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Part 1. Informal Introduction An Example (Cher-
nozhukov & Hong, 2003)

Consider GMM estimator for Instrumental Quantile Re-
gression Model:

E(r—1(Y <D'9))Z =

Maximize criterion

1

Ln,(0) = —n Egn(é)’W(f))gn(f))
Q)
with
1 n
n(0) = = —1(Y;, < D9 Z
(@ =13 (7= 1% < DY)
and

-1

W(@)—T(l_T)[ ZZZ’

Computing extremum is problematic.
Smoothing does not seem to help much.

Some other examples:
Nonlinear IV & GMM problems with many local optima.
Powell’'s censored median regression.
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Overview of Results:

1. Interpret

pn(0) o< exp(L,(6))

as posterior density, summarizing the beliefs about the
parameter.

This will encompass the Bayesian learning approach,
where L,(0) is proper log-likelihood.

Otherwise treat L,(0) as a ‘“replacement” or ‘“quasi”
log-likelihood, and posterior as quasi-posterior.

2. A primary example of an estimator is the posterior
mean

é:/ Opn(0)do,
S)

which is defined by integration, not by optimization.
This estimator is asymptotically equivalent to extremum
estimator 6*:

V(0 — 0%) = 0,(1),
and therefore is as efficient as 6* in large samples.
For likelihood framework this was formally shown by
Bickel and Yahav (1969) and many others. For GMM

and other non-likelihood frameworks, this was formally
shown by Chernozhukov and Hong (2003, JoE) and Liu,
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Tian, Wei (2007, JASA).

3. When a generalized information equality rlolds, namely
when the Hessian of the objective function Q(0) is equal
to the variance of the score,

V5Q(6o) = var[vnVQ(6o)],

=:J(60) =:Q(6,)

we can use posterior quantiles of beliefs p,(0) for infer-
ence. This is true for the regular likelihood problems
and optimally weighted GMM.

4. Numerical integration can be done using Markov
Chain Monte Carlo (MCMC), which creates a dependent
sample

S =W, ...,00),
a Markov Chain, whose marginal distribution is
C - exp(Ln(0)).

This is done by using the Metropolis-Hastings or Gibbs
algorithms or a combination of the two.

Compute the posterior mean of S— 6. Can also use
quantiles of the chain S to form confidence regions.
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Formal Definitions

Sample criterion function
L,(0)

I\/Ioti\iation of extremum estimators: learning by anal-
ogy Q =n"'L, — Q, so extremum estimator — 6g, the
extremum of Q.

L,(0) is not a log-likelihood function generally, but

exp[L,(0)]7(0)
Jo exp[Ln(0")]m(6")de’

pn(0) = (1)

or simply

pn(0) o< exp[Ln(6)]m(6) (2)

IS a proper density for 8. Treat it as a form of posterior
beliefs. Here, w(0) is a weight or prior density that is
strictly positive and continuous over ©.

Recall that proper posteriors arise from a formal Bayesian
learning model:

pn(0) = f(0|data) = f(datald)m(6)/f(data)
x f(data|@)m(0).

An example of estimator based on posterior is the pos-
terior mean:

é:/ Opn(0)d0.
©

Cite as: Victor Chernozhukov, course materials for 14.385 Nonlinear Econometric Analysis, Fall 2007. MIT OpenCourseWare
(http://ocw.mit.edu), Massachusetts Institute of Technology. Downloaded on [DD Month YYYY].



Definition 1 The class of QBE minimize the expected
loss under the belief p,:

0 = arg min | Ep, (p(d - 6))
- (3)

= arg min / p(d — 0)p,(6)do |,
de© =)

where p(u) is a penalty or bernoullian loss function:

i p(u) = |ul|?,

an absolute deviation |oss,

i p(u) =30 lw

lii. p(u) = Z?Zl(Tj — 1(u; < 0))u;, loss function.

