14.462 Advanced Maroeconomics
Spring 2003

Problem Set 2 Solution

Problem 1 (Human Capital and Incomplete Markets)

1. The Bellman equation is

V(w) = max {U(c) + BE[V (w')]}

c,k,h,w’

st. w' = Ak 4+ BhY + R(w — ¢ — k — h).

Notice that to simplify notation I do not give k and h a prime although they are next
period variables. A natural guess for the value function is

V(w) = —% exp(—I'(aw +b)).

In order to perform the optimization we need to evaluate E[V (w]). We have

E[w'] = Ak® + Bh" + R(w — ¢ — k — h),

Var[w'] = 03k** + 05h*" + 2045k 1.

Now

1 1
=~ R exXp <—F(aE[w’] +0b)+ §F2a2\/ar(w’)> :

Thus the objective in the Bellman equation can be written as

1 1 _ _
~T exp(—Tc) — ﬁ—F exp( —Ta[Ak* + B + R(w —c—k —h)] = Tb
a

1
+ §T2a2[aik‘2“ + oLh* + QUABkO‘hV])
The first order condition with respect to consumption is given by

exp(—I'c) = fRexp ( —Ta[Ak* + Bh" + R(w —c—k —h)] —Tb

1
+ §r2a2[a§,k2a + oLh? + 2o—ABkam])



The first order conditions with respect to k and h are

R=aAk* ' —Ta (aaikza*l + aaABko"th) ,
R=~Bh" —Ta(yoph® " + yoapg" k) .

Notice that the level of wealth does not appear in these equations, so the optimal
choice of k£ and h is independent of the state w. Denote the solutions to this system
of equations as k*(a) and h*(a). Now define the function

d(a,b) = —[[(1 +aR)]"- <log(ﬁR) —TalAk*(a)* + Bh*(a)” — R(K*(a) + h*(a))]
b+ %r2a2[azk*<a)2a + 0B (@) + 2045k ()R (a)1])
Then the first order condition for consumption can be rewritten as
exp(—T'c) = exp(—TaR(w — ¢) — T'(1 + aR)¢(a,b))

and so we obtain the consumption function

aR
c= 7 —|—aRw+ o(a,b).
Substituting into the objective we get
1
T exp(—TI'c) — TuR2 exp(—TaR(w —¢) —T'(1 + aR)¢(a, b))

= —% exp <—F <1 —C{L—]ZRw + ¢(a, b)))

1 aR
~ Tal &P (—FaR ( “TrarY o(a, b)) —T'(1+aR)¢(a, b))
p

(‘F (1 i]jsz +ola, b)))

1 R
= —TF exp (—F (1iaRw+¢(a,b)>)

1+aR

For our guess to be correct this must be equal to —% exp(—I'(aw+b)). Thus it must

be the case that
aR

" 1+aR
which implies a = %. It must also be the case that b = ¢(a, b), which yields

a

b= —[CaR]™ - <log(ﬁR) — TalAk*(a)* + Bh*(a)" — R(k*(a) + h*(a))]

1
+ 5D2a0% K (0) 4 ohh (@) + 2JABk*(a)ah*(a)7]>



Note that the consumption function can now be written as ¢ = aw + b.

Now let’s analyze how investment in physical and human captial depends on the
variance and covariance of shocks. Totally differentiating the first order condition for
physical capital yields

0=[(a—-1)adk* ' —Ta((2a — Dacik** " + (o — 1)ozcrABko‘_1h7)]d?k

- FaomaABko‘_lh”_ldh — Faozlf%‘_lda?4 —Tack® 'hdosp.
Using the first order condition to simplify the coefficient for dk we get

0= —[(1—a)Rk™ + Tac’c’ k> V|dk — Taayo 4k 'K 1dh
- Faozk;%‘_ldai —Taak® *Wdoap.

