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Continuous-variable teleportation.


Introduction 

Today we’ll develop the theory of continuous-variable teleportation, i.e., teleporting 
the quantum state of a single-mode electromagnetic field. Before delving into details, 
it’s worth using what we have learned, from our treatment of qubit teleportation, to 
anticipate the features that we should expect from continuous-variable teleportation. 
First, Alice and Bob must share an entangled state, in this case a quadrature en­
tangled state. Second, Alice must make a joint measurement on her electromagnetic 
field mode and that of Charlie, whose state is the state that is to be teleported. This 
measurement must do three things. First, it must not reveal any information about 
the states that Alice and Charlie held prior to the measurement. Second, it must 
contain all the information the Bob needs—beyond what is contained in his portion 
of the quadrature-entangled state that he shared with Alice—to replicate Charlie’s 
state. Finally, it must not reveal any information to Bob about Charlie’s state. In ad­
dition to these considerations, we must ensure that causality is not violated, i.e., the 
continuous-variable teleportation protocol cannot be run—from start to finish—at a 
rate that is faster than light speed. 

The Teleportation Setup 

Let us begin by reprising the description we presented at the end of Lecture 14. Slide 2 
shows the entanglement generation setup on which continuous-variable teleportation 
relies. A two-mode parametric amplifier, with its input modes in their vacuum states, 
is governed by the two-mode Bogoliubov transformation 

âoutx = 
√
G âinx + 

√
G − 1 â† and âouty = 

√
G âiny + 

√
G − 1 â† , (1) iny inx 

where G > 1. The quadrature variances of the individual output modes are all 
super-shot noise, i.e., 

�Δâout
2 

xk 
� = �Δâout

2 
yk 
� = 

(2G − 1) 
> 

1 
, for k = 1, 2. (2) 
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but the real and imaginary parts of the x- and y-polarized output modes are entangled, 
because �� �2 

� �� �2 
� 

Δâoutx1 
− Δâouty1 

Δâoutx2 
+ Δâouty2√

2
= √

2 
(3) 

(
√
G −
√
G − 1)2 1 1 

=
4 

≈ 
16G 

� 
4
, for G � 1. (4) 

This parametric amplifier is embedded in the continuous-variable teleportation 
system’s transmitter (Alice) as shown on Slide 4, where, for brevity of notation, we 
have dropped the “out” designations on the parametric amplifier’s output modes. 
Alice sends her âx mode to Bob, through a (long-distance) lossy channel with trans­
missivity 0 < γx < 1. She sends her ây mode through a (short-distance) lossy channel1 

with transmissivity 0 < γy < 1 to a 50/50 beam splitter, where it is combined with 
Charlie’s â mode, whose state—|ψ�, assumed to be pure—is to be teleported to Bob. 
The two outputs from this 50/50 beam splitter are then sent to balanced homodyne 
detection systems (built with quantum efficiency η photodetectors) that are set to 
measure the real and imaginary part quadratures of their illuminating fields. The 
classical outputs from these homodyne systems, denoted u and v, are sent to Bob 
over a classical communication channel, which is assumed to provide perfect (noise­
less) transmission.2 

Slide 5 shows the teleportation receiver (Bob). Bob starts with a strong coherent 
state field |

√
NL�, which he supplies to an electro-optic modulator driven by the clas­

sical information, u and v, that he received from Alice. The output of this modulator 
is combined—at an asymmetric beam splitter with transmissivity T ≈ 1—with the 
field mode, âx

� that Bob received from Alice’s lossy transmission of her âx mode. The 
âout mode emerging from this beam splitter then contains Bob’s replica of Charlie’s 
state. 

The Transmitter Details 

The field modes that enter the transmitter’s 50/50 beam splitter shown on Slide 4 
have annihilation operators â�y and â, where 

ây
� = 
√
γy ây + 

� 
1 − γy âγy , (5) 

1We should expect there to be loss on a long-distance channel. We are including loss in the 
short-distance channel because it will be purposefully employed by Alice to maximize the fidelity of 
the teleportation protocol, as we shall see later. 

