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1 Standard Preferences

1.1 Optimal Public Provision

Maximize.c > Ny (u[cn] — anpn + b0 [G])

subject to:  E+pG+ > N, (¢, —n) <0

u[en] = apn + by [G] > wlem] — amn + v [G] for m < n for all n

(1)

Forming a Lagrangian, we have



L = Y Ni(ule) —aerbnv[G])—A<E+pG+ZNn(cn—n)> 2)

+ Z Z Koy (u [Cn] — Qpp, + bn’U [G] — (U [Cm] — A, T bnv [G]))

The FOC for public good provision is

> Nubat' [G] = Ap (3)



1.2 Subsidized Private Provision

¢n = Tn — (1 = 5,) pgn (4)

Utility can be written:

ulxn, — (1 = $n) Pgn] — Ann + bpv [G-1 + g1 (5)

The contributions for workers who make positive contributions satisfy

(1 —sp)pu' [en] = (1 = 8p) pu [0, — (1 = $5) Pgn] = bpV" [G-1 + gn] = bp' [G]
(6)

Social welfare maximization

Maximize.c, > Ny (u[cy] — ann + byv [G])

subject to: E+pG+> N,(cn —n) <0
w[eo] — aga + bov [G] > wler] — ara + bov [G — g2 + ¢1]

G > > Nugn; gn >0 forall n
(7)

The optimum will have one of two forms - either both have the same consump-
tion and (generically) the incentive compatibility constraint is not binding,

or the optimum will have the incentive compatibility constraint binding.
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Note that the subsidy rate for type 1 can exceed the subsidy rate for type
2 and still support the optimum. Using the maximal subsidy for type 1 that

still leaves a zero contribution, we have:

(I=s)pu'[ei] = b’ [G] (8)
(L —s2)pu'fea] = bov'[G] 9)
With b; = by, we have s; > sy since ¢; < ¢ with strict inequality if the

incentive compatibility constraint is binding.

If the incentive compatibility constraint binds, the constraint becomes
u[ea] — aga + bov [G] = ulc1] — aja + bov [G — G/ N (10)
The FOC for the public good satisfies:
Y Nabpt! [G] = Ap = pabz (v [G] =[G (1 = 1/No)] (1 = 1/Ng)) (1)

This may or may not satisfy the Samuelson rule and can deviate in either
direction depending on the shape of the public good utility function, that is
the sign of (v'[G] — v/ [G (1 — 1/N3)] (1 — 1/N3)). If v” is small, this is close

to the Samuelson rule.



2 Warm Glow Preferences

With preferences u [¢,]| — appn + b0 [G] + w [gy], the FOC for individual do-

nations for workers who make positive contributions satisfies

(1- Sn)pul ] = (1= Sn)pul [0 — (1 = 1) Pgn) (12)

= bV (G 4 ga] + 0 [gn] = b0 [G] + W' [g0]

The donation level with a zero subsidy (the minimum donation level),

glcn, G] , satisfies the individual FOC
pul [Cn] - pul [In - pgn] = bnvl [G”n + gn] + w' [gn] = bnvl [G] + w’ [gn] (13)

Differentiating the implicit equation,

dg  pu” - dg -
dc " T0G w”

< 0. (14)



2.1 Social Welfare Optimization

Considering the two-types model with one public good, we can write a for-
mulation allowing warm glow to enter (¢ = 1) and not enter (6§ = 0) social

welfare.

Maximize.¢ > Ny, (u[cn] — @np + bv [G] + 6w [g,])

subject to:  E+pG+ > N, (¢, —n) <0
ulco] — age + v [G] +wge] > uler] —are + 00 [G — g2+ 1] + w [g1]

G > > Nngn; gn > glca, G] for all n

(15)
Differentiating we have lots of FOC:
8L o / / 89 [Cl?G] _
91 Ny (u'fer] = A) — ' [er] = &4 e =0 (16)
oL , , 9glc2, G] _
a0, = Ne(u'fea] = X) o+ ' feo] = §=—57— =0 (17)
3[/ o / ag [Cna G] / / _
56 = 3 (w161 - & g xa (0 16) = 6.~ o+ )+ =0
(18)
oL , ' /
90— NiOw' [g1] = p (0 [G = go + g1] +w' [g1]) —vN1 + &, =0 (19)
0L , / /
90, Nobw' [go] + p (b0 [G — g2 + 1] + W' [ga]) —vN2 + &, =0 (20)

We consider the FOC separately for the values of 6 of 0 and 1.

6



2.2 Warm Glow Preferences that do not enter Social

Welfare: 6 =0

Increasing the donation of the high type while lowering the donation of the
low type weakens the incentive compatibility constraint while having no other
effects, until the lower limit on ¢; is hit. Similarly, donations by the high
type dominate public provision. Thus we know that g; = g[c1, G]. Assuming
that public good supply is less than optimal without any subsidization, we
also have no binding minimum donation constraint for the high type, &, = 0.