Dividing by I'ack®~! and rearranging we get

[V + ac’k® ) dk + yoaph?tdh = —k“do® — hdo 4.

R2
R-1

_1l-al1
where wk =0 Tke

> 0.

By symmetry
[ +yoRh | dh 4+ aoapk® tdk = —hVdo} — k*do ap.

1-—y1 1 R?
where I/Jh = T’yfk—aﬁ > 0.

Writing this system in matrix form we have

U + @kt yoaph Tl [ dk
aoapk®™t by +yoRht dh

B —ko‘dai — h'do ap
N —hde'% — kadO'AB

Then

dk 1
[ dh ] Ykt + Yryo R 4 hpaci ket + ake iy o402 — o4 ]
| et yoi 7t —~yoaphtT! . —k%do? — Wdoap
—aoagk®™ !t Y + acike! —h'do% — k%do 4p
1
Ukt + o ph T+ Praoiket + ake ki ohoh — o ]
[ =W+ yoph kAo + yoaph® T dog — (b + R (0BRY — oapk®))doap
— (Y + acik® VYW do% + aoapk®*tdo? — (Vik® + ak*H(0%k® — oaphY))doaB

The term 040%—0% 5 is nonnegative as it is the determinant of the variance-covariance

matrix (Cauchy-Schwartz inequality). Thus the determinant is positive.

We find that % and % are both negative. An increase in the riskiness of the own
A B

3



return unambigously reduces investment. Notice that % and % are positive if
oap > 0 and negative if 45 < 0. If human capital becomes more risky and the two
returns are positively correlated, then physical capital is relatively more attractive
and investment in physical capital increases. Now suppose that the correlation of
the returns is negative and human capital becomes more risky. Investment in human
capital shrinks. As human capital provides insurance for physical capital, the amount
of insurance of physical capital shrinks and so physical capital investment is reduced

as well.

. Withoap=0and a =~ = %, the first order condition for k reduces to

1. R—1\1,

and solving for k we obtain

RA
k= 5
2R+ (R—1)l'o% ]
and by symmetry
[ RB 1°
h = 5
2R+ (R—1)l'o% |

. When o045 = 0, investment in the two different capital stocks is independent.

. From our previous calculations we know that if o4 =0, 04 = 0 and og > 0, then an
increase in op leaves investment in physical capital unaffected and reduces investment
in human capital.

To derive the Euler equation, first compute the envelope condition as V' (w)
BRE[V'(w')] and recall that the first order condition for consumption is U'(c) =
BRE[V'(w")]. Combining these two equations we have V'(w) = U’(c¢) and thus

U'(c) = BRE[U'()].
With our functional form for U this becomes
exp(—I'c) = BRE[exp(—T'¢)]

As ¢ = aw’ + b it is normally distributed and so
1
exp(—T'c) = BRexp (—F]E[c’] + §T2Var(c')> :

Taking logs and rearranging yields

_ log(BR)

r /
. + §Var(c ).

E[d] —¢



Moreover Var(c') = Var(aw’ 4+ b) = a*Var(w') and with 045 = 0 and 04 = 0 we have
Var(w') = 0%4h?7. Using these facts the Euler equation can be rewritten as

log(BR) T (R—1\? , .,
N _ = 0NV Y Y
Eld] — ¢ T +2 7 oph?.

Due to the linearity of the Euler equation in E[¢/] and ¢ and the fact that all households
invest the same amount h = H we can aggregate across households to obtain

' _IngR) I (R—1)\° 2 772y
C'-C= T +2 7 ogH™".

The expectation disappears as aggregate consumption is deterministic. In steady
state we must have

2 /R—1\"
OZIOg(ﬂR)—F?(T) (723[’12’y

This together with the first order equation for human capital

R —

_ 1
0=~BH" ' -T 70123—]%

determines R and H in steady state. We want to know how this depends on ¢%. Note
that 0% enters these equations in two places. In the Euler equation idiosyncratic risk
in human capital investment creates a precautionary savings effect. In the first order
condition for human capital in exerts a direct negative investment effect.

