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Fall 2007

Introduction
Function form misspecification error is important in elementary econometrics. Flexil]
ble functional forms; e.g. translog

y = B + BoIn(z) + B3[In(x)]?

Fine for simple nonlinearity, e.g. diminishing returns. Economic theory does not
restrict form. Nonparametric methods allow for complete flexibility. Good for graphs.

Good for complete flexibility with a few dimensions.

An Empirical Example

An example illustrates. Deaton (1989); effect of rice prices on the distributions of
incomes in Thailand.

p price of rice; ¢ amount purchased; y amount sold.

Change in benefits from dp is dB = (¢ — y)dp = p(q — y)d In(p).

Elasticity form:

D i) = (w— pu/),

w budget share of rice purchases; = total expenditure. Benefit/expenditure measure is
the negative of right-hand side.

Empirical Distribution Function
Simple nonparametric estimation problem. The CDF of Z is Fiz(z) = Pr(Z < z). Let
21y ey Zn be 11.d. data, 1(A) indicator of A, so Fz(z) = E[1(Z; < z)].

Empirical CDF.

Probability weight 1/n on each observation.
Consistent and asymptotically normal.
Nonparametrically efficient.

No good for density estimation.

Kernel Density Estimator
Add a little continuous noise to smooth out empirical CDF.
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Z,, have empirical CDF.
U a continuous random variable with pdf K (u), indep of Z,
h a positive scalar.
Define
Z=27,+hU

Empirical CDF plus noise. Kernel density estimator is density of Z.
Derivation: Let Fy(u) = [* K(t)dt be CDF of U.
By iterated expectations

= B[ < =)Z)]
= ER ) = 3 R

Differentiating gives pdf

fils) = sz<z>/dz=§;Kh<z—zi>/n;
Kn(u) = h™'K(u/h).

This is a kernel density estimator. The function K(u) is the kernel and the scalar h is
the bandwidth.

fn(z) = dFZ(z)/dz:iKh(z—Zi)/n;
Kn(u) = h*K(u/h).

Bandwidth h controls the amount of smoothing. As h increases, density smoother, but
more "noise” from U, i.e. more bias. As h — 0 get rough density, spikes at data points,
but bias shrinks. Choosing h important in practice; see below. f,(z) will be consistent
if h — 0 and nh — oo.

Examples:

Caussian kernel: K (u) = (2m)~1/2e /2,

Epanechnikov: K(u) = 1(Ju| < 1)(1 — u?)(3/4).
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Choice of K does not matter as much as choice of h. Epanechnikov kernel has slightly

smaller mean square error, and so optimal.

Bias and Variance of Kernel Estimators

(Z1, ..., Zy) are i.id..
Bias: fy(z) is pdf of Z;. Expectation of kernel estimator; with

i) = [ Kl =)o)t =1
= /Kufgz—hu)u

for change of variables u = (z — t)/h. Taylor expand fo(z — hu) around h = 0,

folz —hu) = fo(2) — fo(2)hu +T(h,u, 2)h?,
C(h,u,z) = fi(z+ h(z,u)u)u?/2,

where |h(z,u)| < |h|. For [ K(u)u*du < oo, [ K(u)udu = 0, assuming f{/(z) continl]

uous and bounded,
/K L(h,u, z)du — /K Yuldu) fY(2) /2.
Then for o(h?) = a(h) with lim;,__ga(h)/h* = 0,

h2/K(u)r(h,u 2)d /K Yu2du) f(2)/2
+o(h?)

Then multiplying the expansion
fo(z — hu) = fo(2) — fi(2)hu +T(h,u, z)h?
by K(u) and integrating gives
Elfu(2)] = folz) + R3S} /K Yu2du/2 + o(h?).
We can summarize these calculations in the following result:

PROPOSITION 1: If fo(z) is twice continuously differentiable with bounded second
derivative, [ K(u)du =1, [ K(u)udu = 0, [ u?K (u)du < oo, then

Elfu(2)] = fo(2) = Bfj(2) [ K(upudu/2+ o(h?)

Cite as: Whitney Newey, course materials for 14.385 Nonlinear Econometric Analysis, Fall 2007. MIT OpenCourseWare
(http://ocw.mit.edu), Massachusetts Institute of Technology. Downloaded on [DD Month YYYY].



Variance: From Proposition 1, E[K,(z — Z;)] = E[fu(2)] is bounded as h — 0.
Let O(1/n) denote (a,)$> ; such that na,, is bounded. Then by fn(2) a sample of average

n=1

of Kn(z — Z;), for h — 0,

A

Var(fu(z)) = {B[Kn(z — Z)*] = {E[Kx(z — Z)]}"}/n

= o [ KD althitn+ 01 /)

_ % [ K2 o = huduf (nh) + O(1 /).

For fy(z) continuous and bounded and [ K (u)?du < oo,

/K(U)2f0(2’ — hu)du — fo(z) /K(u)2du.

