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6.642, Continuum Electromechanics 
Prof. Markus Zahn 

Lecture 1: Review of Maxwell’s Equations 
 

 
I. Maxwell’s Equations in Integral Form in Free Space 

 
 

1. Faraday’s Law 
 

μi iv 0
C S

d
E ds = - H da

dt
       ∫ ∫  

 
Circulation Magnetic Flux 

 of E  
 

 
 

 
 

-7
0 = 4 ×10μ π  henries/m 

[magnetic permeability of 
free space] 

 
 
 
 
 
 

EQS form: 
C

E ds = 0  ∫ iv  (Kirchoff’s Voltage Law, conservative electric 

field) 
 

MQS circuit form: 
di

v = L
dt

 (Inductor) 

 
 
2. Ampère’s Law (with Displacement Current) 
 

0
C S S

d
H ds = J da E da

dt
                 ε+∫ ∫ ∫i i i  v

 
Circulation Conduction Displacement 
 of H Current Current 
 
 

MQS form: 
C S

H ds = J da         ∫ ∫i iv  

EQS circuit form: 
dv

i =  (capacitor) C
dt
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3. Gauss’ Law for Electric Field 
 

0
S V

E da = dV      ρ ε∫ ∫iv  

-9
-12

0

10
8.854×10  farads/m

36
≈    ≈  

π
ε   

≈ ×
με

8

0 0

1
c = 3 10 m/s  (Speed of electromagnetic waves in free space) 

 
 

4. Gauss’ Law for Magnetic Field 
 

0
S

H da = 0      μ∫ iv  

 
In free space: 

 

0B  =   H μ  
 

magnetic magnetic 
flux  field 
density  intensity 
 
 

5. Conservation of Charge 
 

Take Ampère’s Law with displacement current and let contour C 0  →
 

 
 

0
C 0

C S S

d
  H  ds = 0 = J  da +   E  dalim

dt
ε

→
∫ ∫ ∫i i iv  v v

V

dVρ ∫  

S V

d
J  da  +    dV = 0

dt
ρ ∫ ∫iv  

 
Total current      Total charge 
leaving volume   inside volume 
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through surface 
6. Lorentz Force Law – Force on moving point charge in free space at 

velocity v  in electric field E  and magnetic field H . 
 

( )0f = q E+ v× Hμ  

 
II. Electric Field from Point Charge 

 
 

 
 
 
 
 
 

2
0 0 r

S

 E  da = E 4 r = qπ ε ε∫ iv  

 

r 2
0

q
E =

4 rπ ε
 

 
 
 
 
 
 
 
 
 

 
 

 
 

2

c 2
0

q
T sin θ= f =

4 rπ ε
 

 
T cos θ= Mg 

 
2

2
0

q r
tan θ= =

2l4 r Mgπ ε
 

1  
 
 
 
 
 
 

1
3 2

02 r Mg
q =

l

⎡ ⎤π 
⎢ ⎥
⎣ ⎦

ε
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III. Faraday Cage 
 

 

 
 
 

( )
S

d d
J da= i= dV - -q =

dt dt dt
     -   =ρ ∫ ∫iv dq

 

 
idt = q∫  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
dqi
dt

=  

idt q=∫  
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IV. Divergence Theorem 
 

1. Divergence Operation 
 
 

 
 

Courtesy of Krieger Publishing. Used with permission. 
 
 

( )
S V

A dS = div A  dV     ∫ ∫iv  

 

S

V 0

A dS

div A  = lim 
V

   

 
Δ Δ→

∫ iv
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Courtesy of Krieger Publishing. Used with permission. 
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 Courtesy of Krieger Publishing. Used with permission. 