The effect of 04 on R and H is ambiguous. Let’s consider the scenario which An-
geletos and Calvet would consider the most likely. So suppose from now on that in
the Euler equation the direct effect precautionary savings effect of 0% on R wins out
and R is decreasing in 0%. From the first oder equation for human capital we can
write H = H(R,0%). The direct investment effect tends to reduce investment. But
through the precautionary savings effect 0% reduces the interest rate which tends to
increase investment in human capital. Investment in human capital will fall if the
investment effect dominates. Investment in physical captial will increase with the
reduction in the interest rate caused by the precautionary savings effect, so the gen-
eral equilbrium effect of an increase in the idiosyncratic risk in human capital is to
increase investment in physical capital.

. The human capital externality affects the first order condition for capital investment,
which now becomes

R =aAH"k*!

Maintaining our assumptions about which effects dominate from the previous part,
an increase in 0% reduces both R and H. Thus we have two opposing effects on



investment in physical capital. The precautionary savings effect tends to increase
investment in physical capital, but the reduction in human capital investment tends
to reduce physical capital investment through the externality.

6. If labor income risk corresponds to riskiness in human capital investments, and if
human capital externalities are strong, then physical capital accumulation is likely to
be reduced.

Problem 2 (based on Kiyotaki and Moore (1997), Midterm Exam 2000)

1. Before solving the problem I'll discuss where equation (3) comes from. If a gatherer
buys a unit of land, he pays ¢; today. His output tomorrow increases by G’(k;) and
the unit of land can be resold for g;.;. As the discount factor is R™!, we get the

condition o
G'(K}) + g

R

Now using the market clearing condition k; + k} = K to replace k| and rearraning

gt =

slightly yields the first equality of equation (3). The second equality is simply a
convenient functional form assumption. Farmers are always eager to expand, so the
borrowing constraint will always be binding unless there are surprises. In particular
the borrowing constraint will be binding in steady state. The steady state versions
of (1),(2) and (3) are

RbL = qk
0=ak+b—Rb
1

q—ﬁqzak%

The first equation gives b = %. Substituting into the second equation yields

-1
ak = R—qk:,

R
so the steady state price of land is ¢* = a%. Substituting this result into the third
equation yields
1
a = akn

so steady state land holdings of farmers are k* = (%)77 Plugging these results into
the first equation yields

b* =

gk 1 R (a)n 1

— — _ = Jl4n, -
R  RR—1" R—1¢ ¢

(0%



2. Let k7, ¢i and b} be the steady state corresponding to a;. Similarly let k3, ¢5 and 03
be the steady state corresponding to as.
Consider some date t > s. As farmers are eager to expand and their are no more
surprises the borrowing constraint will always be binding:

Rbs = qsi1ks.
Substituing into the flow of funds constraint of farmers we get

s ks
QS(ks - ksfl) = asksfl + q% - Rbsfl

or slightly rearranged

(0= 25 ke = (0 + @)ker — Rboo.

qs+1
R

Substituting for gs — from equation (3) we get

ak?ks = (as + QS)ks—l - Rbs—l

or equivalently
n

k. — ((as + QS)ks—l - Rbs—l) Thn

«

At time t this equation becomes

((GQ + )k — Rbi)ﬁv
kt - .

«

and as b} = ¢ik7 this can also be written as

. <<a2+qt—qr>kf)1’+’n
t — .

«

For s >t + 1 the borrowing constraint was also binding in the previous period, so

k? _ <<(12 + QS)ks—l - qskjs—l)li77

«

_n
~(agks 1\ T
«




Collecting equations we have

L — ((GQ-I”C]t—QT)kT)lz"
t — )

(07

ko \ T
k, (“2 1) Vs>t

(0%

1 1
qs = Eqs+1 + akd YV s>t.