By h — 0, it follows that nhO(1/n) — 0, so that O(1/n) = o(1/nh). Plugging in
above variance formula we find,

~

Var(fu(2)) = fo(2) [ K(w)*du/(nh) + o(1/(nh))
We can summarize these calculations in the following result:

PROPOSITION 2: If fo(2) is continuous and bounded, [ K (u)?du < oo, h — 0, and
nh — oo then

~

Var[fu(2)] = fo(2) /K(U)2dU/(nh) +o(1/(nh)).

Consistency and Convergence Rate of Kernel Estimators
For consistency implied by

h — 0; bias goes to zero.

nh — o0; variance goes to zero.

Bandwidth shrinks to zero slower than 1/n.

Intuition for the h — 0: Smoothing "noise” must go away asymptotically to remove
all bias.

Intuition for nh — oo: For Epanechnikov kernel; K((z — Z;)/h) > 0 if and only
if |z — Z;] < h. If h shrinks as fast as or faster than 1/n, the number of observations
with |z — Z;| < h will not grow, so averaging over a finite number of observations, hence
variance does not go to zero.
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Explicit form for (MSE) under h — 0,nh — oc.

MSE(fu(2)) = Var(fu(z)) + Bias®(fu(2))
— fo(2) / K (u)2du/(nh)
FRALfY / K (u)u?du/2)?
+o(h* +1/(nh)).

By h — 0, MSE vanishes slower than 1/n. Thus, kernel estimator converges slower

1/2

than n="/“. Avoidance of bias by h — 0 means fraction of the observations used goes

to zero.

Bandwidth Choice for Density Estimation:

Graphical: Choose one that looks good, report several.
Minimize asymptotic integrated MSE. Integrating over z,

/ MSE(fu(2))dz = / K (u)?du/(nh)
+ / 2)2dz] / K (u)udu/2)?h
+o(h* +1/(nh)).
Min over h has first-order conditions
0 = —n'n20, +h3/ (2)2d=Cs,
o = /K Vdu, Cy = /K Yu2du]?.
Solving gives
h=[Co/nCs [ fi(z)2dz)]

— [C1/{nCs / (2)2d21V5.

Asymptotically optimal bandwidth. Could be estimated by ”plugging-in” estimator for
J/(2). This procedure depends on initial bandwidth, but final estimator not as sensitive
to choice of bandwidth for fj(z) as choice of bandwidth for fy(z).
Silverman’s rule of thumb: Optimal bandwidth when fy(2) is Gaussian and K (u) is
a standard normal pdf.
h =1.060n"°, o = Var(z)"

Use estimator of the standard deviation o.
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Estimate directly the integrated MSE:

JMSE(u)dz = [ E[f(z) ~ fol2)y)d
:.ﬂﬂnu fol2)}?
= B[ fu(2) = 2E[[ ful2)fol

Unbiased estimator of E[[ f,(2)?] is
[ @2z =3 [ Kz = Kt = Z;)dt/n?

To find unbiased estimator of second, note that

B[ fu@fol2)dz] = [ [ Kz =0 o) folt)dzt.

By observations independent, we can average over pairs to estimate this term. Last term
in MSE does not depend on h, so we can drop. Combining estimates of first two terms

gives criterion.

Cv(h) = [ fulydz - 2 N K(Z- 7).

n(n—1) vy
CV(h) = /fh(z)de . %Z:Kh (Zi— Z)).

Choosing & by minimizing CV (k) is called cross-validation. Motivation for terminology
is second term is

-2 i fanZ

f—zh ZKhz— 0/ (n—1).
JFi

Here f_i,h(z) is estimator that uses all observations but the ith, so that f_i,h(Zi) is
”cross-validated.”

Multivariate Density Estimation:

Multivariate density estimation can be important as in example. Let z be r x 1, K (u)
denote a pdf for a r x 1 random vector, e.g. K(u) = ITj_,k(u;) for univariate pdf k(u).
Let ¥ the sample covariance matrix of Z;. For a bandwidth h let

Ku(u) = h™" det(2) V2K (S7Y2u/h),
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A~Y/2 is inverse square root of positive definite A. Often K (u) = p(u'u) for some p, so
Kp(u) = b7 det(2) V2 p(u/S" u/h).

Multivariate kernel estimator, with scale normalization

Gaussian kernel: K (u) = (27)7"/2 exp(—u'u/2).
Epanechnikov kernel: K(u) = C,(1 — v'u)1(v'u < 1).

The Curse of Dimensionality for Kernel Estimation

Difficult to nonparametrically estimate pdf’s of high dimensional Z;. Need many
observations within a small distance of a point. As dimension rises with distance fixed,
the proportion of observations that are close shrinks very rapidly. Mathematically, with
one dimension [0, 1] can be covered with 1/h balls of radius h, while it requires 7~ balls
to cover [0,1]". Thus, if data equally likely to fall in one ball, tend to be many fewer
data points in any one ball for high dimensional data.