2Because this classical channel is light-speed limited, it alone precludes continuous-variable tele­
portation from violating causality. Note that u and v are analog quantities, i.e., they each take 
on a continuum of possible values. Thus, saying that Alice’s classical communication link perfectly 
relays u and v to Bob is a much stronger assumption than the perfect classical communication 
assumption—of two bits from Alice to Bob—that we made in our treatment of the qubit teleporta­
tion protocol. 
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with âγy being in its vacuum state and â being in state |ψ�. The output modes from 
this beam splitter can then be taken to be (â + â�y)/

√
2 and (â − â�y)/

√
2, with these 

modes being the inputs, respectively, to the real-part and imaginary-part quadrature 
measurements that are performed by the two balanced homodyne systems. From our 
quantum theory of homodyne detection—with a normalization constant that differs 
from what we have previously employed by a factor of 

√
2, and accounting for the 

sub-unity quantum efficiency—we have that the classical outcomes of the real and 
imaginary quadrature measurements have the following quantum measurement theory 
equivalents, 

u ←→ û = 
√
η (â1 + â�y1 

) + 
� 

2(1 − η) âu1 (6) 

v ←→ v̂ = 
√
η (â2 − â�y2 

) + 
� 

2(1 − η) âv2 , (7) 

where âu and âv are in their vacuum states. 
It’s worth examining the signal-to-noise ratios (SNRs) of the preceding measure­

ments. Because â may be in an arbitrary state, so that its mean value �â� might be 
zero, we shall take �â2

1� and �â2
2� as measures of the squared signal strengths in the 

real and imaginary quadratures of Charlie’s state |ψ�. Thus, for our SNR definitions 
we will use 

SNRu 
�(û|due to â)

2� 
and SNRv 

�(v̂|due to â)
2� 

. (8)≡
�(û|not due to â)2� 

≡
�(v̂|not due to â)2� 

Because all the field modes that enter into û are in a product state, with all but the 
â mode definitely being in states with zero mean fields, we immediately find that 

�û2� = η �â2
1�� + η �â�y2 

1 
� + 2(1 − η) �â2 

u1 
� . (9)� �� � �� � 

due to â not due to â 

A similar calculation for v̂ yields, 

�v̂2� = � 
η ��� 
â2

2�� + η �â�y2 
2 
� + 2(1 − η) �â2 

v2 
� . (10) 

due to â not due to â 

Next, we use 

�â�y2 
k 
� = γy �â2 

yk 
� + (1 − γy) �â2 

γyk 
� (11) 

= 
γy(2G − 1) 

+ 
1 − γy 

, for k = 1, 2, (12)
4 4 

and 
1 �âu

2 
1 
� = �âv

2 
2 
� = , (13)

4
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to obtain the SNR expressions 

SNRu 
η�â1

2� 
=

4η�â1
2� 

(14) 
2

≡ 
η�â�y2 

1 
� + 2(1 − η)�âu1 

� η[1 + 2γy(G − 1)] + 2(1 − η) 

η�ˆ2
2� 4η�ˆ2

2�a a
SNRv ≡ 

η�â�y2 
2 
� + 2(1 − η)�â2 

v2 
� 

= 
η[1 + 2γy(G − 1)] + 2(1 − η) 

. (15) 

As G →∞ we get SNRu 0 and SNRv 0, but this should not dishearten us. The → →
limit G →∞ gives maximum (perfect) quadrature entanglement, in that �� �2 

� �� �2 
� 

Δâoutx1 
− Δâouty1 

Δâoutx2 
+ Δâouty2√

2
= √

2 
(16) 

(
√
G −
√
G − 1)2 

= 0 (17) 
4 

→ 

in this limit. We should expect that this perfect correlation between the real-part 
quadratures of the âx and ây modes, and the perfect anti-correlation between their 
imaginary-part quadratures will be essential to continuous-variable teleportation. 
Thus we shouldn’t be surprised that G → ∞ drives SNRu and SNRv to zero, be­
cause Alice cannot get any information about Charlie’s state in the teleportation 
process. 

For what follows, it will be useful to obtain an operator-equivalent for Alice’s 
classical measurement data when that data is expressed as the complex number u+jv. 
We already know that 

u + jv ←→ û+ jv̂ = 
√
η [(â1 + ây

�
1 
) + j(â2 − ây

�
2 
)] + 

� 
2(1 − η) (âu1 + jâv2 ). (18) 

The first term on the right is easily seen to be 
√
η (â + ây

�†). Because the âu and 
âv modes are both in their vacuum states, the second term on the right in (18) is 
equivalent to 

√
1 − η (âηu +â

†
ηv 

) where these annihilation operators represent fictitious 
modes that are also in their vacuum states. This substitution relies on two facts. The 
first is the commutator equivalence, i.e., 

[âu1 + jâv2 , âu1 − jâv2 ] = [âηu + âη
†

v 
, âη

†
u 

+ âηv ] = 0. (19) 