The next step is to log-linearize around the new steady state. For a variable x; define
Ts = log(zs) — log(zg). Also define A = log(ay) — log(aq). Let’s begin with the first

equation. Using the identity k5 = (%k;) 1 we can write it as

ke fax+q—aqi ki By
k’; (05} k’;

1
& 1+n — 1 + Qt;qi ﬁ
k; a9 k’;

X n
Taking logs, noting that ]Z—; = <Z—;) we get that approximately

1 . %

or

n as

Using the facts that ¢ = aQ% and Z—%: = Z—f we have that approximately
1

(G +A).

[25) R—-1 + ;

@«—q R (qt—q;‘ q;‘—Qi‘):
a3 92

R—-1

Thus the log-linearized version of the first equation is given by

1\ R R
14+~ )k = i (= — ) A
()= (5 0)

For the second equation we simply get

i n

s = — ks Vs>t+1.
1+n !

Using the identity ¢; = £¢5 + a(k3 )% the third equation can be rewritten as

s 5 1 S —q 1 1 =
L= h I "h (k: - (k;)%).
s R ¢ 7




and so approximately

1 1 1 1 (ks — K3
ds = 54s 1+—*04—k*"( : )
R + @ T]< 2) kQ
= La, and (k:;)% = 2 we see that the log-linearized version

Using the facts that ¢; = 575
of the third equation is

VY. 5 P
Collecting our results, the log-linearized system is
(gt (i)
kszﬁ;_l Vos>t41,
L EE/%S V s>t

qs = Eqw—l + n R

By induction we obtain from the second equation that
~ S_t ~
o= (——) &
I+n

and iterating the third equation imposing lim,_,.c R~ 9, = 0 yields
1 (1R-1.
()

Together with the first equation of the log-linearized system we now have two equa-
tions in the two unknowns ¢; and ¢;. To solve, rewrite the last equation as

1 7 1 R-1 1\ -
= 14+ =) E,.
( )% I+n R ( n)t

|

 Rl+47
Substituting from the first equation of the log-linearized system this becomes
1 n 1 R—-1
1—=—L")g=—1g 1l——n | A
( Rl+77>qt T |* ( R > ]



This can be rewritten as

R-1 9 1 (  R-1Y,
R 1+7" " T4y R

and so we get

and consequently

0 R 1 R 1
_ 1 — -—1]A
1+n((+mR—1 R—f&(R—ln )

Notice that there will be overshooting if % > 7, i.e. if the residual supply of land
to farmers is not very elastic.
Problem 3 (Savings with Incomplete Markets, General Exam 2001)

1. If individual A specializes in storage, then

E.Ui(h) = log(1 — ki(h)) + BE[log(0k:(h))]
= log(1 — ki(h)) + Blog(k(h)) + Blog(d).

If instead the individual specializes in the risky technology, then
E,Uy(h) = log(1 = ky(h)) + BE;[log( A1 (h)ky(R))]
1 1
= log(1 — ki(h)) + Blog(ki(h)) + 5 log(A+ o) + 3 log(A — o)
2. In words, ¢ is the counterfactual riskiness of the risky project that makes the cer-
tainty equivalent of the return to the risky project equal to the return of the storage

technology. If we had o = &, then the individual would be indifferent between the
risky project and the storage technology. So ¢ is implicitly defined by the equation

1 1
5 log(A+0) + 5 log(A — &) = log(9).

10



As A > 6 we know that 6 > 0 by Jensen’s inequality. Totally differentiating yields

1 1 1 1 1 1 dd
5{AM_A—@—P”Q[A+&+A—&}d’4_7
which can be rewritten as
o A dd
— % A= —.
A+od—o T asoa—a™ =5
Thus 9% (A+5)(A—6)
o + 0o — 0
Cr 56 <0
and
0&_A>0
0A 6 '

If the storage technology has a better return, then the risky project must become
less risky to keep the individual indifferent. If the average return of the risky project
increases, then it must become more risky to keep the individual indifferent.

