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6.642, Continuum Electromechanics
Prof. Markus Zahn
Lecture 1: Review of Maxwell’s Equations

Maxwell’s Equations in Integral Form in Free Space

Faraday’s Law

SEE ds—-— fpoH .da
H_} H_J

Circulation Magnetic Flux
of E
da
u, =4nx107 henries/m
[magnetic permeability of
free space]
C
EQS form: f = 0 (Kirchoff’s Voltage Law, conservative electric
C
field)

MQS circuit form: v = L% (Inductor)

Ampére’s Law (with Displacement Current)

fﬁ@=dea+—fsEda
\C ] \ S ]

CIFCLJ|atI0n Conduction Displacement
of H Current Current

MQS form: j;ﬁ-d_s = fj-ﬁ
C S

EQS circuit form: i= C(cjj_\t/ (capacitor)
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3. Gauss’ Law for Electric Field

stE.E = [pdV

-9
€ ~ 100 8.854 x 10'? farads/m
36n
c= ! ~3x10®°m/s (Speed of electromagnetic waves in free space)

VEoMo

4. Gauss’ Law for Magnetic Field
§uoﬁ .da=0
S

In free space:

B = Lo I\
magnetic magnetic
flux field
density intensity

5. Conservation of Charge

Take Ampeére’s Law with displacement current and let contour C - 0

da

C—0

_ - — d - —
i Heds=0=¢Jl.da+— ¢¢E-da
lim 95 f dt f 0
s ——
IpdV
\Y
R d
9§J-da + = fpdv=o
SHr_J dt %_)
Total current Total charge
leaving volume inside volume
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through surface
6. Lorentz Force Law — Force on moving point charge in free space at

velocity V in electric field E and magnetic field H .

II. Electric Field from Point Charge

J’ r "\

d i

) \
rr ! E. A= 2
, : 9§ g,E-da=¢gE 4nr =q
I'| q i S

] IJ

A

I
' . E = q _
" _'," 47'[80r

Mathematical Gaussian Spherical Surface of radius r

M )
] 2
! Tsing=f =—3
| ] 4ngr
; T cos 6 =Mg
! 2
YV d<= r — f, tan@ = q—2 =L
q q 4neg,r‘Mg 2l
Mg
1
{Zn 80r3Mgr
q = —— —— =
|
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III. Faraday Cage
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IV. Divergence Theorem

1.

Divergence Operation

Flux in = Flux out
S 1| (U e o8 I
e e e et S o e e
] e e —— e
—_—t B e
Flux in < Flux out
e el ———
——————— S
————— — —Em I
Tt — l = === S
—_—e { O ————— - .
N e e —— St
e —— —— o I
— e — e T
Source
Flux in %4 Flux out
o —_
WY — ~
? = E;’_() B B
——%‘-—-——;"—‘/ //,-—-—-"E-‘
1 W =
Sink

Figure 1-13 The net flux through a closed surface tells us whether there

is a source or sink within an enclosed volume.

Courtesy of Krieger Publishing. Used with permission.

6.642, Continuum Electromechanics
Prof. Markus Zahn

Lecture 1
Page 5 of 29



Figure 1-14 The flux of a vector A through the closed surface § is given by the
surface integral of the component of A perpendicular to the surface S. The differential
vector surface area element dS is in the direction of the unit normal n.

Courtesy of Krieger Publishing. Used with permission.

ds, = Ax Ay
z ds, = —Ay Az
|
l 3
|
dS, = —Ax Az 1 9 ds, = Ax Az
= | B
Az 1 ,’L ______
-
/’ /‘
-~
-
= . Ax
ds; = Ay Az (x,y,2) AV = Ax Ay Az
be—2y
==y
{
ds; = —Ax Ay

X

Figure 1-15 Infinitesimal rectangular volume used to define the
divergence of a vector.
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Courtesy of Krieger Publishing. Used with permission.

