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6.453 Quantum Optical Communication — Lecture 6

= Announcements

= Pick up problem set 2 graded, lecture notes, slides

= Quantum Harmonic Oscillator
= Quadrature-representation wave functions

= Minimum uncertainty-product (MUP) states
= Squeezed states and their measurement statistics
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Coherent States: Reprise

Quantum Harmonic Oscillator:
a(t) = ay(t) + jas(t) = ae 7+

Heisenberg Uncertainty Principle:

. ) 1
(Aay(t){Aay(t)) = ¢

Eigenkets of the Annihilation Operator:

ala) = ala), for a = a; + jas

Quadrature Measurement Statistics: |
(ala(t)la) = ae 7!, (alAd(B]a) = (@]AGH(Da) =
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Classical versus Quantum Quadrature Behavior

= Classical Oscillator: Noiseless = Quantum Oscillator: |a> State
Im(a)  @1(t) = Relae™*"] Im(a) 4 a1(t) = Relae 7]
O
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The Vacuum State is Special!

= It's a number state: N|0) =0 = It's a coherent state: a|0) = 0

= Zero-uncertainty number operator = Minimum uncertainty-product

measurement outcome: quadrature measurements
~ . . 1
Pr(N=0][0}) =1 (0]Aa3(#)[0)(0]Aa5(1)[0) = 7
= Zero-point energy: = Zero-point fluctuations:
- 1
Pr(H =hw/2]]0)) =1 (0]A@; (£)[0) = (0]Ad3(£)[0) =
Im(a) 4 @1(t) = Re[ae™77]
Re(a)
CiPS: IIiT s
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Quadrature-Operator Eigenkets

= On Problem Set 4 You Will Find Quadrature Eigenkets:

aplon) = aqlag);  and  as|as)s = aslasg)s

= Orthonormal:
{a|Bi)1 = 0(ar — B1) and  o(az|B2)2 = d0(ag — [32)

= Complete:

j—/ dag |aq)11{a| —/ das |ag) a2 (s

o oo
= Fourier-kernel relation:

6—23@2a1

2<@2|(11>1 = T
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Quadrature Representations: Wave Functions

= Wave Function Representations of Arbitrary Ket

) = /OO don ¢(ar)|on)r = /OO day W(o2)|oz)2

—00 —00

= Fourier-Transform Duality

1 > ‘
U(as) = ﬁ/_ da (o e 220

1 i .
P(ay) = \—/E/_ day W(ay)e? 1oz
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MUP States with Zero-Mean Quadratures

= Quadrature Variances From Wave Functions

W|Aaily) = (i

oo

"P):/ dovy of[(ar)]?

—00

~2
aq

(Y|Aaz|y)y = (v]a3

) = / devy a3 W (1) 2

— o

= Minimum Uncertainty-Product Wave Functions
exp(—af/4(Aaf))

’40(061) =

2n (A1
U(ay) = OR(HAG)AZ) _ exp(—af/4{Ad5))
2 (m/8(Aat))H/* (27 (Aa2))1/4
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Minimum Uncertainty-Product States

= Minimum Uncertainty-Product Wave Functions

exp(2j{az)an — j{ar)(az) — (o1 — (a1))*/4(Aa7)]

vloa) = 2 (D)
W) — exp[—2j(a1)a + jla1)(az) — (a2 — {a2))?*/4(Aa3)]
ez) = (2 (Aa3)) /A

1
where (Aa3)(Aa3) = m

= Coherent-State Wave Functions

. N 1
(Aa}) = (aa3) = |
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Squeezed States: Connection to MUP States

= Equality Condition for Quadratures Uncertainty Principle:
Aaq ) = —jAAas|y), A real

= Equivalent to Bogoliubov-Transformation Eigenket:

b B3; p, v) = (pa+ val)|B; p, v) = B|3; p, v)

where [4, I/ real and #2 ¥ =1
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Squeezed States: Dynamics

= Bogoliubov Transformation with jt,  complex

b|B; vy = (pa+ val)|B; p,v) = B|6; p, v)

where |pl? — |v|* =

= Quadrature-Measurement Mean Values and Variances

<B§Ma V|d(t)|ﬁgﬂ, 1/) = (H*ﬂ _ Vﬁ*)e—jwt
. 1 o

(B: p,v|AGT (8)|5; 1, v) = Ll —ve 2jut |2
. 1 o

(8; v | Aa5 ()]8; 1, v) = it ve
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Quadrature-Measurement Statistics

=  Amplitude-Squeezed State = Phase-Squeezed State

1(t = Refae 7] Im(a)§ a1(t) = Relae "]
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Coming Attractions: Lectures 7 and 8

= |ecture 7:

Quantum Harmonic Oscillator
= Wigner distribution and phase space
= Probability operator-valued measurement of a

= | ecture 8:

Single-Mode Photodetection
= Direct Detection
= Homodyne Detection
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