Silverman (1986, Density Estimation) famous table. Multivariate normal density at

zero, the sample size required for MSE to be 10 percent of the density
r| b 6 7 8 9 10
n | 768 | 2790 | 10,700 | 43,700 | 187,000 | 842,000
Curse of dimensionality shows up in convergence rate. FExpand again,

folz =hu) = fo(z) = h[0fo(2)/02]'u
+h*U' [0 fo(z + h(z,u)u) /0207 |u/2,

so bias asymptotically C3h? no matter how big 7. For the variance, setting u = (z —t)/h
[ Kz =02 fod = w7 [ K((z =)/ f(t)dt
= h_T/K(u)2fg(z — hu)du.
Integrating, with S=1,
| BHA2) = fol)Y2ldz = € (nh) + C3h'.

First-order conditions for the optimal h : 0 = —Cyrn=th=""! 4+ 4C5h3. Solving gives
h = C'n~'/*+% Plugging back in gives

| E{AE) = fol2)Y)dz ~ Crn9/05),
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The convergence rate declines as r increases.

Nonparametric Regression
Often in econometrics the object of estimation is a regression function. A classical
formulation is Y = X' + ¢ with E[¢|X] = 0. A more direct way to write this model is

E[Y|X] = X'8.

A nonparametric version of this model, that allows for unknown functional form in the
regression, 1S

EY|X] = go(X),
where go(x) is an unknown function.
Kernel Regression

To estimate go(x) nonparametrically, one can start with kernel density estimate and

plug it into the formula
go(x) = /yf(y!l“)dy
= [vfty.)dy/ [ fly.2)dy

Assume that X is ascalar. Let k(uq, u2) be a bivariate kernel, with [ t-k(¢, ug)dt = 0. Data
are (Y1, X1), ..., (Yo, Xy). Let K(ug) = [ k(t,uz)dt. By change of variables t = (y —Y;)/h,

A 1o w -Y, - X,
/yfh(y,af)dy = n'h 2Z/y/f(y )y
=1

= ntp7t Z/(Yi Rtk S dt
i=1 h

_ n_lh_lz}/;/k(t,x )t
=1

h )

= Y Yik(

1=1

: " —Y; =X,
[ hyidy = n7h? Y et =y
i=1

= 'Y K(E _hXi).
=1

Plugging in f,(y, ) in formula for go(z),

Sy aydy S YK (55)
J Fuly, )dy K (55

gn()
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Also, kernel regression estimator §(x) just defined by second equality.
This regression estimator is a weighted average, with

gn(z) = iwh(x)}/;,wh(x) — K (%)
= ’ YK (:c—hXj)

By construction, %, w?(xz) = 1, while w?(z) is nonnegative by K(u) being nonnegl’
ative. For symmetric K(u) with a unique mode at u = 0, more weight will be given
to observations with X; that is closer to x. Bandwidth h controls how fast the weights
decline. As h declines, more weight given closer observations. Reduces bias but increases
variance.

For multivariate X, formula is the same, with K (u) replaced by multivariate kernel,
such as

K(u) = det(2)Y2k(S72u)

for some kernel k(u). Consistency and convergence rate results are similar. Details
are not reported here because the calculations are complicated by the ratio form of the
estimator. Bandwidth choice below.

Series Regression

Another approach to nonparametric regression flexible functional forms with complete
flexibility by letting the number of terms grow with sample size. Think of approximating
go(z) by linear combination Y%, p;x (2)5; of approximating functions pjx (z), e.g. poly’]
nomials or splines. Estimator of go(z) is predicted value from regressing Y; on p* (X;)

for pX(z) = (pix (), ..., prx (z))'. Consistent as K grows with n.
Let Y = (Y1,...,Y,) and P = [PK(X;),..., PX(X,)]. Then

g(x) = p"(2)'B, 5 = (P'P)" P,
A~ denotes generalized inverse, AA~ A = A. Different than kernal; global fit rather than
local average.

Examples:
Power series: x scalar
pix(x) =271 (j=12,..)
pX(z)'3 is a polynomial. Such approximations good for global approximation of smooth
functions. Not when most variation in narrow range or when jump or kink. Using
orthogonal polynomials with respect to density can mitigate multicollinearity.
Regression splines: x is scalar,

pir(e) = 27, (j =1,2,3,4),
pix(x) = W >liyx)(x—Lliax)’, (j =5, ... K).
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The /1, ..., lx_4 are “knots,” p®(x)'f3 is cubic in between ¢;x, twice continuously differ(]
entiable everywhere. Picks up local variation but still global fit. Need to place knots.
B-splines can mitigate multi-collinearity.

Extend both to multivariate case by including products of individual components.

Convergence Rate for Series Regression
Depends on approximation rate, i.e. bias.
ASSUMPTION A: There exists v > 0, S, and C such that

{E[{go(X:) = p™ (Xa) B} }? < CK .

Comes from approximation theory. For power series, X; in a compact set, go(x) is
continuously differentiable of order s, then v = s/r. For splines, v = min{4, s}/r. For
multivariate, approximation depends on the order of the included terms (e.g. on power)
which grows more slowly with K when x is higher dimensional.