 

( ) ( )

( ) ( )

( ) ( )

x x
1 1'

y y
2 2'

z z
3 3'

A ds A x,y,z dydz A x - x,y,z dydz

   A x,y + y,z dxdz A x,y,z dxdz

   A x,y,z+ z dxdy A x,y,z dxdy

Φ = = − Δ

+ Δ −

+ Δ −

∫ ∫ ∫

∫ ∫

∫ ∫

i

 

( ) ( ) ( ) ( )

( ) ( )

y yx x

z z

A x,y + y,z A x,y,zA x,y,z A x - x,y,z
x y z   +  

x y

A x,y,z + z A x,y,z
                +  

z

⎧ ⎡ ⎤⎡ ⎤ Δ− Δ⎪⎣ ⎦ ⎣Φ ≈ Δ Δ Δ ⎨
Δ Δ⎪⎩

⎫⎡ ⎤Δ − ⎪⎣ ⎦
⎬

Δ ⎪⎭

− ⎦

 

yx z
AA A

V + +
x y z

∂⎡ ⎤∂ ∂
≈ Δ ⎢ ⎥∂ ∂ ∂⎣ ⎦

  

 

yS x z

V 0

A dS
AA A

div A  = lim = + +
V V x y

   

 
Δ

Φ
Δ Δ→

∂∂ ∂
=

∂ ∂ ∂

∫ iv
z

 

 

Del Operator: x y z= i   + i   + i   
x y

− − −

z
∂ ∂ ∂

∇
∂ ∂ ∂

 

 
yx z

AA A
div A   A = + +

x y
 =  

∂∂ ∂
∇

∂ ∂ ∂
i

z
 

 
 
 

2. Gauss’ Integral Theorem 
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Courtesy of Krieger Publishing. Used with permission. 
 

i

N

i
i=1S dS

N

A dS =   A dS        

→∞

∑∫ ∫i iv v  

 

( )
n

N

iN
i=1V 0

= lim       A V 
→∞

Δ →

∇ Δ∑ i  

 

V

=   A dV∇∫ i  

 

V S
  A dV = A  da∇∫ ∫i iv  

 

 
 

3. Gauss’ Law in Differential Form 
 

( )0 0
S V V

 E  da =   E  dV = dVρ ε ε∇∫ ∫ ∫i iv  
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( )0  E =∇ ρεi  

 

( )0 0
S V

 H  da =   H  dV = 0μ μ∇∫ ∫i iv  

( )0  H = 0∇ μi  

 
 

V. Stokes’ Theorem 
 

1. Curl Operation 
 

( )
C S

A ds = Curl A da      ∫ ∫i iv  

( )
n

C

da 0n
n

A ds

Curl A = lim   
da

   

→

∫ iv
 

 
 
 

S C
× A  da = A  ds∇∫ ∫i iv

 
 
 
 
 
 
 
 
 
 
 
 
 
Courtesy of Krieger Publishing. Used with permission. 
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( ) ( ) ( )

( )

y+ yx+ x x

x y x
C x y x+ x

1 32

y

y
y+ y

4

A ds = A x, y dx + A x + x, y dy + A x, y + y dx

            + A x, y dy

  
ΔΔ

Δ

Δ

Δ Δ∫ ∫ ∫ ∫

∫

iv
 

 

( ) ( ) ( ) ( )y yx x A x + x, y - A x, yA x, y - A x, y + y
= x y  + 

y x

⎡ ⎤⎡ ⎤⎡ ⎤ ΔΔ⎣ ⎦ ⎣ ⎦⎢ ⎥Δ Δ
Δ Δ⎢ ⎥⎣ ⎦

 

 

y x
z

A A
= da -

x y

∂⎡ ⎤∂
⎢ ⎥∂ ∂⎣ ⎦

 

 

( ) y x

z
z

A ds A A
Curl A =  = -

da x y

   ∂ ∂
∂ ∂

∫ iv
 

 
By symmetry 
 

( ) x z

y
y

A ds A A
Curl A =  = -

da z x

   ∂ ∂
∂ ∂

∫ iv
 

 

( ) yz

x
x

A ds AA
Curl A =  = -

da y z

   ∂∂
∂ ∂

∫ iv
 

 

y yz x z
x y z

A AA A A
Curl A =  i -  + i - + i -

y z z x x y

− − −∂ ∂⎡ ⎤ ⎡∂ ∂ ∂⎡ ⎤
⎢ ⎥ ⎢⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦⎣ ⎦ ⎣

xA ⎤∂
⎥
⎦
 

 

x y z

x y z

i      i      i

= det         
x y z

A     A     A

− − −⎡ ⎤
⎢ ⎥
⎢ ⎥∂ ∂ ∂⎢ ⎥
∂ ∂ ∂⎢ ⎥

⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
= ×A∇  
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2. Stokes’ Integral Theorem 