O = J.K-E = fAX (x,y,z)dydz —IAX (x - A, y, z)dydz
+ I X, y1+ Ay, z)dxdz - IAyl(x, y,z)dxdz

+ } 2

3

A, (
A, (x,y,z+ Az)dxdy - J'AZ (x,y,z)dxdy
3

® ~ AxAyAz {[Ax (x,¥,2) - A, (x-Ax,Y,2)] N [A, (X, Y +4y,2)- A, (X,Y,2)]
AX Ay
. [A, (X, y,2+Az) - A, (X,Y, z)]}
Az

~
~

oA,  OA, OA,
AV + +
oX oy 0z

A a5

divK=IimS—=3:an+ y o OA,
V=0 AV AV ox 9y 0z
Del Operator: V =i o, 0, &
“ox Yoy *ooz
- — oA
diVA:V.AzaAX+ y+8Az
oX oy 0z

2. Gauss’ Integral Theorem
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Figure 1-17 Nonzero contributions to the flux of a vector are only obtained across
those surfaces that bound the outside of a volume. (a) Within the volume the fux
leaving one incremental volume just enters the adjacent volume where (b) the out-
going normals to the common surface separating the volumes are in opposite direc-

tions.
Courtesy of Krieger Publishing. Used with permission.

fvv-ﬂdv=§sﬂ-ﬁ

A

3. Gauss’ Law in Differential Form

SEsOE-£=fv.(aOE)dv=fpdv
\ \

S
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Ve (&E)=p

fon ieda= [+ (u av =0

Ve (pH)=0

V. Stokes’ Theorem

1. Curl Operation

Curl (K)n = lim cd—an

| STOKES' THEOREM |

y

A

N
4 3 2 k:[
N

(x, )

F_igure _1-1_9 (a) Infinitesimal rectangular contour used to define the
circulation. (4) The right-hand rule determines the positive direction
perpendicular to a contour.

Courtesy of Krieger Publishing. Used with permission.
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X+Ax y+Ay

ggﬂo_s: fAX(x,y)dx+f A, (x+Ax,y)dy +
C Yy

2

1
y
+ f A, (x,y)dy
+A
4

(A (xy) Ay +ay)]

X

f A, (x, y + Ay)dx

X+AX
3

[A, (x+4%,Y)-A, (X, )]

= AxAy[

oA
= (jaaz Y _ f?f§2£
oxX oy

Ay

Curl (K)Z - i':la ds _0A, 0A,

B ox oy

By symmetry

— A-ds  oa oA
Curl[A) = 9§ =—X-—Z
( )y da, 0z  OX
— §K o d_S oA OA
— — z _ Y
Curl (A)X = i = oy oz
- - oA -
Curl A= i A e +i A,
*l oy oz V| oz
T
=det| — o 2
oX oy oz
A, A, A,
=VxA

Electromechanics

) OA,
oX

|

aAy ) oA,

oX

oy

|
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2. Stokes’ Integral Theorem

L

Figure 1-23 Many incremental line contours distributed over any surface, have
nonzero contribution to the circulation only along those parts of the surface on the
boundary contour L.

Courtesy of Krieger Publishing. Used with permission.

N R — [ —
ngs‘A.dsi:ng.ds

i=1 dc,

No circulation Monzero circulation

Figure 1-20 A fluid with a velocity field that has a curl tends to turn the paddle wheel.
The curl component found is in the same direction as the thumb when the fingers of
the right hand are curled in the direction of rotation.

Courtesy of Krieger Publishing. Used with permission.
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3. Faraday’s Law in Differential Form

§E-ds= [(vxE)-da=-2 [y, H-da
C S _ dt S
oH

VXE:-HOE

4. Ampere’s Law in Differential Form

VI. Applications to Maxwell’s Equations

1. Vector Identity
lim / A.ds=0 =f(v><£)-£=[v-(vd)dv
Ve (V X K) =0

2. Charge Conservation

V-{VXH=3+8 6_E}

0 ot
0=V. j+806—E
ot

0=v.3+%®

ot

3. Magnetic Field

0=-§[Vopoﬁ}jv-(poﬁ)=0
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VII. Boundary Conditions

1. Gauss’ Continuity Condition

Figure 2-19 Gauss's law applied to a differential sized pill-box surface enclosing some
surface charge shows that the normal component of ¢,E is discontinuous in the surface
charge density.

Courtesy of Krieger Publishing. Used with permission.

(a)

Figure 3-12 (a) Stokes' law applied to a line integral about an interface of dis-
continuity shows that the tangential component of electric field is continuous across
the boundary.