The second is the statistical equivalence, i.e., we have 

�ejξ1
√

2(1−η) âu1 +jξ2
√

2(1−η) âv2 = χρ
W 

au (ζ∗, ζ)
ζ=jξ1
√

1−η χ
ρ
W 

av (ζ∗, ζ)
ζ

√
1−η (20) � | |

=−ξ2 22 

= e−(1−η)(ξ2+ξ2)/4 , (21) 1 2 

and 

�ejξ1
√

1−η (âηu1 
+âηv1 

)+jξ2
√

1−η (âηu2 
−âηv2 

)� 

= χW

ρaηu (ζ∗, ζ)|
ζ=(jξ1−ξ2) 

√
1−η χW

ρaηv (ζ∗, ζ)|
ζ=(jξ1+ξ2) 

√
1−η = e−(1−η)(ξ1

2+ξ2
2)/4 . (22) 

2 2 
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Thus, in what follows, we will use3 

û+ jv̂ = 
√
η (â + â�†) + 

� 
1 − η (âηu + â† ). (23) y ηv 

The Receiver Details 

Bob’s receiver begins with the ˆ mode in the strong coherent state ThisaL |
√
NL�. 

state is sufficiently strong that, when it is applied to the electro-optic modulator, 
the output mode, âM , can be taken to be in the coherent state |K(u + jv)�, where 
K > 0 is a positive constant and u, v are Alice’s classical measurement data. These 
measurement data are, of course, random, so what we are saying is that the output 
of Bob’s modulator is the preceding coherent state conditioned on knowledge of u 
and v. Physically, for this to be so, is must be that for all values of u and v the 
electro-optic modulator acts as an attenuator, i.e., |K(u + jv)| ≤

√
NL. If this is not 

so, then Bob’s receiver requires amplification, which we know will bring in additional 
quantum noise. So, strictly speaking, Bob will need NL →∞ to keep his modulator 
in this attenuation regime. 

Bob’s output mode is given by 

âout = 
√
T âM −

√
1 − T â� , (24) x

where � 
ˆ ˆ + ˆ (25) a�x = 

√
γx ax 1 − γx aγx 

is the mode that he received from Alice, with âγx being in its vacuum state. Now, 
using â = �â� + Δâ for the preceding annihilation operators, and conditioning on 
knowledge of u and v, we get 

âout = 
√
T K(u + jv) + 

√
T ΔâM − 

� 
(1 − T )γx âx − 

� 
(1 − T )(1 − γx) âγx , (26) 

with all the operators on the right-hand side being in their vacuum states, with the 
exception of âx, which is entangled with ây. Because we want âout to be in a replica 
of Charlie’s state ψ�, let us first try to match their mean fields. We have that 

�âout� = 
√
T K�u + jv� = 

√
T K�û+ jv̂� = K ηT �â�, (27) 

so we will choose K = 1/
√
ηT . Using this condition, and replacing u + jv with û + jv̂

from (23), then gives us 

âout = â+ 
√
γy â

†
y + 

� 
1 − γy â

†
γy 

+
1 − η 

(âηu + â†ηv 
) + 
√
T ΔâM

η 

− (1 − T )γx âx − (1 − T )(1 − γx) âγx . (28) 

3Because û and v̂ are operators that represent classical measurements u and v that were obtained 
simultaneously , it is nice to see that the right-hand side of the û + jv̂ expression commutes with its 
adjoint, as it must for û and v̂ to be commuting observables. 
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All the terms on the right in (28) after â are noise terms. Of these, the most 
troublesome are those associated with âx and ây. This is because these terms are 
(individually) in states with average photon numbers G with G � 1, whereas the 
other noise terms are all in their vacuum states. However, because of the quadrature 
entanglement between âx and ây, both quadratures of âx − ây

† will have very low noise 
when G � 1. To reap this noise-cancellation benefit, we must balance the loss these 
modes suffer in the preceding âout expression. Thus, we will take γ ≡ γy = (1 − T )γx 

to be the common value of this loss. Note that this is the purpose for our introduction 
of the loss modeled by γy inside Alice’s transmitter, which might otherwise have been 
considered lossless. With this condition we reduce (28) to 

âout = â−√γ (âx − â†y) + 
1 − η 

(âηu + â†ηv 
) + 
√
T ΔâM

η 

+ 1 − γ â†γy 
− (1 − T )(1 − γx) âγx . (29) 

There is yet one more transformation that we must make to further simplify our 
âout result. Consider the following commutator, 

[
√
T Δˆ

� 
(1 − T )(1 − γx) âγx , 

√
T Δâ†

� 
(1 − T )(1 − γx) â

† ]aM − M − γx 

= T + (1 − T )(1 − γx) = 1 − (1 − T )γx = 1 − γ. (30) 

Because both ΔâM and âγx are vacuum-state modes, the preceding commutator re­
lation allows us to replace 

√
T ΔâM − 

� 
(1 − T )(1 − γx) âγx with 

√
1 − γ âN , where 

âN is the annihilation operator of a fictitious vacuum-state mode. We now have our 
final form for the âout mode: 

