6.254 : Game Theory with Engineering Applications
Lecture 11: Learning in Games

Asu Ozdaglar
MIT

March 11, 2010



Outline

Learning in Games

Fictitious Play

Convergence of Fictitious Play

Reading:

Fudenberg and Levine, Chapters 1 and 2



Learning in Games

@ Most economic theory relies on equilibrium analysis based on Nash
equilibrium or its refinements.

@ The traditional explanation for when and why equilibrium arises is that it
results from analysis and introspection by the players in a situation where
the rules of the game, the rationality of the players, and the payoff functions
of players are all common knowledge.

@ In this lecture, we develop an alternative explanation why equilibrium arises
as the long-run outcome of a process in which less than fully rational players
grope for optimality over time.

@ One of the earliest learning rules, introduced in Brown (1951), is the
fictitious play.

@ The most compelling interpretation of fictitious play is as a “belief-based”
learning rule, i.e., players form beliefs about opponent play (from the entire
history of past play) and behave rationally with respect to these beliefs.
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Setup

@ We focus on a two player strategic form game (Z, (S;)iez, (ui)iez)-

@ The players play this game at times t =1,2,....

@ The stage payoff of player i is again given by u;(s;, s_;) (for the pure
strategy profile (s;,s_;)).

e Fort=1,2,... and i = 1,2, define the function ! : S_; — N,
where 7!(s_;) is the number of times player i has observed the action
s_; before time t. Let #%(s_;) represent a starting point (or fictitious
past).

@ For example, consider a two player game, with S, = {U, D}. If
79(U) =3 and #9(D) = 5, and player 2 plays U, U, D in the first
three periods, then 173(U) = 5 and 73(D) = 6.



The Basic Idea

@ The basic idea of fictitious play is that each player assumes that his
opponent is using a stationary mixed strategy, and updates his beliefs
about this stationary mixed strategies at each step.

@ Players choose actions in each period (or stage) to maximize that
period’s expected payoff given their prediction of the distribution of
opponent's actions, which they form according to:

tle ) — ni(s—i)
pils) Y es Mi(5-i)

i.e., player i forecasts player —i’s strategy at time t to be the
empirical frequency distribution of past play.




Fictitious Play Model of Learning

@ Given player i's belief/forecast about his opponents play, he chooses his
action at time t to maximize his payoff, i.e.,

sf € arg max u;(s;, pub).

i i

Remarks:

@ Even though fictitious play is “belief based,” it is also myopic, because
players are trying to maximize current payoff without considering their future
payoffs. Perhaps more importantly, they are also not learning the “true
model” generating the empirical frequencies (that is, how their opponent is
actually playing the game).

@ In this model, every player plays a pure best response to opponents’
empirical distributions.

@ Not a unique rule due to multiple best responses. Traditional analysis
assumes player chooses any of the pure best responses.



Example

@ Consider the fictitious play of the following game:
L R

U (33) (0,0
D (4,0) (1,1)

@ Note that this game is dominant solvable (D is a strictly dominant strategy

for the row player), and the unique NE (D, R).

@ Assume that 77? = (3,0) and 178 = (1,2.5). Then fictitious play proceeds as

follows:

o Period 1: Then, u9 = (1,0) and 43 = (1/3.5,2.5/3.5), so play

follows s{ = D and sg =

o Period 2: We have 71 = (4,0) and 73 = (1,3.5), so play follows

sllzDandszlzR.

o Period 3: We have 71 = (4,1) and 1} = (1,4.5), so play follows

512:Dand522:R.
o Periods 4:...
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Example (continued)

@ Since D is a dominant strategy for the row player, he always plays D, and
u% converges to (0, 1) with probability 1.

@ Therefore, player 2 will end up playing R.

@ The remarkable feature of the fictitious play is that players don't have to
know anything about their opponent’s payoff. They only form beliefs about
how their opponents will play.



Convergence of Fictitious Play to Pure Strategies

@ Let {s'} be a sequence of strategy profiles generated by fictitious play (FP).
Let us now study the asymptotic behavior of the sequence {s'}, i.e., the
convergence properties of the sequence {s'} as t — oo.

@ We first define the notion of convergence to pure strategies.

Definition
The sequence {s'} converges to s if there exists T such that st = s for all t > T.J

@ The next proposition formalizes the property that if the FP sequence
converges, then it must converge to a Nash equilibrium of the game.

Theorem

Let {s'} be a sequence of strategy profiles generated by fictitious play.

