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Part 1: Nonlinear CEF Facts

Part 1: Probits, Logits, Tobits, and other Nonlinear CEFs



Going Latent (in Binary): Probits and Logits

Scalar bernoulli y;, vector x;. Assume
v =B+,
yi =1y >0}
y# and v/: latent (unobserved) random variables
Whats the CEF (Ely;|xi])?
Depends on the (conditional) CDF (of v}):
Elyilxi] = P(yi > 0lx;)
= P(vi' = —xiB|xi)
=1-Fy(—xiB)
= Fv(xiB)

Last line follows by CDF symmetry (usually assumed)

Probit F,-() =7 Logit Fy«() =7 Must the CEF actually be nonlinear?



Part 1: Nonlinear CEF Facts

Nonlinear Estimation

Two ways (at least) that f is (probably) identified

(where “probably” = “given some innocuous technical conditions”)

© Maximum Likelihood (MLE):
.BMLE = argmaXH ylx (vilxi, B)

—argm[?XHFv*(X Yi(1= Fye(x[B))E Y

since P(y; = 1|x;,B) = Fy+(x/B) and P(y; =0|x;,) =1— Fy-(x/B)
© Nonlinear Least Squares (NLS)
BN = arg min £ [(yi Fy-(xiB))?]
since Elyi|xi] = Fy+(x!B) = yi = Fy-(x/B)+€; with
Elej] = Ely; — Elyilxi]] =0

As with OLS, minimize expected squared prediction error, E[€?]



Part 1: Nonlinear CEF Facts

Maximum Likelihood

1 = argmax [T For (4B)" (1~ F- (B!
=argm5x;y,-ln Fr(4B) + (1~ y)In(1 — Fy-(B))
F.O0.C.:
pHe)

'RMLE
0= Z WLE)X (1- y)l_F((EIBMBE)

_Z< /BMLE) ,_El( (y[I;)MLE)> for (xiBME)xi
(X
(X

( ( /ﬁMLE)) /BMLE)
LR M P ()

Plug-in estimator BMLE solves this in the sample




Part 1: Nonlinear CEF Facts

Nonlinear Least Squares

BNES = arg min £ [(vi — Fo-(x/B))?]

F.O.C. (ignoring —2 factor):

0=E[(y; — Fv- (x/B""*)) i (xiBME)xi]

Plug-in estimator BNLS solves this in the sample

0=y L0 = Fu- (4BM)) e (fBMES )

i

Look familiar?



MLE as Weighted Nonlinear Least Squares

Weighted NLS (like weighted least squares):

BN = arg min £ [W(xi,yi)(vi — Fv-(x(B))?]

for some (known) weight function W(x;,y;). F.0.C.7

0=Y W(xi,yi)(yi — Fv: (x{B“NES)) fy (x; BNES ) xi
Recall

(v~ Fy- (4BME) - (4 BME )

0= — —
T i (XBMIE) (L~ o (BMIE))

W is a weighted NLLS estimator! But with what weights?




MLE as Weighted Nonlinear Least Squares (cont.)

WMLE (i, 1) = (For (BMEE) (1~ Fye (< BMEE)))
@ MLE infeasible as one-step wNLS estimator (B/’V’E on both right and

left of optimization)

o But recall another infeasible estimator
I
BGLS—argmmZ< f)

where Vi(x;) is the conditional variance of €. (depends on EGLS)
@ We make GLS feasible by taking a first-step consistent estimate of
Ve(x;) (by, say OLS), then solving

BFGLS — rg min yi—xiB
B

Vg(x,)




MLE as Weighted Nonlinear Least Squares (cont.)

1 1
WMEE (x5, i) = — TN

Fyr (i BMEEY(L = Fy (i BMEE)) - V(i)

Because y; is bernoulli.
o Can take first-step consistent estimate of WMLE(x; y;) (by, say NLS)
then solving wNLS FOC to get fMLE:

—

e Use BMLE: to get WMLEL —, BMLE> s WMLEs

—

e lterating to convergence gives BMLE



Going Latent (with Truncation): Tobit

Assume

yi = max(0,x;B + &)

g ~ N(0,6°)
Useful normal fact: if w ~ N(u,0?) and c fixed,
n—c c—u
E[W]W>c]:u+6¢(#‘ic) and E[W|W<C]:u—6¢(cf#)
®(55°) ® (<)

CEF:

Elyi|xi] = Elyilxi,yi = 0]P(yi = 0|x;) + Elyi|xi,yi > 0] P(y; > 0|x;)
= (x{B + Eleilxi, & > —x{B]) P(&; > —x{B|x;)
_(y ¢(x;B/0) N
- < lﬁ+6¢(xl/ﬁ/6)> ¢( IB/G)

=XxBP(xip/0)+0¢(xB/0)



Part 2: IV/2SLS Facts

Part 2: Some Facts about IV and 2SLS



Matrix-y 1V

Setup:
@ nx 1 vector Y, nxr “endogenous” matrix Xy

@ n X s matrix of “controls” X5, n x t matrix of “instruments” Z;
X1=21m 4+ Xom+v
Y=Xif+XoBr+¢
Terminology:

o (1) the first stage; (2) the second stage.
o Plugging (1) into (2) gives the reduced form:

y=(Zm+Xom+V)p1+XoP2+¢€
= Z1(mP1) + Xo(m2B1 + B2) + (V1 +€)

e Model is identified if t > r (just-identified if t = r)
@ Exclusion restriction: E[Z'€] =0 (weak), E[e]Z] =0 (strong)




Matrix-y IV (cont.)

Xi=Zim+Xom+vVv
Y =X+ XoB2+¢€

Define:

XE[Xl XQ], nx(r+s)
Z [Zl Xz], n><(t—|—5)

Also define:
P;=2(Z2'2)71Z, Py=Xo(X)Xo) 1 Xa, Ma=1—P,

What's PzZ =? P, X =7 MbXo =? PP, =? P, =7



2SLS is an |V Estimator

IV Estimator:

BV = (WX) W'y
W = ZA

where A= (t+s) x (r+s) is some (possibly random) matrix.
Note that when we're just-identified (t = r) A is (probably) invertible, so
BV = (AZ'X)'AZ'Y
=(Z’X)TATIAZY =(Z'X) 2y
— all IV estimators are (numerically) equivalent when just-id

Two-Stage Least Squares sets A= (Z'Z)"1Z'X. What's W?



2SLS is a second-stage WLS/OLS regression

Two-Stage Least Squares is

[325L (Z2(Z2) 1 Z2’X)YX)" Y (2(Z’2) 2 X) Y

= (
((PzX)YX) ™ (PzX)'Y
= (
(

X'PzX)1X'PyY (3)
(PzX)'PzX) 1 (PzX)'Y (4)

@ (some kinda) Weighted Least Squares, by (3). What are the weights
doing?

o (some kinda) Ordinary Least Squares, by (4). What are the regressors?




Part 2: IV/2SLS Facts

Just-ID IV is “reduced-form over first-stage”

B25L5 is OLS of Y on PzX

When r =1 (one endogenous regressor), $Z°L° is bivariate OLS of Y on
MyPzX

a5 », Covlyin &) _ Covly37)
! Var(ﬁf;) COV(Xfia)A(fi)

When t = r (just-identified),

Var(%;) = 7r12 Var(Z3;)

Cov(y,-,)?f,-) = COV((TL'lﬁl)Zl +X2(7'L'2[31 —|—,32) + (VB1 +8),7L'Z,-*)

= m B Var(Z};)
so that
RF
—_—
p2SLS P, ”1/362* _ ﬂ%ﬁ —B
n?os. L
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