 

  Courtesy of Krieger Publishing. Used with permission. 
 

i

N

iN
i=1 dC C

lim A ds = A ds    
→∞ ∑∫ ∫i iv v  

 

( )
N

i
i=1

= ×A d  
→∞

∇∑ i a  

 

( )
S

= ×A d  ∇∫ i a  

 
 
 
 
 
 
 
 
 
 
 
 

Courtesy of Krieger Publishing. Used with permission. 
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3. Faraday’s Law in Differential Form 
 

( ) 0
C S S

d
E ds = ×E da = - H da

dt
         μ∇∫ ∫ ∫i iv i  

0

H
×E

t
= -  

∂
∇ μ

∂
 

 
4. Ampère’s Law in Differential Form 

 

0
C S S S

d
H ds =  × H da = J da + E da

dt
           ε∇∫ ∫ ∫ ∫i i iv i  

 

0

E
×H J+

t
∂

∇
∂

ε=   

 
 

VI. Applications to Maxwell’s Equations 
 
 

1. Vector Identity 
 

( ) ( )
C 0

C V

lim A ds = 0 = × A da= ×A dV
S

           
→

∇ ∇ ∇∫ ∫ ∫i i iv v  

 

( )×A = 0  ∇ ∇i  
 

2. Charge Conservation 
 

0

E
×H = J + 

t

⎧ ⎫∂⎪ ⎪∇ ∇⎨ ⎬
∂⎪ ⎪⎩ ⎭

εi   

 

0

E
0 = J + 

t

⎡ ⎤∂
∇ ⎢ ⎥

∂⎢ ⎥⎣ ⎦
εi   

 
0 = J + 

t
  

∂ρ
∇

∂
i  

 
3. Magnetic Field 
 

0

H
×E = - 

t
  

⎧ ⎫∂⎪ ⎪∇ ∇ μ⎨ ⎬
∂⎪ ⎪⎩ ⎭

i  

 

( )0 00 = - H H = 0
t

    
∂ ⎡ ⎤∇ μ ⇒ ∇ μ⎣ ⎦∂

i i  
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VII. Boundary Conditions 
 

1. Gauss’ Continuity Condition 

Courtesy of Krieger Publishing. Used with permission. 
 

( )0 s 0 2n 1n
S S

E  da = dS  E - E dS = dSσ σε ε⇒∫ ∫iv  s

( ) ( )0 2n 1n s 0 s2 1E - E = n E -E =⎡ ⎤⇒ ⎣ ⎦ε εσ i  σ  

2. Continuity of Tangential
 

 E  

 
C

 

ourtesy of Krieger Publishing. Used with permission. 
 

( )1t 2t 1t 2t
C

E  ds = E - E dl = 0 E - E 0⇒ =∫ iv  

( )1 2n× E - E = 0  
Equivalent to 1 2Φ = Φ  along boundary (Electric potential is continuous 
at a boundary) 
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3. Normal H 
 

0 0
S

H 0  H da = 0    μ μ∇ = ⇒ ∫i iv  

 
 
 

( )0 an bnH - H A 0μ =  

 

 
an bnH = H  

a bn H - H = 0  ⎡ ⎤
⎣ ⎦i  

 
 
 
 
 

4. Tangential H  
 

C S

 ×H = J H ds = J da    ∇ ⇒ ∫ ∫i iv  

 
 

 
- H =  

 

 

 

bt atH ds ds Kds

bt atH - H = K  

a bn × H - H = K⎡ ⎤
⎣ ⎦  

 
 
 
 
 

 
5. onservation of Charge Boundary Condition C

 
 

J+ = 0
t

∂ρ
∇

∂
i   

 