PROPOSITION 3: If Assumption A is satisfied and Var(Y;|X;) < A then

E{ix(Xi) — go(Xi)}?] < AK/n+ C*K ™,
Proof: Let

Q = P(PP)P.g=(3(X1),....5(Xs)) = QY.
Jgo = (90(X1)7 "-790(Xn))/75 =Y — 90,9 = PBK

@ idempotent, so I —( idempotent, hence has eigenvalues that are zero or one. Therefore,
by Assumption A,

E(90—9) (I —Q)(g0 — 9)]
< E [(90 —9) (90— g)}
< [{go(X0) — P (X0 il
< CnK™?%

Also, for X = (X3, ..., X,,), by independence and iterated expectations, for ¢ # j,
Eleie;|X] = Eleig;| Xi, Xj]
= FEleiEle;| X, X, €| Xi, X]]
= BleEle; | XX, X5] = 0.

Then for A;; = Var(Y;|X;) and A = diag(Aqq, ..., Apy) we have Elee’| X] = A. Tt follows
that for ¢r(A) the trace of a square matrix A, by rank(Q) < K,
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Fe'Qe|X] = tr(QFE [e€'|X]) = tr(QA)
= tr(QAQ) < Atr(Q) < AK.

Then by iterated expectations, Fle'Qe] < CK. Also,

é{g(x» ~ (X)P?
= (Q - 90)/@ - go)
= (Qe — (I -Q)g)(Qs— (I —Q)go)
= Qe+ gy(I — Q)go
= Qe+ (90— 7)1 — Q)90 — 9)-

Then by i.i.d. observations,

< AE + C?PK~,

Choosing Bandwidth or Number of Terms

Data based choice operationalizes complete flexibility. Number of terms or bandwidth
adjusts. Cross-validation is common. Let §_;;(X;) and §_; x(X;) be predicted values for
i'" observation using all the others, for kernel and series respectively.

S VK (557
Zj;«éiK(Xi;Xj) ,

. Y; — gx (X5)
k(X = Vi ,
g 7K< ) 1 — PK(XZ,)/(PIP)—PK(XZ,>

G-in(Xi) =

Second equality by recursive residuals. Criteria are

CV(h) = Y o(X)Yi = g-in(X)P,

v(x) is a weight function, equal to zero near support boundary;,. Choose h or K to

minmize.
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(weighted) sample MSE is

n

MSE(h) =" v(X){3n(Xi) — g0(X:)}2/n

=1
Cross-validation criteria optimal,
min, MSE(h) , )
= e
MSE(h)

Series too. h converges slowly.
Another Empirical Example:

Hausman and Newey (1995, Nonparametric Estimation of Exact Consumers Surplus,
Econometrica), kernel and series estimates, Y is log of gasoline purchased, function of
price, income, and time and location dummies. Six cross-sections of individuals from
Energy Department, total of 18,109 observations. Cross-validation criteria are

|| Kernel H Spline H Power ‘
|| h H (Y% H Knots H CVvV H Order H CV H

1.6 | 4621 1 4546 1 4534
1.9 | 4516 2 4543 2 4539
2.0 | 4508 3 4546 3 4512
2.1 | 4700 4 4551 4 4505
5 4545 5 4507
6 4552 6 4507
7 4546 7 4500
8 4551 8 4493
9 4552 9 4494

Locally Linear Regression:

There is another local method, locally linear regression, that is thought to be superior
to kernel regression. It is based on a locally fitting a line rather than a constant.
Unlike kernel regression, locally linear estimation would have no bias if the true model
were linear. In general, locally linear estimation removes a bias term from the kernel
estimator, that makes it have better behavior near the boundary of the z’s and smaller
MSE everywhere.

To describe this estimator, let K, (u) = h™"K(u/h) as before. Consider the estimator
g(x) given by the solution to

n

%nZY g—(x—Xi)8)° Kn(z — X,).
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That is g(z) is the constant term in a weighted least squares regression of Y; on (1, z—Xj;),
with weights K, (z — X;). For

Y = : , X = :
Y, 1 (z—X,)
W = dla’g(Kh(x_Xl)aaKh(x_Xn))

Yi 1 (I—Xl),

and e; a (r + 1) x 1 vector with 1 in first position and zeros elsewhere, we have

§(z) = (X' WX)LX'WY.

This estimator depends on x both through the weights Kj(z — X;) and through the
regressors r — X;.

This estimator is a locally linear fit of the data. It runs a regression with weights that
are smaller for observations that are farther from x. In contrast, the kernel regression
estimator solves this same minimization problem but with 3 constrained to be zero, i.e.,

kernel regression minimizes
n

> (Yi— 9)* Kz — X;)

i=1
Removing the constraint 5 = 0 leads to lower bias without increasing variance when go(z)
is twice differentiable. It is also of interest to note that B from the above minimization
problem estimates the gradient dgo(x)/0x.