The definition of the certainty equivalent is

B = exp(E(log A)) = exp (% log(A+0)+ % log(A — 0)) =V(A+0)(A-0).
Clearly g—f < 0 and g—ﬁ > 0. Making the project more risky reduces the certainty
equivalent of its return. Increasing the average return of the project increases the
certainty equivalent.

Now consider B as a function of o, writing B(c). Then B(0) = A, B(6) = ¢ and
B(A) =0.

The individual specializes in the risky technology if ¢ < ¢ and in storage if ¢ > &,
being indifferent if ¢ = 6. Let’s assume that the risky project is chosen in the case
of indifference.

. I think that the idea of this question was to get at what the risk adjusted real return
in the economy, and that would be

R = max[B(0), 0],

so R=B(o) forc <6 and R = for 0 > 0.
But if we really allow a risk-free bond to be traded, then things are a bit more
complicated. While it was impossible to invest in both the storage technology and
the risky project at the same time, it would now be possible to invest in the riskless
asset and the risky project at the same time.
Let’s compute the equilibrium real interest rate under the assumption that individuals

11



invest in the risky project but not in storage, but may want to invest in the riskless
asset. The equilibrium real interest rate must make the demand for the riskless asset
equal to zero because the asset is in zero net supply.

The problem of the individual is to choose the risky investment k;(h) and investment
in the riskless asset b;(h) to maximize

log(1 — Ky (h) — by(h))
+ {% log((A + o)k (h) + Rby(h)) + % log((A — a)ki(h) + Rbt(h))}

The first order conditions are

1—k:t(h1)—bt(h):§{ O SO }
1 s

R R
T=Ja(h) —bu(h) 2 { (At 0)lea(h) + Rbu(h) (A —o)ka(h) + Rby(h) }
We can combine them to obtain
A+oc—-R A—oc—R
(AT 0)ki(h) + Rby(h) * (A—0)ku(h) + Rby(h)
Now in equilibrium it must be the case that b;(h) = 0, so this condition reduces to
A+0c—-R A—-0—-R
Ato) (A0

Solving this for R and expressing the result as a function of o we get

(A+0)(A—0)

" :

Notice that R(c) < B(c). This makes a lot of sense. If the interest rate where B(0),
then a risk adjusted return of B(o) could be achieved simply by putting everything

A+ o) ka(B) + Rhi(h) (A= )ka(h) + Rbu(h)

=0

=0

R(o) =

into the riskless asset. But by combining the risky project with some of the riskless
asset, it would be possible to do strictly better then B(o). But with the interest rate
R(o) above, it is undesirable to put anything into the riskless asset, and then the risk
adjusted return is one again B(c). Once again this is an equilibrium only if B(o) > 0
or equivalently o < &, because otherwise given the interest rate R(o) it would be
optimal to put all savings into the storage technology (using the riskless asset would
be inferior as B(o) > ¢ implies R(o) < 9).

Now suppose that ¢ > . Is it an equilibrium for all individuals to invest in storage?
If so, then the interest rate must be R = §. But if the interest rate is d, then an
individual could get a risk adjusted return higher then 6 by combining the riskless
asset and a little bit of the risky project. So investing in storage can never be an
equilibrium, and consequently an equilibrium does not exist if ¢ > 4.

So from now on let’s just consider R(¢) = max[B(0), d].

12



4. Substituting the optimal decision between risky project and storage into the objective,

6.

the problem reduces to the maximization of

log(1 — ki (h)) + Blog(R(c)ki(h))

and the solution 5
ko(h) = ——
) =173
is independent of R(0).
If 0 <&, then ¢ (h) = fltﬂ(h)% and taking the average across individuals we
get [ 9, (h)dh = A% and as ¢} (h) = ﬁ for all individuals we get g, = fA. On
the other hand, if o > &, then for all individuals ¢{ (k) = 2 and consequently

(g
g; = 4. Thus as a function of ¢ we have

(o) = BA for o <g,
)= B6  for o> 0.