S V

d
J da + dV = 0

dt
  ρ∫ ∫iv  

 
s

a b⎣ ⎦n J - J  + = 0
t

∂⎡ ⎤
∂

i
σ

   

 

sσ

0 0[ (a a
a b

E En J J
t t

ε ε∂ ∂Equivalently: )] 0+ − + =
∂ ∂

i  
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VIII. Poisson’s and Laplace’s Equations  

 
1. Poisson’s Equation 

 
× E = 0 E = -∇ ⇒ ∇Φ  

 

( ) 2

0 0

E = = = -
ρ ρ

∇ ⇒ ∇ ∇Φ ∇ Φ
ε ε

i i     (Poisson’s Equation) 

2. Particular and Homogeneous Solutions 
 

2
P

0

= -
ρ

∇ Φ
ε

 Poisson’s Equation ( ) ( )
P

V' 0

r' dV '
r =

4 r - r

ρ
⇒ Φ

πε∫
'
  

Φ  Laplace’s Equation 2
h = 0∇

 

( )2
P h

0

+ = -
ρ

∇ Φ Φ
ε

 

 
= Φ Φ  must satisfy boundary conditions 

3. niqueness of Solutions 

ry 2 solutions  and 

Φ P h+

 
U
 
T aΦ bΦ   
 

ρ
ε

∇ Φ2
a

0

          = -  

2

0
b

ρ
ε

∇ Φ = −             

 
( )2

a b-   =  0Φ Φ  

 
d = -  = 0Φ Φ Φ ⇒ ⇒ Φ  

    0 

∇

2
d a b d  = 0Φ∇

22
d d d d d d d= +  =     ∇ Φ ∇Φ Φ ∇ Φ ∇Φ ∇Φ ∇Φ⎡ ⎤⎣ ⎦i i  

 
2

d d d d d
V
∫ ∫

S V

 dV = da = dV = 0∇ Φ ∇Φ Φ ∇Φ ∇Φ⎡ ⎤⎣ ⎦ ∫i iv     

n S,  or 
 

d = 0Φ d da = 0  ∇Φ i  O
 

b⇒ Φ Φ  on S 
 

d a= 0    =Φ

a b
d da = 0    =

n n
  

∂Φ ∂Φ
∇Φ ⇒

∂ ∂
i  on S na nb  E = E⇒  on S 

lectric field) is 
specified on the surface surrounding the volume. 

 
A problem is uniquely posed when the potential or the normal 
derivative of the potential (normal component of e
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( )x, yΦ  IX. Two-Dimensional Solutions to Laplace’s Equation in Cartesian Coordinates, 

 

( )
2 2

2
2 2

x, y   =  + = 0
x y

∂ Φ ∂ Φ
∇ Φ

∂ ∂
 

 
 

1. ry product solution:T  ( ) ( ) ( )x, y = Χ x  Y yΦ  

 

( ) ( ) ( ) ( )2 2

2 2

d  Χ x d  Y y
Y y  + X x = 0

dx dy
 

 
1

XY
Multiply through by : 

 
 

2 2
2

22

1 d Χ 1 d Y
-    =  

X Ydx dy
 

k=separation constant 

on ion 
f x of y 

 

- k   =  

only a only a 
functi funct
o

2 2
2 2

2 2

d Χ d Y
 = - k Χ   ;    = k Y

dx dy
 

. Zero Separation Constant Solutions: k=0 
 

 
 

2

2

1 12

d Χ
 = 0  Χ = a x + b

dx
⇒  

 
2

1 12

d Y
 = 0  Y = c y + d

dy
⇒  

 
 

3. on-Zero Separation Constant Solutions: k≠0 
 

( ) 2 2 2 2x, y = ΧY = a + b x + c y + d xyΦ

 
 
N

2
2

1 22

d Χ
  + k Χ = 0     X = A  sin kx + A  cos kx
dx

⇒  

 
2

2 ky
1 22

d Y
  - k Y = 0     Y = B  e + B  e
dy

⇒ -ky   

C  sinh ky + D  cosh ky  

 