Q If {s'} converges to 5, then 5 is a pure strategy Nash equilibrium.

@ Suppose that for some t, st = s*, where s* is a strict Nash equilibrium.
Then st = s* forall T > t. »
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Proof

@ Part 1 is straightforward. Consider the proof of part 2.
@ Let st = s*. We will show that stt1 = s*. Note that
1
pith = (- w)pf tast; = (1-a)pf +as’;,

where, abusing the notation, we used sfi to denote the degenerate
probability distribution and

1
HN= =
ZS,,' 77?(57,) + 1
@ Therefore, by the linearity of the expected utility, we have for all s; € §;,
ui(si i) = (1= @)ui(si, uf) + aui(si, s*5).

@ Since s maximizes both terms (in view of the fact that s* is a strict Nash
equilibrium), it follows that s¥ will be played at t + 1.

10
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Convergence of Fictitious Play to Mixed Strategies

@ The preceding notion of convergence only applies to pure strategies. We
next provide an alternative notion of convergence, i.e., convergence of
empirical distributions or beliefs.

Definition

The sequence {st} converges to o € ¥ in the time-average sense if for all i and
for all s; € S;, we have

T-1 t_
li Zt:O {Sl sl} (Si),

T—o0

where Z(-) denotes the indicator function, i.e., u! .(s;) converges to o;(s;) as
T — oo.

@ The next example illustrates convergence of the fictitious play sequence in
the time-average sense.

11




Convergence in Matching Pennies: An Example

Player 1 \ Player 2 heads tails

heads (1,-1) (-1,1)

tails (-1,1) (1,-1)
Time 7} 175 Play

0 (0,0) (0,2) (H, H)

1 (1,00 (1,2) (H,H)

2 (2,0) (22) (H,T)

3 (2,1) (32 (H,T)

4 (2,2) (4,2) (T,T)

5 (2,3) (43 (T.7)

6 : (T,H)

@ In this example, play continues as a deterministic cycle. The time
average converges to the unique Nash equilibrium,

((1/2,1/2),(1/2,1/2)).

12
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More General Convergence Result

Theorem

Suppose a fictitious play sequence {s'} converges to ¢ in the time-average sense.
Then o is a Nash equilibrium.

Proof:

@ Suppose s converges to ¢ in the time-average sense.

@ Suppose, to obtain a contradiction, that ¢ is not a Nash equilibrium.

@ Then there exist some /, s;, s; € S; with ¢(s;) > 0 such that

ui(si, o) > uj(si, o).

13



Proof (continued)

@ Choose € > 0 such that
1
e< {UI(S,{VU—i) — ui(sj, U—i)]

and T sufficiently large that for all t > T, we have

€

maxses ui(s)

ul(soi)—o_i(s_j)| <

which is possible since yf — 0 _; by assumption.

for all s_;,

14
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Proof (continued)

@ Then, for any t > T, we have

ui(sj, pi

t
]

)

IN

IN

Y uilsios_i)pf(s_)

S

Y uilsivs_j)o_i(s_i) +¢

S_j

Youilsi s i)o_j(s—j) — ¢

S_i

Yo uilsi s ipi(s—i) = ui(s], pf).

S

@ This shows that after sufficiently large t, s; is never played, implying that as
t — oo, ut .(s;) — 0. But this contradicts the fact that ;(s;) > 0,
completing the proof.
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Convergence

Theorem
Fictitious play converges in the time-average sense for the game G under
any of the following conditions:

o G is a two player zero-sum game.

e G is a two player nonzero-sum game where each player has at most
two strategies.

G is solvable by iterated strict dominance.

function.

G is a potential game.

G is an identical interest game, i.e., all players have the same payoff

Below, we will prove convergence for zero-sum games and identical
interest games using continuous-time fictitious play.

16
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Miscoordination

@ However, convergence in the time-average sense is not necessarily a
natural convergence notion, as illustrated in the following example.

o Consider the fictitious play of the following game:

Player 1 \ Player2 A B
A (L, 0)
B (0,0) (1,1)

@ Note that this game has a unique mixed Nash equilibrium

((1/2, 1/2),(1/2, 1/2)).

17



Miscoordination (continued)

@ Consider the following sequence of play:

Time i B Play
0 (1/2,0) (0,1/2) (A, B)
1 (1/21) (1.1/2) (B, A)
2 (3/2.1) (1,3/2) (A B)
3 . (BA
4 (A, B)
e Play continues as (A,B), (B,A), ..., which is again a deterministic

cycle. The time average converges to ((1/2, 1/2),(1/2, 1/2)),
which is a mixed strategy equilibrium of the game. But players never
successfully coordinate and receive zero payoffs throughout!