Like kernel regression, this estimator can be interpreted as a weighted average of the
Y; observations, though the weights are a bit more complicated. Let

So = iKh(x - X)), S1 = iKh(x — X)) (x—X;), S = iKh(:c — X)) (z — X;)(x — X3
my = Zn:Kh(x - X)), my = zn:Kh(a: — X)) (z — X,)Y;.

i=1 i=1
Then, by the usual partitioned inverse formula

@ = 4[5 E] () = s st o - sisi )

S1 Sy my

7.7/_ Zi/; ! O —
= B K — X[ — S1Sy N (r — X))

n
i=1 i

It is straightforward though a little involved to find asymptotic approximations to the

MSE. For simplicity we do this for scalar x case. Note that for go = (go(X1), ..., 90(Xy))’

9(x) — go(z) = L (X' WX) ' X'W (Y — go) + ¢ (X'WX) X' Wgo — go(z).
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Then for ¥ = diag(c?(X1), ...,0%(X,)),
E[{g() = go(@)}’ | X1, Xu| = (XWX)'XWEWX(X'WX) e
~ ~ ~ 2
+{e(XWX) X' Wao - go(x) }

An asymptotic approximation to MSE is obtained by taking the limit as n grows. Note
that we have

WISy = 1S K = X - X/
Then, by the change of variables u :Z(_:z: — X)) /h,
E[n7'h78;] = E[Ky(x— Xi) {(z — X;)/h}Y] = / K (u)? fo(z—hu)du = p; fo(x) +o(1).
for u; = [ K(u)uw/du and h — 0. Also,
var (n’lh’ij) < n'E {Kh(x — X)?[(x — Xi)/h} Qj] <n'h! /K(u)2u2jf0(x — hu)du
< Cntht—0
for nh — oo. Therefore, for h — 0 and nh — oo
n'hIS; = pifo(z) + 0,(1).
Now let H = diag(1,h). Then by ug =1 and p; = 0 we have

Al v -1 1 So h~tS, . 10
nH ' X'WXH " =n lh_lsl 125, = fo(x) 0 s +0,(1).

Next let v; = [ K(u)?*u/du. then by a similar argument we have

h% Zn: Kz = X:)* [(& = X3)/h) 0*(Xs) = v; fo(x)o® () + 0p(1).

i=1
It follows by 14 = 0 that
nThH I X'WEWXH ™ = fo(z)o?(x) [ Yo 02 ] + 0,(1).
Then we have, for the variance term, by H 'e; = e,
SXWX) X' WEWX(X'WX) ey

H—lX’WXH‘1>_1 hH X' WSW X H! (H—lX’WXH‘1>_1 ey
1
n

= n'hle|H™? (
n

_ n-lh—ll(eg[g HAREAIE 0])%@]
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It then follows that
o*(x)

/()

AXWX)IX'WEWX(X'WX) ey =nth™! (1/0 - op(l).>

For the bias consider an expansion
9(X) = gofa) + ()X = 2) + S04 @)X — 2 + <ol (X)X, — )
Let 7; = go(Xi) — go(x) — [dgo(x)/dx] (X; — x). Then by the form of X we have
9= (90(X1), .-, 90(Xn))" = go(x)Wer — go(z)Wes +r
It follows by €}e; = 0 that the bias term is

XWX)IX'Wg — golz) = L (X'WX)LX'WXeygo(x) — go(z)
+eh (X'WX) P X'W Xeagh(z) + L (XWX)LX'Wr = ey (X'WX) X' W

Recall that
IS, = fo() + 0,(1).

Therefore, by s = 0,
~ 1
nTh2H ' X'W((xz — X1)?, ..., (z — Xn)2)'§g'0'(x)
n~th72S 1, 1,
= (e ) gt = o) (1) g6 + a0

Assuming that gy'(X;) is bounded, bounded

Hn1h2H1X'W (& = X0)P gl (K1), s (& — X0t (X))

< (max {n_lh_2 ZKh(x - X)) | — Xi\?’ , n_lh_254} — 0.

Therefore, we have

n

_ %2 [gg(x)e’l ( ; 52 )1 ( " ) +op(1)]

2

= Sl +o,(1)

HlX/WXHl)‘l h2H-1X'Wr
n

XWX)IX'Wr = th’lH‘1<
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Exercise: Apply analogous calculation to show kernel regression bias is

fie)

1
ot ( 3eo) + )
Notice bias is zero if function is linear.

Combining the bias and variance expression, we have the following form for asymptotic

MSE:

L oor) 2 2
nhVU fO(I) 4 gﬂ(x> Ho-

In contrast, the kernel MSE is

f@]"

fo(z)] ™2

Bias will be much bigger near boundary of the support where fi(x)/fo(x) is large. For

2 h4
)+ 2640

example, if fo(z) is approximately x® for x > 0 near zero, then f}(z)/fo(x) grows like
1/x as x gets close to zero. Thus, locally linear has smaller boundary bias. Also, locally
linear has no bias if go(z) is linear but kernel obviously does.

Simple bandwidth choice method is to take expected value of MSE.