= 1 1
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Courtesy of Krieger Publishing. Used with permission. 
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 ( ) ( ) (x, y = Χ x Y yΦ

 
ky -ky ky -ky

1 2 3 4= D  sin kxe + D  sin kxe + D  cos kxe + D  cos kxe  
 

1 2 3 4= E  sin kx sinh ky + E  sin kx cosh ky + E  cos kx sinh ky + E  cos kx cosh ky

 
4. Parallel Plate Electrodes 
 

 
 
 
 



Neglecting end effects, ( )x .Φ  Boundary conditions are: 

 
( ) ( )0 dx = 0 =  ,  x = d =Φ Φ Φ Φ  

 
Try zero separation constant solution: 
 

( ) 1 1x = a x + bΦ  

 
( ) 0 1x = 0 =  = bΦ Φ  

 

( ) d 0
d 1 1 1x = d = = a d + b      a =

d
Φ − Φ

Φ Φ ⇒  

 

( ) d 0
0x = x +

d
Φ − Φ

Φ Φ  

 
0

x

-d
E = - =

dx d
Φ ΦΦ d  (Electric field is uniform and equal to potential 

difference divided by spacing) 
 

5. Hyperbolic Electrode Boundary Conditions 

Courtesy of Krieger Publishing. Used with permission. 
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( ) 0xy = ab = VΦ  

 
( )x = 0, y = 0Φ  

 
( )x, y = 0 = 0Φ  

 
( ) ( )0x, y = V  xy abΦ  

 

x y

0
x y

E = - = - i   -  i
x y

V
  = - y i  + x i

ab

− −

− −

∂Φ ∂Φ
∇Φ

∂ ∂

⎡ ⎤
⎢ ⎥⎣ ⎦

 

 
Electric field lines: 
 

y

x

Edy x
= =

dx E y
 

 
ydy = xdx  
 

2 2y x
= + C

2 2
 

 
2 2 2

0y = x + y - x2
0  (field line passes through (x0, y0)) 

 
 

6. Spatially Periodic Potential Sheet 
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( )

-ax
0

+ax
0

V  sin ay e         x 0

x, y =

V  sin ay e         x 0

⎧ ≥
⎪

Φ ⎨
⎪ ≤⎩

 

 
 

( ) x yE = - x, y = - i + i
x y

− −⎡ ⎤∂Φ ∂Φ
∇Φ ⎢ ⎥∂ ∂⎣ ⎦

 

 
-ax

0 y x

ax
0 y x

-V a e  cos ay i - sin ay i         x 0

=

-V a e  cos ay i + sin ay i         x 0

− −

− −

⎧ ⎡ ⎤ >⎪ ⎢ ⎥⎣ ⎦⎪⎪
⎨
⎪ ⎡ ⎤⎪ <⎢ ⎥⎪ ⎣ ⎦⎩

 

 
( ) ( ) ( )s 0 x + x - 0 0x = 0 = E x = 0 - E x = 0 = 2 V  a sin ay⎡ ⎤σ ⎣ ⎦ε ε  

 
 

7. Electric Field Lines: 
 

 

y

x

-cot ay        x > 0
Edy

= =
dx E

+cot ay       x < 0

⎧
⎪
⎨
⎪
⎩

 

 
-axx > 0     cos ay e = constant  

 
+axx < 0     cos ay e = constant  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6.642, Continuum Electromechanics                                                                                       Lecture 1 
Prof. Markus Zahn                                                                                                           Page 20 of 29 



 
 
Courtesy of Krieger Publishing. Used with permission. 
 

