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6.642, Continuum Electromechanics 
Prof. Markus Zahn 

Lecture 3: Continuum Electromechanics (Melcher) – Section 4.1-4.3 
 

 
I. Air-Gap Magnetic Machines 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Courtesy of MIT Press. Used with permission. 

 
A. Generalized Description 
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2 kπ π2 k

fz z= ∫ ∫T xn dz r r
x dy = w μ μ0HzHx dz = w H

x=0 ∫ 0 zHxdz  
S 0 0

 
force on a 
wavelength 

  a z( ) = Re ⎡ ⎤Ae− jkz  ⎣ ⎦
 
  b z( ) = Re ⎡ ⎤Be− jkz  ⎣ ⎦

 

( ) ( )k 12 kπ
⎡ * *⎤ ⎡1

∫ a z  b z dz = Re AB = Re A ⎤B   
2 2π ⎢ ⎥ ⎢

0
⎣ ⎦ ⎣2 ⎥⎦

 
2 wπ μ0 ⎡ ⎤r r *

f =z  Re Hz x H  
k 2 ⎢ ⎥⎣ ⎦

 
π μw 0 ⎡ ⎤r *

= Re -Κr x H  
k ⎢ ⎥⎣ ⎦

⎡ ⎤1
⎡ ⎤s -coth kd       ⎡ s
Bx ⎢ ⎥ ⎤sinh kd χ⎢ ⎥ = kμ0   ⎢ ⎥ ⎢ ⎥
⎢ ⎥r

 
1Bx ⎢ ⎥ ⎢ ⎥⎣ ⎦ -        coth kd ⎣χ ⎦⎢ ⎥⎣ ⎦sinh kd

 
 

s
s 1 Ks

H =z +jkχ ⇒ χ = Hz =
jk jk

r
 

r H K
                  χ = z = - r

jk jk

⎡ ⎤s
r -χ

μ μ
r

0 0Hx = k ⎢ ⎥       + χ coth kd  
⎢ ⎥sinh kd⎣ ⎦

 

0
⎢ ⎥jk sinh kd jk⎣ ⎦

 
 

⎡ ⎛ ⎞* s ⎤K⎡ ⎤* r Κ *
Re -Kr xH μ μ= - ⎢ r

⎣ ⎦⎢ ⎥0 0Re +j ⎜ ⎟+K K coth kd ⎥
⎢ ⎜ ⎟sinh kd r r ⎥
⎣ ⎝ ⎠⎦  
⎡ ⎤* s

                  = Re -μ0 jKrΚ sinh kd⎢ ⎥⎣ ⎦
 

πw μ0 ⎡f = - Re jK K
* ⎤

z k sinh kd ⎢⎣ r s  (force on each wavelength)  ⎥⎦
 

⎡ ⎤s r
-Κ K

= kμ ⎢ ⎥   - coth kd  

r
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B. Synchronous Interaction 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Courtesy of MIT Press. Used with permission. 

 

K =s sK sin jK ej t( )⎡ ⎤ω t - kz = Re ⎡- s ω
⎣ ⎦

s -kz ⎤
0 s ⎣ 0 ⎦  

 
K =r rK0 rsin ⎡ ⎤ω δt - k (z' - )  ; z' = z - Ut⎣ ⎦
    = Kr

0 rsin ⎡ ⎤⎣ ⎦( )ω δ+kU t - k (z - )  

    = Re ⎡ ⎤-jKr tej +( )ωr kU k z-
0 e-j ( δ)

⎣ ⎦
 

s
K = -jKs j ts

0e
ω

r
 

K = -jKr je kδ ( )r k
0 ej +ω U t

 
πw μ

f = 0 Re ⎡ ( )-jKs rej tωs
z 0- j ( jK e-jkδ ) -j( )t

0 e ωr+kU ⎤  
k sinh kd ⎣ ⎦

πw μ
= - 0 Ks rK Re ⎡je-jkδej -( )ω ωs r -kU t ⎤

k sinh kd 0 0  ⎣ ⎦

 
For time average force 
 
⇒ ωs r= +ω kU   (synchronous condition) 
 
Usually ω ⇒r s= 0    ω = kU  
 

πw μ
f = 0 s r
z 0- K K sin k

k sinh kd 0 δ  
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                  Courtesy of MIT Press. Used with permission. 

II. Electrostatic Machine 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2 2π π2 kπ πw 2 k

f =z zw ∫ ∫T x dz = ε E
x=0 0 zEx dz

k k x=0
 

0 0

 
E =

r

z rjkV  

πw ⎡ ⎤r * r
f =z 0Re ε Ez xE

k ⎢ ⎥⎣ ⎦
 

πw ⎡ ⎤   = Re ε (-jkV
* r
r⎢ ⎥⎣ ⎦0 )Ek x
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⎡ ⎤1
s ⎡       Vs ⎤⎡ ⎤ -coth kdDx ⎢ ⎥

ε sinh kd ⎢ ⎥⎢ ⎥ = k0  ⎢ ⎥ 
r ⎢ ⎥  
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ε ε
r -Vs
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f = 0 ⎡ ⎤
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sinh kd ⎢ ⎥⎣ ⎦s r  

 
V V= ωs

s 0 cos ( )st - kz

V = -Vr
r 0 cos ( )ω δrt - k ( )z' - ; z' = z - Ut
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r

-Vr t
 

0e
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s

Vs tj
0e
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r coth kd  

 

πwkε
f = 0
z 0Re ⎡ ⎤-j Vs r V -jkδ j -( )ω ω -kU t

sinh kd 0 e  e⎣ ⎦
s r  

 
ω ωs r= +kU  
 

πwkε
f = 0 s r
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⎤⎞
⎟⎟
⎠
⎥
⎥⎦
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