âout = â + 
� 

1 − γ (âN + â† ) + 
1 − η 

(âηu + â† ) −√γ (âx − ây
†). (31) γy ηvη 

You should verify that all the terms in parentheses on the right-hand side are non-
Hermitian operators that commute with their adjoints. As a result, the right-hand 
side does yield [âout, âout

† ] = 1, as it should. In the next section we will address the 
fidelity of the continuous-variable teleportation system whose operator-valued input-
output relation is, as we have just shown, given by (31). To do that calculation, we 
will need to know the state of the âout mode, as a function of the state of Charlie’s 
input mode â and the parameters of the teleportation system. 

In general, the state of the âout mode will be mixed, and hence best represented as 
a density operator ρ̂out. We can use (31) to obtain the Wigner characteristic function 
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� � 

� � 

� � � � 

� � � � 

� � 

for this density operator as follows: 

χρout χρa ρaN 
W (ζ∗ζ) = W (ζ

∗, ζ)χW ( 1 − γ ζ∗, 1 − γ ζ) 

× χW

ρaγy (− 
� 

1 − γ ζ, − 
� 

1 − γ ζ∗) 

× χ 
ρaηu (ζ∗ (1 − η)/η, ζ (1 − η)/η)W 

× χW

ρaηv (−ζ (1 − η)/η, −ζ∗ (1 − η)/η) 

× χW

ρax,ay (ζx
∗, ζy 

∗, ζx, ζy)|ζx =−ζ
√

γ,ζy =−ζ∗
√

γ . (32) 

The vacuum-state contributions—from âN , âγy , âηu , and âηv are easily accounted for, 
leading to 

χρout (ζ∗ζ) = χρa (ζ∗, ζ) exp − (1 − γ) + 
1 − 
η

η |ζ|2 
W W 

× χW

ρax,ay (ζx
∗, ζy 

∗, ζx, ζy)|ζx =−ζ
√

γ,ζy =−ζ∗
√

γ . (33) 

From Lecture 13 we know that 

χ 
ρ

W 
ax,ay (ζx 

∗, ζy 
∗, ζx, ζy) = e−(|ζx|2+|ζy |2)(2G−1)/2+2Re(ζxζy )

√
G(G−1) , (34) 

which gives us 

χρout (ζ∗ζ) = χρa (ζ∗, ζ) exp − (1 − γ) + 
1 − 
η

η 
+ sγ |ζ|2 , (35) W W 

where 
s ≡ (

√
G −
√
G − 1)2 � 1 for G � 1 (36) 

is the squeezing factor. 

Fidelity Analysis 

The fidelity of the continuous-variable teleportation system, when Charlie’s input 
state is |ψ�, is defined to be 

F ≡ �ψ|ρ̂out|ψ�. (37) 

In essence, this is the probability that the output state is |ψ�. To find an expression 
for the fidelity, we will use (31) in conjunction with characteristic functions. From 
the homework we know that 

out e aout 
2/2 a† aρ̂out =

d2ζ
χA

ρout (ζ∗, ζ)e−ζâ† ζ∗ˆ =
d2ζ

χW
ρout (ζ∗, ζ)e−|ζ| e−ζˆ e ζ

∗ˆ. (38) 
π π 
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We will content ourselves with finding the fidelity when Charlie’s input state is the 
coherent state |α�. In this case we get 

F |ˆ | d

π 

2ζ
χρout (ζ∗, ζ)e−|ζ|2/2 e−ζα∗+ζ∗α . (39) = �α ρout α� = W 

From (35) with 
χW

ρa (ζ∗, ζ) = e−ζ∗α+ζα∗−|ζ|2/2 (40) 

we find that � � � � � 

F =
d

π 

2ζ 
exp − 1 + (1 − γ) + 

1 − 
η

η 
+ sγ |ζ|2 (41) 

1 
= ≤ 1. (42) 

1 + (1 − γ) + 1 − η 
+ sγη 

Equation (42) shows that to achieve F 1, we need η 1 (unity quantum → →
efficiency photodetectors), s 0 (complete squeezing, which is equivalent to infinite →
parametric amplifier gain G), and no loss γ 1 (which requires γx 1 and T 1). → → →
These conditions are too restrictive to be hoped for even from idealized equipment. 
Thus, unlike qubit teleportation, for which the assumption of ideal equipment doesn’t 
seem wildly impossible, such is not the case for continuous-variable teleportation. 

The Road Ahead 

Next time we will consider two approaches to quantum key distribution, which is 
a way to achieve completely secure communication through reliance on the laws of 
quantum mechanics. 
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