
stationary regressors. As a result, the Wald statistic will not converge to a standard 2 distribution.

The lesson here is that it is important to know both whether or not series have unit roots and whether or
not they are cointegrated.

Application: Permanent Income Hypothesis

Mankiw and Shapiro (1985) tested the permanent income hypothesis by regressing
Acy = p+myl | +5t+ ¢

where Ac; is the change in consumption and y{ is disposable income. The null hypothesis is Hy : m =
0. However, disposable income has a unit root, so the t-statistic associated with 7m has a non-standard
distribution. We can get around this problem by estimating:

= p+ac_1+ 7rytd_1 + 0t + €

Under the null hypothesis ¢; and y¢ are cointegrated, so m will have a standard asymptotic distribution.
Stock and West (1988) pointed this out. This version of the test is easier to carry out in practice, but it
is not clear which version of the test is more powerful. Asymptotically, the first estimate of 7 is super-
consistent, but it has a finite sample bias of order % Because of this, the second version tends to perform
better in small samples.
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