X. Two-Dimensional Solutions to Laplace’s Equation in Polar Coordinates = 0
z

∂⎛ ⎞
⎜ ⎟∂⎝ ⎠

 

 
 

1. Product Solution 
0 

2 2
2

2 2 2

1 1
 =   r  +   + 0

r r r r z
∂ ∂Φ ∂ Φ ∂ Φ⎛ ⎞∇ Φ =⎜ ⎟∂ ∂ ∂φ ∂⎝ ⎠

 

0

v
v

− − − − −  
 

( ) ( ) ( )r,  = R r  FΦ φ φ  
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( ) ( )

( ) ( )

2
2

2 2

 Multiply through
F R r  d dR d F

r + = 0    r
 by   r dr dr r d

R r F

φ ⎛ ⎞
⎜ ⎟ φ⎝ ⎠ φ

 

 
2

2

r d  d F
= 0

R d dφ
dR 1

r  + 
r dr F

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 
m2 -m2

 
2 2r d dR d dR

r  = m      r r  - m R =
R dr dr dr dr

⎛ ⎞ ⎛ ⎞⇒⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

0  

 
2 2

2 2
2 2

1 d F d F
= -m     + m F = 0

F d d
⇒

φ φ
 

 
Courtesy of MIT Press. Used with permission. 
 

2. m=0 Solutions (Zero Separation Constant Solutions) 
 
 

dR
r = C    R = C ln r +

dr
⇒ D  

 
2

2

d F
= 0    F = A Β

d
⇒ φ +

φ
 

 
Potential of line charge 

( ) ( ) ( ) 1 2 3 4r, R r  F = A + A A ln r + A ln rΦ φ = φ φ + φ  
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( )
( )

( ) 0
r z

0

= 0 = 0 V 1
   =     E = - = - i + i + i

r r z= = V  

− − −

θ

⎫Φ φ φ ⎡ ⎤∂Φ ∂Φ ∂⎪ ⇒ Φ φ ⇒ ∇Φ⎬
Φ

⎢ ⎥α ∂ ∂φΦ φ α ∂⎣ ⎦⎪⎭
 

0V1
E = - = -  

r rφ

∂Φ
∂φ α

 

 

( ) ( ) 0 0
s 0

V
r, = 0 = E r, = 0 = -

rφσ φ φ
α

εε  

( ) ( ) 0 0
s 0

V
r, = = - E r, = 0 = +

rφσ φ α φ
α

εε  

 
3. m≠0 Solutions (Non-Zero Separation Constant Solutions) 
 

 

2d dR
r r  - m R =

dr dr
⎛ ⎞
⎜ ⎟
⎝ ⎠

0  
2

2
2

d F
+m F = 0

dφ
 

 
Try R =  nAr 1 2F = A sin m + A cos mφ φ  
 

n 2 nd
Ar  - m Ar  = 0 

dr
⎡ ⎤⎣ ⎦r n  

 
2 n 2 nn r - m r  = 0    n = ±m⇒  

 
( ) m -

3 4R r  = A r + A r m

m

 
 
 

( ) ( ) ( ) m -
1 2 3 4r, = R r F   = A sin m + A cos m  A r + A r⎡ ⎤Φ φ φ φ φ⎡ ⎤⎣ ⎦ ⎣ ⎦  

m -m m= A sin m r + B sin m r + C cos m r + D cos m rφ φ φ -mφ
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4. Selected Solutions 
 

m=1 
 

( )r, = Ar sin  = AyΦ φ φ  
 

( )r, = Cr cos  = CxΦ φ φ  
 
 
 
 
 
 

( ) B sin 
r, =   

r
φ

Φ φ ⇒  Line   

dipole oriented in y       
direction 

 
 
 
 
 
 
 

( ) D cos 
r, =   

r
φ

Φ φ ⇒  

Line  dipole oriented in x       
direction 
 
m=2 

2 2= Ar  sin 2  = 2Ar sin cos = 2ΑxyΦ φ  φ φ  
Generally m an integer if ( ) ( )= 0 = = 2Φ φ Φ φ π  
 

5. Grounded Perfectly Conducting Cylinder in a Uniform y Directed 
Electric Field 

 

0

A
= -E r +  sin r R

r
⎡ ⎤Φ φ         ≥⎢ ⎥⎣ ⎦
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( )Φ φ ⇒  ⇒ 2
0 0

A
r = R, = 0    - E R + = 0   A = E R

R
 

2

0

R
= - E r - sin r R

r
⎛ ⎞

Φ φ         ≥⎜ ⎟
⎝ ⎠

 