Courtesy of Krieger Publishing. Used with permission.
fE-ds=(E,-E,)dI=0=E, -E, =0
C

nx (El - Ez) =0

Equivalent to ®, = ®, along boundary (Electric potential is continuous
at a boundary)
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3. Normal H

v-uoﬁ:o;»gmoﬁ-£=o
S

4. Tangential H

VxH=]= ¢H-ds= [J.da
C S

Surface current K out | [ﬁ -H J -K
of page (amp/meter) 2P

5. Conservation of Charge Boundary Condition

v.3+ P -0
ot

- — d
9S§J-da+ajv"pdv=o

ne[3,-3,]+Z =0

Equivalently: neJ, +¢, %_ (3, + &, %)] -0
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VIII. Poisson’s and Laplace’s Equations

1.

Poisson’s Equation

vV.E=P o v. (Vo) = Vo = -_P_ (Poisson’s Equation)
&

Particular and Homogeneous Solutions
_ p(I:') dav'
v2p, = -2 Poisson’s Equation = @, (r) =

m
o

0 Laplace’s Equation

<
E
]

V2 (0, + @, )= -81
0

® = @, + ®, must satisfy boundary conditions

Uniqueness of Solutions

Try 2 solutions o, and @,

V2o, =-£
€o

V2D, -
€o

Vi(p,-®,) =0

O, =0,-0, = VO, =0= 0, =0
0
Ve[o,vo,]= @dv/%'d +VD, VO, =|Vo,[

[v-[o,vo,]dV =0, Vo, -da=[[vo,[ dV=0
\Y S \%

OnS, ®,=0 or vo,.da=0
®,=0 > ®,=d, onS

— oD, oD
Vb,.da=0 = —2=_—2%

onS = E_=E,onS
on on

v 4ng, ‘I: - I_J"

A problem is uniquely posed when the potential or the normal
derivative of the potential (normal component of electric field) is

specified on the surface surrounding the volume.
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IX. Two-Dimensional Solutions to Laplace’s Equation in Cartesian Coordinates, o (x,y)

1. Try product solution: @ (x,y)= X(x) Y (y)

v (1) St xS -

Multiply through by 1 :
ply ghby o

Lx _ 1y .
X dx? Y dy?
' ! k=separation constant

only a only a
function function
of x of y

2 2
IX _kex ;9 ey
dx dy

2. Zero Separation Constant Solutions: k=0

d*X

d7=0:>X=a1X+b1
2
jy\g:O Y=cy+d

®(x,y)= XY =a, +b,x +c,y +d,xy

3. Non-Zero Separation Constant Solutions: k+#0

2
g_)§+k2x=o = X =A, sinkx + A, cos kx
X

2
jYz—k2Y=O =Y
Yy

k -k
B, e +B, e

C, sinh ky + D, cosh ky

6.642, Continuum Electromechanics
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. - et
: lim sinh x =coshx = =
cosh x >
x>

. _ x ‘-"{.’: x
i sinh x = 3
x +e X
lim sinh x = x 5 coshx = — 2 —=
l.\' E«.] coshx =1+ %
ke
I = X
-3 <=2 | 1 2 3

sinh x

Figure 4-3 The exponential and hyperbolic functions for positive and negative
arguments.

Courtesy of Krieger Publishing. Used with permission.
@ (x,y)=X(x)Y(y)
= D, sin kxe* + D, sin kxe™ + D, cos kxe* + D, cos kxe™

= E, sinkx sinh ky + E, sin kx cosh ky + E; cos kx sinh ky + E, cos kx cosh ky

4. Parallel Plate Electrodes

@ (x=d)= D,

d(x=0)= D,
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Neglecting end effects, @ (x). Boundary conditions are:
O(x=0)=d,, ®(x=d)= o,
Try zero separation constant solution:

®(x)=ax+b,

®(x=d)=d,=ad+b, = a, = q)d;q)O

@ (x) = (Dd;q)" X+,

E =-9%_ % (Electric field is uniform and equal to potential
X

difference divided by spacing)

5. Hyperbolic Electrode Boundary Conditions

Equipotential lines — — —

3y
Vn ab

Field lines

y? —x? = const.

Figure 4-1 The equipotential and field lines for a hyperbolically shaped electrode at
potential V, above a right-angle conducting corner are orthogonal hyperbolas.