One could use a plug in method to minimize integrated asymptotic MSE, integrated

over w(x) fo(z) for some weight.
Reducing the Curse of Dimensionality

Idea: Restrict form of regression so that it only depends on low dimensional coml[]
ponents. Additive model has regression additive in lower dimension components. In[]
dex model has regression depending only on a linear combination. Additive model,
X = (z1,..,2.),

Emmziwaﬂ

One dimensional rate. Series estimator is simplest. Restricts approximating functions to
depend on only on component. Scalar u and pyr(u), ¢ = 1, ..., L approximating functions,

pH(u) = (prp(u), o prr(u)) , K = Lr + 1let p*(x) = (1,p"(x1)', ..., p"(2,)')'. Regress
Y; on p(X;). For 3° equal to constant and (37, (j = 1,...,7) the coefficient vector for

P/ T
900 = 3+ Y ph(a) B
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PROPOSITION 4: If Assumption A is satisfied with go(X) equal to each component
gj0(X;) and p®(X) replaced by (1,p"(X;)"), where the constants C,~ do not depend on
J, and Var(Y|X) < A then

E[{jx(Xi) — g90(Xi)}?]
< A/n+r[AL/n+ C*(L+1)"2].

Proof: Let p"(u) = (1,p*(u)’)'. By Assumption A, is C' and ~ so for each j and L is
a (L+1) x 1 vector BjL - (~{L’ ~%L/>/,

El{gjo(X;) — " (X,) /"y < C*(L+1)7*7.
Let 3= (X, BiE B BY so that
E[{g(X) - p"(X)'B}?]
= 3 Bllgn(X,) ~ 715 B
< iCQ(L +1)72,
Then as in the proof of Propostion 3, we have

El{gr(X) = go(X)}?]
< AK/n+rC*(L+1)"%
= A/n+7r[AL/n+C*(L+1)"%]. QE.D.

Convergence rate does not depend on r, although does affect. Here r could even grow
with sample size at some power of n. Additivity condition satisfied in Hausman and
Newey (1995).

Semiparametric Models

Data: 7, Z>, ... i.i.d.

Model: F a set of pdfs.

Correct specification: pdf fy of Z; in F.

Semiparametric model: F has parametric § and nonparametric components.

Ex: Linear model E[Y|X] = X'f3y; parametric component is 3, everything else non(]
parametric.

Ex: Probit, Y € {0,1}, Pr(Y = 1|X) = &(X'f3y) is parametric component, nonparal]

metric component is distribution of X.
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Binary Choice with Unknown Disturbance Distribution: Z = (Y, X),
v(z, B) a known function,

Y =1Y">0),Y" =v(X, ) — ¢, independent of X,

This model implies

Pr(Y = 1]X) = G(v(X, fo)),

Parameter 3, everything else, including G(u), is nonparametric. The v(z, 3) notation
allows location and scale normalization, e.g. v(z, 8) = z1 + 255, x = (x1, 24)’, 21 scalar.

Censored Regression with Unknown Disturbance Distribution: 7 =
(Y, X),
Y = max{0,Y*},Y* = X' + ¢, ¢ independent of X;
Parameter 3, everything else, including distribution of ¢, is nonparametric.
Binary choice and censored regression are limited dependent variable models. Semi-

parametric models are important here because misspecifying the distribution of the dis[]
turbances leads to inconsistency of MLE.

Partially Linear Regression: Z = (Y, X, W),
EY|X, W] = X8y + go(W).

Parameter (3, everything else nonparametric, including additive component of regression.
Can help with curse of dimensionality, with covariates X entering parametrically. In
Hausman and Newey (1995) W is log income and log price, and X includes about 20
time and location dummies. X may be variable of interest and go(Z) some covariates,
e.g. sample selection.

Index Regression: Z = (Y, X), v(z, 3) a known function,
EY[X] = 7(v(X, fo)),

where the function 7(-) is unknown. Binary choice model has E[Y|X]| = Pr(Y = 1|X) =
T(v(X, o)), with 7(-). If allow conditional distribution of € given X to depend (only) on
v(X, Bo), then binary choice model becomes index model.

Semiparametric Estimators
Estimators of 3y. Two kinds; do and do not require nonparametric estimation. Really
model specific, but beyond scope to say why. One general kind of estimator:

B =arg %éigng“ﬁ)/”’ fo = argmin Elq(Z;, B)],
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B set of parmaeter values. Extremum estimator. Clever choices of ¢(Z, ) in some
semiparametric models.

Conditional median estimators use two facts:

Fact 1: The median of a monotonic transformation is transformation of the median.

Fact 2: The median minimizes the expected absloute deviation, i.e. med(Y|X) min(]
imizes E[|Y — m(X)|] over functions m(-) of X.

Binary Choice: v(z, ) include constant, ¢ has zero median, then med(Y*|X) =
v(X, Bo). 1(y > 0) is montonic tranformation, Fact 1 implies med(Y | X) = 1(med(Y™*|X) >
0) = 1(v(X, fo) > 0). Fact 2, 5y minimizes E[ly — 1(v(x, 8) > 0)]], so

§ = argmin 3"V~ 1(6(X,,5) > 0)]
i=1
Maximum score estimator of Manski (1977). Only requires med(Y™*|X) = v(X, fy); allows
for heteroskedasticity:.