Thus we can write the FOC (16) and (17) for the case § = 0 as

oL B , ’ ag [ChG] _
e = MW o] = X) = fer] = =5 =0 (21)
g_fg = N (' [ea] = A) + g [ea] = 0 (22)

Turning to the other FOC, with ¢g; at its minimum, (18) and (20) become

oL / ag [ClaG] ! !
2G bv' |G ZNn—&T—)\P*FMb(U [G] =V [G = g2+ q])+v =0
(23)
oL , ,

It is plausible for all but very large donors that v” is small enough that

V'[G] = V'[G — g2 + ¢1] is very small. Then the FOC for public good supply



is approximately
8 G
G N, — gcl’ 99l Gl \ o (25)
We can express the deviation from the Samuelson condition as

Y Ny PGy = O (G g, 1]+ )
(20

Using again the assumption of a small v”, and so approximate constancy of

v', and the FOC for individual donations, we can write this as

A M- w=e e e

From the FOC for consumption, this can be written as
9g |ca, /
@AY N w622 e - @

or

Ay N~ sl (29)



2.3 Warm Glow Preferences that do enter Social Wel-
fare: 0 =1

The FOC (16) - (20) become

oL dg a1, G|

7e =M (W' fer] =) = i’ [r] = & =5 — =0 (30)
oL 0 G
L — oo =il —e 22D o @
g—é = (Nnbv’ G] — fn%) —p+ub (V' [G] =V [G— g2+ 1])+v =0
(32)
oL , / /
99 N [gi] = p (W' [G = g2+ 1] +w' [g1]) —vN1 + &, =0 (33)
g—gi = Now'[ga] + 1 (0V' [G — g2 + gu] + ' [g2]) —VN2 + & =0 (34)

Donations of the low type may be subsidized. The dominance of donations
of the high type over public provision remains true.
If donations of both types are subsidized (£,,&, = 0), the private con-

sumption FOC have the same form as with fully public provision.

OL

e = N [e] =) = ' [en] = 0 (35)
g—i = Ny (u [e2] = A) + g’ [e2] = 0 (36)



Assuming that the incentive compatibility constraint is binding (u > 0), we

have

u'[er] 14 p/No

= >1
u'les] 1= p/Ny

If donations of both types are subsidized (£;,&, = 0):

aL ! ! /

_(99 = Nyw [91] — (b [G—g2+g1]—|—w [91]) —vN; =0
1

OL Ny [go] 4 1 (00 [G — g + 1] + 0 [ga]) — vNp = 0

892— 2W g2 M0V 92 T+ g1 w g2 ViNg =

Solving for w' [g,] we have

The total utility gain from a donation by the lower type is

b [G]+w'[gn] = b [G]+ <y G- g gl])) / (1 _K

N

(37)

(38)

(39)

_ (bv’[G]+u+i(bv'[G—92+91]_bvl [G])>/<1_%)

Ny

We can evaluate the subsidy level.

' [G] + ' [gr] _ OVIG] v+ 57 (0[G — g2 + 1] — b [G])

(1 — 81) = o [Cl] )
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Similarly, for the high type

(1 oy = WGl W g _ W Gl +v =45 0 [G = ga+ ga] = ' [G])

pu! [co] PA
(44)
Taking the ratio
1—s  WI[G+v+4 WI[G—g+aq]-b0G]) o1 (45)
1—sy W Gl +v— 4 (0 [G — ga+ g1] — b [G])

Thus the high type receives a higher subsidy. If, as is plausible, v” is small
relative to individual donations, then (1 — 1) /(1 — s9) & 1.
If donations of both types are subsidized (£;,&, = 0) and v” is small, the

FOC for public good level becomes approximately:

0 [G]Y Ny —Mp+v=0 (46)

w' (G N,

Q

Ap—v=\p—u[gs) — % (0 [G] + ' [go])  (47)

= - ga] - 37 (1= s2) pr [ea
2
= M —w[g] + (1= s2) p(u [ca] = N)
= 52Ap+ (1 — s2) pu [e] — w' [go]
If w’ is much larger than v',then the last two terms approximately cancel

and the FOC is as if the only cost of public goods were the marginal cost to
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the government of the marginal contribution by the high type. Similarly, in

terms of the marginal utilities of type 1.

' (G Ny = sidp+ (1= s1) pu [ea] — ' [g1] (48)
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3 Notation

skill index (equal to productivity)

number of workers of skill n

compensation at job of skill n

consumption of worker holding job of skill n

utility of private good consumption

disutility of labor for a worker of skill n holding a job of skill m
public good supply

utility of public good consumption

donation of worker holding a job of skill n

warm glow utility

public good provision net of donation of a worker holding a job of skill n
cost per unit of the public good

other public expenditures

donation subsidy rate for worker in job of skill n

Lagrangian on the resource constraint

Lagrangians on the incentive compatibility constraints
Lagrangian on the adding up constraint for public good provision
Lagrangians on the minimum donation constraints

index to distinguish SWF with and without warm glow utility
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