Courtesy of Krieger Publishing. Used with permission.
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dy _ & _x
dx E, vy
ydy = xdx
2 2

2 2

y? = x? + y2 - x2 (field line passes through (xo, Yo))

6. Spatially Periodic Potential Sheet

nNY

<— d(x=0, y)= Vgsin ay
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V, sin ay e™ xx0

V, sin ay e™® x<0

E=-V<D(x,y)=-[a£i +0£iy}

ox X oy
-Vy,a e™ {cos ay iy— sin ay ix} x>0
-V,a e™ {cos ay iy+ sin ay IX} X <0

o, (x=0)=¢g,[E, (x=0,)-E, (x =0)] = 2¢g,V, asinay
7. Electric Field Lines:

-cot ay x>0
+cot ay x<0
x>0 cos ay e = constant

x<0 cos ay e*®™ = constant
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V =V, sin aye®* V = Vg sinaye™ "

E=— Voae®“[cosayi, +sinayi,] E=—Voae™®* [cosayi, —sinayi,]

cosaye®* = const

field lines
& cos aye °* = const

\ \ \ Y WA / ; /"
N NN N WY S s ”
\\ ~ ~ \\ - - // -

~ e \\__a“‘/ 2 P

Figure 4-4 The potential and electric field decay away from an infinite sheet with
imposed spatially periodic voltage. The field lines emanate from positive surface
charge on the sheet and terminate on negative surface charge.

Courtesy of Krieger Publishing. Used with permission.

X. Two-Dimensional Solutions to Laplace’s Equation in Polar Coordinates (ﬂ = OJ
o0z

1. Product Solution

0
2 2
V2®=li[raﬁ)+%a?+a 2 =0

r or or r< o¢ 0
Vv
@ (r,¢)=R(r)F(¢) v
0
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Multiply through

LHE LY A e
R(r)F(¢)
Li[rd_RjJrl_sz =0
R dr\ dr F d¢?
-
m? -m?

surface of
constant r, & f"l

Haus / Melcher Figure 5.7.1 Polar coordinate system.

Courtesy of MIT Press. Used with permission.

2. m=0 Solutions (Zero Separation Constant Solutions)

rd—R=C = R=ClInr+D
dr

2

d—i=0 = F=A¢+B

do

Potential of line charge
O(r,0)=R(r)F(¢)=A, + A0+ AjInr+A,pnr
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©0=0)=0 | gy Vet E=-vq>=-{. o ;190 5 62}
®(¢=0a)=V, o Toor °r 0o Z 9z
e o 100 _ Vo
r oo ar
g,V
o, (rrd=0)=¢kE, (r,6=0)=- (‘;ro
&,V
GS(I‘,¢=a)=-SOE¢(r,¢=O)=+—;r°

3. m=#0 Solutions (Non-Zero Separation Constant Solutions)

2
ird_R -m?R=0 dE+m2F=O
dr{ dr
Try R = Ar" F=A;sinm¢+ A,cos m¢

r%[nﬂr”} -m2Ar" =0

nrt-mr"=0 = n=£m

R(r)=A,rm+A,rm

® (r, ¢) = R(r)F (¢) =[A,sinm¢ + A,cos mo|[A,r™ + A,rm |

=Asinm¢r” + B sinmor™ + C cos m¢or™ + D cos mor™

¥ =rsing

X = COS ¢

N
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4. Selected Solutions
m=1

@ (r, ¢) = Arsin ¢ = Ay

@ (r, ¢) = Cr cos ¢ = Cx

@ (r, )= 2202 = Line
dipole oriented in y
direction

(D(r,¢)= DCSS(I) =

Line dipole oriented in x
direction

m=2

® = Ar® sin 2¢ = 2Ar? sin$gcos ¢ = 2Axy

Generally m an integer if @ (¢ = 0)= @ (¢ = 2n)

5. Grounded Perfectly Conducting Cylinder in a Uniform y Directed

Electric Field

®={-Eor+é}sin¢ r>R
r

6.642, Continuum Electromechanics
Prof. Markus Zahn

® (y=d)= Vy
d dly)=—
\Ir s Vo 4
Ev == f‘_ = - T
0 J_ MOy=0)=10
h Y .
}I- r
\ ) .
Je x
— 4
AY
~h
) X X
1"‘—-~r'-J
d
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A
X
d(r=R,( )=0
- B L
E=Epiy = - (; i ib=—Eny = -Er sin
lim Ty v P oY = Eor sin
F—=m

iy = [sin ®ir+cosdiy]

®(r=R,¢)=0 = -E0R+§=O = A = E,R?