Censored Regression: 2/ includes a constant, € has median zero, then med(Y*| X)
X'Bo. max{0,y} is a monotonic transformation, so Fact 1 says med(Y|X) = max{0, X'fy}.

By Fact 2, fp minimizes E[ly — max{0,2'}|], so
B = arg mﬁ}nz |Y; — max{0, X S}|.
i=1

Censored least absolute deviations estimator of Powell (1984). Only requires med(Y*|X) =
X', allows for heteroskedasticity.

Generalize: med(Y*|X) = v(X, ) and Y = T(Y*) for monotonic transformation
T(y). By Fact 1 med(Y|X) = T(v(X, 5y)). Use Fact 2 to form

n
5= argmin Y |Y; - T(0(X;, 9))|.
i=1
Global minimization, rather than solving first-order conditions, is important. For
maximum score no first-order conditions. For censored LAD first-order conditions are
zero whenever z/3 < 0 for all (i =1,...,n).
Approach provides estimates parameters and conditional median predictions, not con!]
ditional means. Generalizes to conditional quantiles.

Consistency and Asymptotic Normality of Minimization Esti-
mators
A consistency result:
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ProPOSITION 5: If i) Elq(Z, )] has a unique minimum at [y, ii) fo € B and B is
compact; iii) q(Z, B) is continuous at 3 with probability one; ) Elsupscp |q(Z;, B)] < oo;
then

A . n P
3 —argmin 3 q(Z:6) = b

Well known. Allows for ¢(Z, §) to be discontinuous. Binary choice model above, asl]
sumption iii) satisfied if v(z, ) = 2/ and X; includes continuously distributed regressor
with corresponding component of 5 bounded away from zero on B. All the conditions
are straightforward to check.

An asymptotic normality result, Van der Vaart (1995).

PROPOSITION 6: If 3 -2 By, fBo is in the interior of B, and i) Elq(Z;, )] is twice
differentiable at By with nonsingular Hessian H; i) there is d(z) such that E[d(Z)?] exists
and for all 3,5 € B, lq(Z, B) —q(Z,B)| < al(Z)HB~ — BI; i) with probability one q(Z, )
is differentiable at By with derivative m(Z), then

n'2(3 — Bo) % N(0, H ' E[m(Z)m(Z)|H ™).

Straightforward to check for censored LAD. Do not hold for maximum score. Instead
n'3(6 — o) < .

Estimators with Nonparametric Components

Some models require use of nonparametric estimators. Include the partially linear
and index regressions. We discuss least squares estimation when there is a nonparal’
metric component in the regression. Basic idea is to ”"concentrate out” nonparametric
component, to find a ”profile” squared residual function, by substituting for nonpara!]
metric component an estimator.

Partially linear model as in Robinson (1988). Know E[Y|X, W] minimizes E[(Y —
G(X,W))?] over G, so that

(Bo, 90(-)) = axg min BI{Y; — X5 g(W)}¥?.

Do minimization in two steps. First solve for minimum over g for fixed 3, substituting
that minimum into the objective function, then minimize . The minimizer over g for
fixed (3 is

E[Y; — X1{5|Z] = E[Yi|Zi] - E[Xi|Zi]/ﬁ-

Substituting
Bo = argmin B[{Y; — E[Y}| 2] - (X; — E[Xi| Z])'5}].
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Estimate using E[Y;|Z;] and E[X;|Z;] and replacing the outside expectation by a sample
average,
B = argmin }_{Y; — B[ 2] - (Xi — E[Xi| )5} /n.
i=1
Least squares of Y; — E[Y;|Z;] on X; — E[X;|Z;]. Kernel or series fine.
Index regression, as in Ichimura (1993). By E[Y|X]| = 7o(v(X, 5)),

(B0, 70(")) = arg min E[{Y; —7(u(Xi, £))}]:

Concentrating out the 7, 7(X, ) = E[Y|v(X, 8)]. Let 7(X;, 5) a nonparametric estimator
of ElY|v(X, /)], estimator is

B = argmin} {V; — 7(X;, 5)}.
i=1
Generalize to log-likelihood and other objective functions. Let ¢(z,3,n) depend
on parametric component § and nonparametric component 7. True values minimize

Elq(Z, 3,m)], Estimator 7(5) of n(f) = argmin, Elq(Z, 5,1)],

B = arg Inﬁlni Q(Zi7 B, 77(5))

i=1
Asymptotic theory difficult because of presence of nonparametric estimator. Know that

often n~1/2

rate, asymptotically normal, and even estimation of 7(/3) does not affect
asymptotic distribution.

Other estimators that depend on nonparametric estimators may have affect on lim[’]
iting distribution, e.g. average derivative estimator of Stoker (1987) and Powell, Stock,
and Stoker (1989).

Joint maximization possible but can be difficult because of need to smooth. Cannot
allow 7(8) to be n-dimensional.

An empirical example is Hausman and Newey (1995). Graphs are actually those for
g(w) from a partially linear model.