 
0 

− −

Φ
⎡ ⎤∂Φ ∂Φ −

∇Φ ⎢ ⎥∂ ∂⎣ ⎦

1
E = - = - i + i

r r
∂Φ

φ ∂r z+ i
z

 

 
− −

Φ
⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪φ φ         >⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

2 2

0 r2 2

R R
= E 1 + sin i - 1 - cos i r R

r r
 

0 
( ) ( ) ( )s 0 r + r r = R - 0 0r = R, = E r = R , - E , = 2 E  sin ⎡ ⎤σ φ φ φ φ⎣ ⎦ε ε  
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XI. Two-Dimensional Solutions to Laplace’s Equation in Spherical Coordinates = 0
⎛ ⎞∂
⎜ ⎟∂φ⎝ ⎠

 

 
1. Product Solution 

0 
2

2 2
2 2 2 2

1 1
2

 =   r  +  sin θ  + 0
r r θ θr r sin θ r sin

∂ ∂Φ ∂ ∂Φ⎛ ⎞ ⎛ ⎞∇ Φ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

)

1
=

θ
∂ Φ
∂φ

 

( ) ( ) (r, θ = R r θΦ Θ  

Figure 4-8    Steady-state field and equipotential lines about a perfectly conducting 
cylinder in a uniform electric field. 

 

( )

( ) ( )
2 2

2 2

 Multiply through
θ d dR R d d

r + sin θ 0     r
 by   dr dr dθ dθr r sin θ

R r θ

Θ Θ⎛ ⎞ ⎛ ⎞ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ Θ
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21 d dR 1 d d
r + sin θ = 0

R dr dr sin θ dθ dθ
Θ⎛ ⎞ ⎛ ⎞

⎜ ⎟ ⎜ ⎟Θ⎝ ⎠ ⎝ ⎠
 

 
n(n+1) -n(n+1) 
 
 

( )⎛ ⎞
⎜ ⎟
⎝ ⎠

2d dR
r - n n + 1   R =

dr dr
0

r

 

 
 
Try R = A  p

 
(( ) ) ( )p + 1 r - n n + 1 = 0    p = n, - n + 1⇒p pAp Ar  

 
( ) ( )- n+1nR r = Ar + Br  

 

( )d d
sin θ + n n + 1 sin θ = 0

dθ dθ
Θ⎛ ⎞ Θ⎜ ⎟

⎝ ⎠
 [Legendre’s Equation] 

 
In this course, only responsible for n=1 solution 
 
 

( )θ = cos θ⇒ Θ  

 
= Ar cos θ = AzΦ  is potential of uniform z directed electric field 

 

2

B cos θ
=

r
Φ  is potential of point electric dipole 

 
n=1 
 

( ) 2

B
r, θ = Ar + cos θ

r
⎛ ⎞Φ ⎜ ⎟
⎝ ⎠

 

 
 

2. Grounded Sphere in a Uniform z Directed Electric Field 
 
z = r cos θ  
 

( ) ( ) ( )z r r

1
z = i  = r cos θ = i  r cos θ i  r cos θ = i  cos θ - i  sin θ

r r θ

− − − −

θ θ

∂ ∂
∇ ∇ +

∂ ∂

−

 

 
r R≥  
 

( ) 0 2

A cos θ
r, θ = -E r cos θ +

r
Φ  
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0E z

 

( ) 3
0 02

A
r = R, θ = 0 = -E R + cos θ    A = E R

R
⎛ ⎞Φ ⇒⎜ ⎟
⎝ ⎠

 

 

( )
3

0 2

R
r, θ = -E r - cos θ       r R

r

⎛ ⎞
Φ ≥⎜ ⎟

⎝ ⎠
 

 

r

1
E = - = -  i  + i  

r r θ

− −

θ

∂Φ ∂Φ⎡ ⎤∇Φ ⎢ ⎥∂ ∂⎣ ⎦
 

 
3 3

0 r3 3

2R R
= E 1+ cos θ i - 1- sin θ i  

r r

− −

θ

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 
( ) ( )s 0 r 0 0r = R, θ = E r = R, θ = 3 E  cos θσ ε ε  
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