(a) The coefficient of relative risk aversion is v and % is the elasticity of intertemporal

substitution.
(b) As
1 1 1 N
Blo) = |5(A+0) 7+ S(A=0)
we have 55 )
7z v -y _ 7
9 B(o) 2[(A+a) (A—o0)77] <.

We would expect B to me more responsive to changes in o if 7 is large.

(¢) We would expect an increase in the coefficient of relative risk aversion to reduce
the risk adjusted return, that is %—5 < 0. Recall that ¢ is implicitly defined by
B(6) = 0. Increasing v reduces the left hand side, so ¢ must fall to restore
equalitiy, i.e. g—i < 0.

(d) Now savings are chosen by maximizing
(1= ke(h)' + B(R(0)ke(h)) "

and the solution is

I (h) ﬁ%R(a)(%_l)
t(h) = .
1+ 59 R(o)(571)
Of course the saving rate is not at all sensitive to the interest rate if # = 1. For
f close to zero it is quite sensitive and it is somewhat sensitve for large 6.
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and taking the average across

and as ¢/(h) = —L1———~
1469 By (7 ) ¢(h) 1460 o) (D)

for all individuals we get g; = AﬂéR(a)(%_Q. On the other hand, if ¢ > &, then

g = 555%71)5. Thus as a function of o we have

D=

g(o) = { AﬁéR(J)l( 1) for o < (:f,
(B6)e for 0 > 0.

The growth rate of consumption varies with o only as long as 0 < 6. If < 1,
then an increase in o will reduce R(0) and thus consumption growth. If 6 > 1,
then consumption growth is increasing in o. Of course in both cases there is
still a downward jump at 6. An increase in 7 shortens the intervall [0,4] in
which g(o) varies with o, and the counterpart of this is that within this intervall
consumption growth becomes more sensitive to changes in o

Problem 4 (Government and Growth in the Ramsey Model)
Consider a representative consumer who maximizes

00 1-6 _ 1
max/ P (1)
subject to

a=(1—7x)ra+ (1 —7)w—c+v (2)

where ¢ denotes consumption, a denotes assets, r is the interest rate, w is the wage rate,
Tk is the tax rate on capital income, 77, the tax rate on labor income, and v a lump-sum
per capita transfer. The government spends g per capita in order to blow up Pacific islands
(i.e. g does not affect utility or production). The government budget is

g+v=rT1gra-+ TLW

The market clearing for assets is
k=a
The production function is Cobb-Douglas, y = k%, implying r = ak®! and w = (1 — a)k®.
1. Write down the resource constraint of the economy.

2. Write down the FOCs for maximization of the consumer, taking all fiscal policy
variables as given.
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. Use a phase diagram in (k,c¢) to show how the paths of k and ¢ change when the
government surprises people by permanently raising the values of 7 and g. What
happens to the steady state value of k7

. Redo part c.) for the case in which the government raises 77, and g (without changing
Tk ). What happens to the steady state value of k7 Explain the differences from those
of part c.)

. Redo part c.) for the case in which the government raises 77, and v (without changing
7y and g). What happens to the steady state value of k7 Explain the differences
from those of parts c.) and d.)

. Finally, assume that 7, = v = 0 so that ¢ = 7xy. Discuss the adjustment dynamics
due to the following change in fiscal policy: at time ¢ = T}, the government announces
that spending increases from g = 0 to g =g > 0 until t = T5.

. Redo part f.), but now assuming the following policy change: at time ¢t = T, the
government announces that from ¢ = T, > T} until ¢ = T3 > T; spending increases
from g =0 to g =g > 0. What is different?

. Discuss how your answers to all above parts would change if labor supply was en-
dogenous.
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