2
<D=-E0[r-R—jsin¢ r>R
r

0
E=-vo=-|2%; 41027 , o
or " r o 0z *
2 _ 2 _
=EO{1+R—2}sin¢ir-{1-R—2}cos¢i@} r>R
r r

0
O (r = RI ¢) = 80 I:Er (r = R+’ ¢)_ El’ (r7/R" (b):l = ZSOEO sin (l)
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2
] (1+5) x
dr _E _ _ (il cotd /
rd¢ E, a2 2=
{1—1::*1

ro,a, .
el i ing = const
=>{a . ) sing

Egi, = Egli, cosg — i, sing)

0
V=
an(:i —aL} cosg

0
22 42

Eg[{1 + =5 )cosgi, — (1 —T}Sinqﬁi@] r>a
r r

——T—— ——-4.25

r<a
r=a

r<a

V/(Eqa)

Figure 4-8 Steady-state field and equipotential lines about a perfectly conducting
cylinder in a uniform electric field.

Courtesy of Krieger Publishing. Used with permission.

XI.

1. Product Solution

V2<D=L2i(r2 5;‘)}_,__2 1 i(sin

re or or r‘’sin 6 00

®(r,0)=R(r)o(8)

®(8) d ( ) de R d
== — =

r2 dr dr r’sin ® do

6.642, Continuum Electromechanics
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(

sin ed—®
de

0D
0 — |+
)

|-

r2sin’ 0 Ao’

Two-Dimensional Solutions to Laplace’s Equation in Spherical Coordinates [i = oj

0

2
1 0 0

Multiply through

r.2

R(r)o(8)

by

Lecture 1
Page 26 of 29



6.642, Continuum
Prof. Markus Zahn

dr dr ®sin 6 do

b Y d ~ ' -
n(n+1) -n(n+1)

d dR

E(rz drj—n(n+1) R=0

Try R = ArP

Ap(p+1)#-n(n+1)K" =0 = p=n,-(n+1)

R(r)=Ar" +Br™
—|sin® —) +n(n+1)sin6e =0 [Legendre’s Equation]
In this course, only responsible for n=1 solution

= ©(6)=cos8

® = Ar cos 6 = Az is potential of uniform z directed electric field
o=0 cos ® is potential of point electric dipole
r

Grounded Sphere in a Uniform z Directed Electric Field

z=rcos®

Vz=i,=V(rcos8) =i, %(rcos 8)+i, %i(rcos 6)=1i cos@-i, sin®

00
r>R
®(r,6)=-EyrcosB+ A cczs ®
r
Electromechanics Lecture 1
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=@(r=RB)=0
= R b —
E=Egi, = Ey [cosO ir - sindig] = - it
limd = g, = -
bl E,z = -Egrcose
A 3
®(r=R,0)=0= [-EOR+R—ZJCOSG = A=ER
R3
CD(r,e)=-E0(r-—2jcose r>R
r
E=-vo=-2%] +la£}e
or " r o6
3 _ 3 —
=E, Kl+2§ ]cose i -[1-R—3Jsin6 iy }
r r
o, (r=R,08)=¢eE (r=R,0)=3g,E, cos®
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0 r<R

V= i R2
—EOR(E'—YQ—}COSB r=R
rD r<R
E=—-VV= 3 3
1&;[:1 + 2R ) cosoi, — (1~ B sinoiy)  r>R
+2 r r
¢
(1+2R%)
a__ Er, '_"f'?' cotf
rdf Eq (1 __?3_)
L =2 % (£)21sin?6 = const
s e oees e
—_———_—t -tV YTt ——{ == — =175
———]—— —_———f—-— 1.0
SE S S ———t—=——0.6
I e — B e ] U L v
——————t_— L N S N == = - ——— 025 EoR
———t - e e -
———r——— h———=—=— 10
————— e S IS W
\
—————— L -~ ——t-——— 2.75
Egi, = Egli,cosf —igsinf)
(b)
Figure 4-125
Courtesy of Krieger Publishing. Used with permission.
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