Loss (i) gives posterior mean as optimal decision.
LLoss (ii) gives posterior (componentwise) median as op-

timal decision.
Loss (iii) gives posterior (componentwise) quantiles as

optimal decision.
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Computation

Definition 2 ((Random Walk) Metropolis-Hastings)

Given quasi-posterior density p,(0), known up to a con-
stant, generate (69, ...,60®) by,

1. Choose a starting value (9

2. For j =1,2,..,B, generate £U) = ¢U) 4 nl) nl) ~
N(0,c%I), and set

g+ — { €9 with probability  p(89),£0))
| 69 with probability 1 — p(80) ¢())
where
()
pn(€Y7) 1>.

6(])7 (.7) = min —,
p(0%7,67) o (000)

Implication of the algorithm is the ergodicity of the
chain, that is, the chain satisfies the law of large num-
bers:

iif(ew)L/ F(0)pn(0)do < o
B © . |
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Notes:

1. The parameter o2 is regulated such that acceptance
rate p is about .3-.5. Other parameters can be regulated
as well.

2. A good software package have been developed by
Charles Geyer. It is available through his page. R also
has some new MCMC packages. Of course, it is very
easy to code it up, though professional packages offer
faster implementations.

3. For more general versions of Metropolis, see refer-
ences. Also, extensive treatments are available in such
references as Casella and Robert's book and Jun Liu’s
book. Chib’s and Geweke's handbook chapters in Hand-
book of Econometrics are good references.

4. Formal computational complexity for concave L,
(Lovasz and Vempala (2003))

O(dim(6)3),
for non-concave L, (Belloni and Chernozhukov (2006))
O(dim(6)3).

The latter holding only in large samples, under the con-
ditions of Bayes CLT.
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e (Q-Bayes Estimator and Simulated Annealing:

lim Jo 0™ (6) df argmaxL,, (0)
i = XL,
A—oo [o ern@)rr () db gee

The parameter 1/X is called temperature.

e [ he nice part about quasi-Bayesian or Bayesian es-
timators is that to compute posterior means, no
need to send \ — oo.

Cite as: Victor Chernozhukov, course materials for 14.385 Nonlinear Econometric Analysis, Fall 2007. MIT OpenCourseWare
(http://ocw.mit.edu), Massachusetts Institute of Technology. Downloaded on [DD Month YYYY].



Part 2. Monte-Carlo Examples

e Simulation Example: Instrumental Quantile Regres-
sion
Y =D'B4+u, u=oc(D)e,
D =expN(0,I3), e= N(0,1)
o(D) = (1+3 D;))/5

e Instrument moment condition

n

9:(6) = = 3" (r-1(%i < a+ D)7, where Z = (1, D)

1=1

e Weight matrix
~1

1=1
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Table 1. Comparison of quasi-bayesian estimators
with least absolute deviation estimator (median
regression)

Estimator | rmse mad mean bias | med. bias | med.ad
n=200

Q-mean .0747 | .0587 0174 .0204 .0478

Q-median | .0779 | .0608 .0192 .136 .0519

LAD .0787 | .0628 .0067 .0092 0.051

n=800

Q-mean .0425 | .0323 -.0018 -.0003 0.028

Q-median | .0445 | .0339 -.0023 .0001 .0295

LAD .0498 | .0398 .0007 .0025 .0356

9
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Table 2. Comparison of quasi-bayesian inference with
standard inference

Inference coverage length
n=200
Q-equal tail .943 377
Q-symmetric(around mean) 941 .375
QR: HS .659 177
Inference coverage length
n=800
Q-equal tail .92 .159
Q-symmetric(around mean) 917 .158
QR: HS .602 .082
10
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e Simulation Examples: censored regression model

Y*=08+ X8+ u
X ~N(0,I3), u=X5N(0,1),
Y = max(0,Y")

e Quasi-Bayes estimator to the Powell CQR objective
function

Ln (8) = =) [Yi — max (0, X)

1=1

11
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Table 3. Comparison of quasi-bayesian estimators
with censored quantile regression estimates obtained
using iterated linear programming (100 simulation runs)