18
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Non-convergence

@ Convergence of fictitious play can not be guaranteed in general.

@ Shapley showed that in a modified rock-scissors-paper game, fictitious play
does not converge: R S P
R |00 |10 |01

S |01 |00 |10

P |10 |01 |00

@ This game has a unique Nash equilibrium: each player mixes uniformly.
@ Suppose that 17(1J = (1,0,0) and that 3 = (0,1,0).

@ Then in period 0, play is (P,R). In period 1, player 1 expects R, and 2
expects S, so play is (P,R). Play then continues to follow (P,R) until player 2
switches to S (suppose this lasts for k periods).

@ Play then follows (P,S), until player 1 switches to R (for Sk periods, g > 1).
@ Play then follows (R,S), until player 2 switches to P (for B2k periods).

@ Shapley showed that play cycles among 6 (off-diagonal) profiles with periods
of ever-increasing length, thus non-convergence.

19



Continuous-Time Fictitious Play

@ As with the replicator dynamics, continues-time version of fictitious
play is more tractable.

@ Denote the empirical distribution of player i's play up to (but not
including) time t when time intervals are of length At by

2(Tt OAt )/ At I{s _ s,}
t/ At

pi (si) =

@ We use p' € X to denote the product distribution formed by the p}.

@ We can now think of making time intervals At smaller as we did in
replicator dynamics (also rescaling time), which will lead us to a
version a fictitious play in continuous time. We next study this
continuous-time fictitious play model.



Continuous-Time Fictitious Play (continued)

@ In continuous time fictitious play (CTFP), the empirical distributions of the
players are updated in the direction of a best response to their opponents’

past action:
dpt
4 € BRi(PL) — Pl
BRi(p ;) = arg max uj(ci, p*;).
(T,‘EZ,‘
@ Another variant of the CTFP is the perturbed CTFP defined by
dpt
— = GL) —pj,
Cipt;) = arg max [ui(ci,pt;) = Viley)],
oieX;

and V; : X; — R is a strictly convex function and satisfies a “boundary
condition”.

@ Since C; is uniquely defined, the perturbed CTFP is described by a
differential equation rather than a differential inclusion.

21



Convergence of (perturbed) CTFP for Zero-Sum Games

@ We consider a two player zero-sum game with payoff matrix M, where the
perturbed payoff functions are given by

H1(0’1,02) = 0'/1/\/70'2 — \/1(0’1),
(01, 02) = =0y Mo — Va(02).
@ Let {p'} be generated by the perturbed CTFP,

dof

— C.(pt ) _ pt
dt 7Cl(p—l) pl'

where C;(pt ;) = arg maxg,ex, IT;(0, pt;).

@ We use a Lyapunov function argument to prove convergence.

22
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Proof

@ We consider the function

W(t) = Ur(p") + Ua(p"),
where the functions U; : £ — IR are defined as

Ui(oj,o_i) = ;p;;lni(fﬂuff—i) — (o, o)),

@ The function U; gives the maximum possible payoff improvement player i
can achieve by a unilateral deviation in his own mixed strategy.

@ Ui(c) >0forall o € %, and U;(c) = 0 for all i implies that ¢ is a mixed
Nash equilibrium.

23



Proof (Continued)

@ For the zero sum game, the function W (t) takes the form

W(t) = max Iy (o7, p3) + meag I2(pf, %) + Vi(pi) + Va(p3).

0'1621

@ We will show that ¢ ( ) < 0 with equallty if and only if p =G (pii),
showing that for all |n|t|a| conditions p?, we have

lim (p,-f - C,(pi,.)) -0 i=12

t—oo

@ We need the following lemma.

24



Proof (Continued)

Lemma

(Envelope Theorem) Let F : R" x R™ — R be a continuously differentiable
function. Let U C R™ be an open convex subset, and u*(x) be a continuously
differentiable function such that

F(x,u*(x)) = min F(x, u).

uclU
Let H(x) = min,cy F(x, u). Then,

VxH(x) = ViF(x, u*(x)).

Proof: The gradient of H(x) is given by

VxH(x) = VxF(x,u*(x))+ VyF(x,u*(x))Vxu*(x)
= ViF(x,u"(x)),

where we use the fact that V,F(x, u*(x)) = 0 since u*(x) minimizes F(x, u).