Example of theory, series estimator of partially linear model. Let p (w) be a K x 1

vector of approximating functions, such as power series or splines. Also let

Y = (Yi,..Y.) X = [X1, .. X,
P = [pf(Wh),...p" (W), Q=P(P'P) P,

Let E[Y;|W;] = p"(W;)(P'P)~P'Y and E[X!|W;] = p"(W;)(P'P)~P'X be series estil]
mators. Residuals are (I — Q)Y and (I — Q)X, respectively, so by I — () idempotent,

f=X'1-QX)'X'(I-Q)Y.
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Here B is also least squares regression of Y on X and P. Result on n'/?-consistency and

asymptotic normality.

PROPOSITION 7: If i) Y; and X; have finite second moments; ii) H = E[Var(X;|W;)]
is nonsingular; 1) Var(Y;| X, W;) and Var(X;|W;) are bounded; iv) there are C, 7,, and
vz such that for every K there are ax and B with E[{go(W;) — axp®(W;)}?] < K~
and E[|E[X|W;]—=BxpX(W)|?] < CK=2= v) K/n — 0 and n*/2K~0s%%) — 0, then
for ¥ = E[Var(Y;| X;, Wi){X; — E[Xi|Wi]{X; — E[X;|Wi]}],

n'/2(B = Bo) < N(0, H'SH™).

Condition ii) is an identification condition that is essentially no perfect multicollinear!(
ity between X; and any function of W;. Intuitively, if one or more of the X; variables
were functions of W; then we could not separately identify go(1V;) and the coefficients on
those variables. Furthermore, we know that necessary and sufficient conditions for identil
fication of 5 from least squares objective function where g(Z) has been partialled out are
that X; — E[X;|W;] have a nonsingular second moment matrix. By iterated expectations

that second moment matrix is

B[(X; — EX|Wi)(X; — ELX.|W)
— BIE{(X; — ELX.|W)(X; — ELX.|Wi)Y HWi] = H.

Thus, condition ii) is the same as the usual identification condition for least squares after
partialling out the nonparametric component.

The requirement K/n — 0 is a small variance condition and n'/2K~(s+%) — () a
small bias condition. The bias here is of order K~(9*%) which is of smaller order than
just the bias in approximating go(z) (which is only K ~9). Indeed, the order of the bias of
A is the product of the biases from approximating go(z) and from approximating E[z|z].
So, one sufficient condition is that the bias in each of the nonparametric estimates vanish
faster than n~'/4. This faster than n~/* condition is common to many semiparametric
estimators.

Some amount of smoothness is required for root-n consistency. Existence of K satl]
isfying the rate condition iii) requires that 7, + 7, > r/2. An analogous smoothness
requirement (or even a stronger one) is generally needed for root-n consistency of any

semiparametric estimator that requires estimation of a nonparametric component.
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Proof of Propostion 7: For simplicity we give the proof when X; is scalar. Let

M = I-Q,7Z=Wy,..,W,),

X = [E[X1[WA], ..., E[Xa W],
Vo= X—X,90=(90(21) -, 90(zn))",
e = Y =X — go

Substituting Y = X5y 4+ go + € in the formula for A, subtracting [y, and multiplying by

n'/? gives

nl/Q(B — Bo)
= (X'MX/n)"YX'Mgy/n'/? + X'Me /n*/?)

By the law of large numbers V'V /n L, H. Also, similarly to the proof of Proposition 3,

V'QV/n = O,(K/n), X'MX /n = O,(K "),
goMgo/n = Op(K_QVQ).

Then V'MV/n -2 H and

|[V'MX /n
< (VIMV/)YAH(X'MX /n)? 250,

so that

X'MX/n = (X+VYM(X+V)/n
= X'MX/n
+2X'MV/n+V'MV/n 2> H.

Next, similarly to the proof of Proposition 3 we have E[VV'|W] < C1,, and Elee'|W, X] <
C1,. Then

E[{V'Mgo/n'?*}?] = ElgeME[VV'|W]Mgo]/n
< CE[g\Mgo)/n
= O(K %) —0.

X Mg/nt

n(X'MX /n)(g6Mgo/n)

— Op(nK_2'Yx_2'Yg) 250,

N

IN
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so that X'Mgo/n/? = X'Mgo/n'/? + V' Mgy /n'/? 2 0. Also,

E[{X'Me/n'?}?] = E[X'ME[e'| X, W|MX]/n
CE[X'MX]/n

O(K %) — 0,
E[{V'Qe/n'?}?] = E[V'QE[e'| X, W]QV]/n
CE[V'QV]/n

= O(K/n) — 0,

IN

IN

and by the central limit theorem, V' /n!/2 -4 N (0, ). Therefore,

X'Me/n*? = X'Me/n'/?
+Ve/n'? —V'Qe/n'? -4 N(0,3).

Then by the continuous mapping and Slutzky theorems it follows that

W23 = o) = (H+0,(1)[V'e/n'? +0,(1)]]
-4 HTIN(0,) = N(0,H'SH™).
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