Estimator rmse mad mean bias | med. bias

n=400

Q-posterior-mean 0.473 | 0.378 0.138 0.134

Q-posterior-median | 0.465 | 0.372 0.131 0.137

Iterated LP(10) 0.518 | 0.284 0.04 0.016
3.798 | 0.827 -0.568 -0.035

n=1600

Q-posterior-mean 0.155 | 0.121 -0.018 0.0097

Q-posterior-median | 0.155 | 0.121 -0.02 0.0023

Iterated LP(7) 0.134 | 0.106 0.04 0.067
3.547 | 0.511 0.023 -0.384
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Part 3. Empirical Applications

e Dynamic Risk Forecasting, cf. Chernozhukov and
Hong (2003),

e Dynamic Games, cf, Ryan
e Complete Information Games, Bajari, Hong, Ryan

e Pricing Kernels, Todorov

13
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Application to Dynamic Risk Forecasting

e Dataset

Y;, the one-day returns, the Occidental Petroleum
(NYSE:OXY) security,

X, a constant, lagged one-day return of Dow
Jones Industrials (DJI), the lagged return on the
spot price of oil (NCL, front-month contract on
crude oil on NYMEX), and the lagged return
Yi1.

e Conditional Quantile Functions and Estimation

e Linear Model
Qt(T) — X?é e(p)a

e Semi-linear Dynamic Model a-la Engle:

q(7) = X30(7) + p(7)qe-1(7).

14
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Var(p) for dynamic model

Recursive VaR Surface in time-probability space.

Var(p) for static model

Images by MIT OpenCourseWare.
Non-recursive VaR Surface in time-probability space
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Part 4. Large Sample Theory of Quasi-Bayesian
Estimators — Formal Development

Assumption 1 (Parameter) 0y belongs to the interior
of a compact convex subset © of R?,

Assumption 2 (Identification) For any é > 0, there is
e > 0:

P{ sup l(Ln(e) _ Ln(00)> < —e} 1

10—00|>5 T

Assumption 3 (Linear Quadratic Expansion) For 6
in a ball at 0o,

I. L,(0) — L,(6p) =

(0 — 00)' An(60) — 5(0 — 00)'[nJ(00)](0 — 60) + Ru(6),
ii. An(00)/v/n - N(0,Q),

lii. Q and J(6p) are positive-definite, constant matri-
ces,

Iv. for each € > O there is sufficiently small § > O such
that

. |Rn(0)]
limsup P sup >ep <e€
" {990§6 14 nl0 — 0]
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Comments:

1. Assumptions and proofs are generally patterned but
differ from Bickel and Yahav (1969) and Ibragimov and
Hasminskii (1981).

2. Differences due to inclusions of non-likelihoods in
the framework.

3. Conditions also involve the Huber-style conditions
used in exremum analysis.

4. No direct assumptions on sampling mechanisms. Re-
sults apply quite generally.

Sensibility of Assumption 4.iv is immediate from usual
Cramer-Amemiya restrictions.

Lemma 1 Assumption 4.iv holds with

An(00) = VyLn(00) and J(0o) = Vg M (00),
if for § > 0, L,(0) is twice differentiable in 6 when |6 —
Oo| < 0
VoLn(00)/v/n — N(0,<)
and for each ¢ > 0,

P( sup

Voo Ln(0)/n — Vgg/M(0)| > e) — 0
10—00| <5

where M (0) is twice continuously differentiable at 0.
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Asymptotic Results

Using the obtained earlier beliefs

el (D7 ()
Jo el (6)dh’

pn(0) =

for large n, the belief p,(0) is approximately a random
normal density with

random mean = 6* = 0y — J(00) *2A.(00) /1
and constant variance parameter

variance= J(6p) */n.

Intuition for this result is simple: Define the local
parameter

u = /n(0 — 6p)
and also the local parameter relative to the (first order
approximation to) extremum estimator

h=+/n(0—0") =u—J(0) 1A,(6).
The quasi-posterior belief about u is

B(u) = #pn(eo +u/v/m)

and about h
P (R) = pn(h + J(60) ' An(60)/v/n).

19
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Then,

ﬁn(u) xX e Ln(60+u/\/ﬁ)_Ln(90>

- eu’An(eo)/ﬁ_%ul‘](QO)u . (1 + Op(l))

o eI (0) 1AL (00 /VY I (60) (u=T (60) A (60)) (1 4 6,(1))
Hence
pn(h) ez M0 (14 0p(1)).