25




Proof (Continued)

@ Using the preceding lemma, we have

d / t t t/dp5
de |3 e | = Velh(Glea) o) g
dp}
= G(py) TE
= G(p3)'M(C(pi) — p5)

@ Similarly,

% i ettt | = (e - M.

0/2622

@ Combining the preceding two relations, we obtain

dW (t)

dpt dp5
T = —Gup5) Mp5 + (p) MCa(pi) + VVa(p]) — L+ V Va(p3)' —2.

(1)

26



Proof (Continued)

@ Since C;(pt ;) is a perturbed best response, we have

C1(p5) Mp5 — Vi (Ci(p3)) > (pf) Mp5 — Va(pi),

—(p1)' MG (p1) — Va(Ca(pi)) = —(p1) Mps — Va(ps),
with equality if and only if C;(p* ;) = p!, i = 1,2 (the latter claim follows
by the uniqueness of the perturbed best response).

@ Combining these relations, we have

—G(p3)'Mp3 + (p1)'MCa(p1) <} [Vi(p}) = Vi(Gi(pL)))]

< 2 VVilp))(Gilpi) = pj)

dp
= =2 VVilp)' "

where the second inequality follows by the convexity of V;. The preceding
relation and Eq. (1) imply that 9% < 0 for all t, with equality if and only if
Ci(pt ;) = pf for both players, completlng the proof.

27



Convergence of CTFP for Identical Interest Games

o Consider an [-player game with identical interests, i.e., a game where
all players share the same payoff function I1.
@ Recall the continuous time fictitious play (CTFP) dynamics:

ot
dt

o Let {p!} denote the sequence generated by the CTFP dynamics and
let ot = pf + dpf/dt. Note that ot € BR;(p’;).

€ BRi(pt;) — pf.

Theorem

For all players i and regardless of the initial condition p°, we have

lim | max IT(c%, pt;) — TT(pf, pt;)| =0,

t—oo U;GZ;

t H t
p; is asymptotically a best response to p’ ;.

28
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Proof

@ We again consider the function W (t) = Y; U;(p"), where

Uf(U;,U_i) = maxH(o{-,O'_,-) — H(U;,U_i),

oiex
@ Observe that
St = [Z o ) pils) o pa(s)TI(s)

t si€S; ShE€S,

Q‘Q

|

29



Proof (Continued)

@ The preceding explicit derivation essentially follows from the fact that
IT is linear in its arguments, because these are mixed strategies of
players. Therefore, the time derivative can be directly applied to the
arguments.

@ Now, observe that

dp!
11 (551 ) =100t = b, 1) = T, )~ T1(59) = Ui (oY),

where the second equality again follows by the linearity of ® in mixed
strategies. The last equality uses the fact that ot € BR;(p";).

@ Combining this relation with the previous one, we have

H 09 = L) = W(e)

30



Proof (Continued)

e Since W(t) is nonnegative everywhere, we conclude IT(p?) is
nondecreasing as t increases; thus IT* = lim;_ [1(p") exists (since
IT is bounded above, IT* < o0).

@ Moreover, we have

IT* — I1(p%) > I1(p"™) — II(pt) = /OA W(t+t)dt > 0.

o the first inequality uses the fact that since IT is nondecreasing; the
middle inequality follows from the fundamental theorem of calculus,

and the last inequality simply uses the fact that W (t) is everywhere
nonnegative.

@ Since the left-hand side converges to zero, we conclude that
W(t) — 0ast — oo.
@ This establishes that for each i and for any initial condition po,

lim | max I1(c%, pt;) — TI(pf, pt;)| = 0.

—i
t—o0 (7;62,'



Remarks

@ Notice that what we have here is much stronger than convergence of
fictitious play in empirical distribution (the results discussed above).

o Instead, we have that for any initial condition p?, pt converges to a set
of empirical distributions P*, where T1(p) = IT* for all p € P®, and
the mixed strategy of each player is the one that maximizes payoff in
response to these distributions.

o Implication: the miscoordination illustrated before cannot happen.

@ If the function IT has a unique maximizer, this result implies convergence to
this maximum.

@ A potential game is “best response equivalent” to a game of identical
interest.

o We have “convergence of CTFP to equilibrium behavior” for potential
games.

e Since many congestion, network traffic and routing, and network
formation games are potential games, these results imply that for a
range of network games, Nash equilibrium behavior will emerge even

without very sophisticated reasoning on the part of the players.
32
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