Theorem 1 (Beliefs in Large Sample) In large sam-
ples, under Assumptions 1-3 + w(0) continuous and pos-
itive on ©,

v/det J(6o) oI (00)h
V(@)

where ~ means that, for any o« > 0,

TVM = /H (1 + |h|0‘>

pp(h) = p-(h) =

pi(h) = pi(h)|dh - 0.
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Theorem 2 (QBE in Large Sample) Under assump-
tion 1-3, for symmetric convex penalty functions ¢ and
conditions on the prior as in the previous theorem

V(0 — 6p) = v/n(0* — 6) 4+ 0,(1) = Zn + 0,(1)
where

Zn = J(00) A, /7,
and

Zn —%5 N(0, J(60) "1 Q(60) T (60) ™).
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If

Q(0o) = J(6o) (%)
then quasi-posterior quantiles are valid for classical in-
ference

(*) is a generalized information equality

(*) holds for GMM with optimal weight matrix, mini-
mum distance, empirical likelihood, and properly weighted
regression objective functions.

(*) holds when L,(0) is the log-likelihood function that
satisfied information equality

Suppose we want to do inference about a real function
of the parameter

9(90)7

and g is continuously differentiable at 6. For example,
g(6p) can be the j-th component of 6.

Define
Fyn(z) = /@ 1{9(0) < x}pu(6)db.

and
cgn(a) = inf{z : F,,(z) > a}.

Here c¢,,(a) is our posterior a-quantile, and Fj,(x) is
the posterior cumulative distribution function.

21
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Then a posterior CI is given by

[egn(a/2),cgn(1l —a/2)].

These CI's can be computed by using the a/2 and 1—«a/2
quantiles of the MCMC sequence

(g(0M)), ..., g(6™))
and thus are quite simple in practice.

The usual A- method intervals are of the form

[g(é\e) _I_ qo‘/2 \/VGQ&S/J%GO)_lveg@a g(é\e) + Q1—oz/2 \/V99{0;,7$(ﬁ9o)‘1ve9$]7

where q, is the a-quantile of the standard normal distri-
bution.

Theorem 3 (Large Sample Inference I) Suppose As-
sumptions 1-4 and (*) hold. Then for any o« € (0,1)

cyn(@) — g(B) — qu Yl — g, Ly

- /i

and

lim p*{cg,n(a/z) < g(6o) < cym(1 — a/Q)} —1-a

n—oo

22
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Can also use the Quasi-posterior variance as an estimate
of the inverse of the population Hessian matrix J. 1(6o),
and combine it with any available estimate of €,(60p)
(which typically is easier to obtain) in order to obtain
the A-method style intervals.

Theorem 4 (Large Sample Inference II) Suppose As-
sumptions 1-4 hold. Define for 6 = [ 0p.(6)d6,

7-1(60) = / n(0 — 6)(0 — 6)'pa(6)do,
e

and

PN A~

Cg n(Oé) = g(@) _|_ 4o ° \/veg@/;(eorlﬁn("o)t]n(90)’1%9(0)7
9

NG

where Q,(00) - Q(6o). Then J,(00)1 -2 J.(60)7 1,
and

lim P*{cg,n(oz/Q) < g(0o) < cgn(1l — a/Q)} =1-oa.

n—aoo

e In practice fn(eo)—l is computed by multiplying by n
the variance-covariance matrix of the MCMC sequence
S = (61,02, 00).
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Conclusions:

e Generic Computability using Markov Chain Monte-
Carlo. Quasi-Bayesian estimators are relatively easy
to compute by drawing a sample whose marginal
distribution is p,.

" Replace optimization with integration and inte-
gration is cheap and numerically stable while opti-
mization is neither” (Heckman)

e T heoretical framework unifies both Bayesian and
Non-bayesian — but similarly defined — estimators.

e Quasi-Bayesian Estimator have good formal prop-
erties; they are as good as extremum estimators.
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