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6.642, Continuum Electromechanics
Prof. Markus Zahn
Lecture 4: Continuum Electromechanics (Melcher) — Sections 2.18-2.19

I. Section (2.18) Solenoidal Fields

A. Vector Potential
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Setting Gauge: v.A =0 = V?A = -u] (Vector Poisson’s Equation)

B. Uniqueness

0

Ao A+VE = B=(vx(A+Vf))=VxA+Vx(f)
C=A+a
VXE=Vx(K+5)=VxK+Vx5
For uniqueness: v xa = 0sothatC = A
a=Vf
V.E=(v-(K+a))=v.K = V.a=0 = V=0
qu)__B:(D:I pd_v

€ V4ns|r-r'
V=0 = f=0 = C=A

C. Vector Poisson’s Equation Solutions
VA== A(r)= 2| L ()ev
4n y, |r—r|
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Important configurations having solenoidal field % represented by single components of vector potential A.
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Two-dimensional Cartesian Polar Axisymmetric cylindrical Axisymmetric spherical
%= sl @ I -aa0i @ | F-Mnai @ | X421, @

JA+ _dA T + _13A+ 9A + o 1A+ 1307+ * 1 13h+ W~
icﬁix-—aiiy (®) 8 =g i:'ii—‘“a(") Bg-;a_z_ir"';ﬁiz(h) BErainB[;_G_ir——fiS] ()
#y = La(a) - A(b)] (c) o) = 2[A(a) - A(D)] (D) o, = 2n[A(a) - AB)] (D) ¢, = 2n[Afa) - A(B)] (1)

Courtesy of MIT Press. Used with permission.
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D. Magnetic Field Lines in 2 Dimensional Geometries

1. 2-D Cartesian

A=A(x,y)|Z

B=vxA=i SA_; A
oy Y ox
oA

dy By__&:%

oA
dx+ —dy=dA =0 A (X,y) = constant
dx B, 0A 0X oy Y = AlxY)

oy
2. Polar
A=A(r0)i
B=vxA=i -8 j %A
r o or
1 0A

B._dr _roe _ 0A
B, rde _0A or

or
3. Axisymmetric Cylindrical

dr+%de =dA=0= A(r,0)=constant

— A(r,2) -
A= ( )le
r
B=vxA=-104;  10A7
r oz r or

1 0A
dz B r or oA oA
— =t = —dr+ —dz=dA =
dr B 10A = or 0z

r oz

A (r,z) = constant

4. Axisymmetric Spherical
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rsing ¢
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dr _B. _r o8
rdé B, _O0A
or
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dr+ 2L de=da=0
or 00

A (r,0) = constant

E. Electric Field Lines in Volume Charge Free Regions

V.E=0 = E=VXA

I1.

Vector Potential Transfer Relations with 1 =0 (Section 2.19)

Vv2A = 0 [Vector Laplace’s Equation]

A. Cartesian Coordinates {VZK = VA, }X+ V2A, }y+ V2A, }Z}

A= IZ Re [K(x)e‘jkq
~a ~p .
~ A sinhkx - A sinhk(x-A
A (x) = _ (x-4)
sinh kA
qoo.1 oA _ k|A"coshkx-A’coshk(x-A)
vy p ox B u sinh kA
q* -coth kA 1 ~a
H, _k sinh kA [A]
_ s
Hy H ‘.; coth kA [LA
sinh kA
_ _ B A
B, =P LB - kA = | P | = ogk|P
oy ) B! A’
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Vector potential transfer relations for two-dimensional or symmetric Laplacian fields.

Two~dimensional Cartesian

Polar

Axisymmetric cylindrical

~0 ~ 0
A H,
T
a B B
e K A
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T - zz Re Ax) exp(-jky) s ;z Re A(r) exp(-jmf) X = ;6 Re R(r)exp(-jkz): } ? Ni
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For fm' Bys L Gm see Table 2.16.2,

For Fc, Gys fo, g, see Table 2.16.2,

x=0,m#0 m=0,k#0

o
AL A0 X QL i ~0
H iH £l 1% AN
Bl Tk |48 gl " m ~B ﬁB k |,
A B A 8B A" B
X, I B Br

Courtesy of MIT Press. Used with permission.

Polar Coordinates

V2A = v? (A(r,e)iZJ =0=V?*(A(r,0)) =

A(r,8)=Re [K (r)e'jme}

0
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C. Axisymmetric Cylindrical

V2A=V2[A(r,z)|oj=0 = VZAG—A—29=O
r

- ol|1 90 1 0°A 2 0A %A, |- 2 0A, -
V2IA(r8,2)i, |=|—|==(rA,)|+ = S+ T+ o lj — = 0
( ( )") {ar{r 6r( e)} r2 9682 r* o8 oz |'° r* o8 '

(Vector Laplacian)

2 2 .
V2 = li(r aﬂj + L 0@ 0°® (Sealar Laplacian)
ror\ or r2 002  9z?

A(r,z)=Re[A(r,t)e™ |

2~ A ~ ~
%+%%—é-[k2 +le = 0= A =B, (kr)+BK, (kr)

C,J; (jkr)+ C,H, (jkr)

V0 =0; ®(r,8,z,t)=Re [5 (r, t)e-j(m6+kz)i|

2

25 T 2
dq’+1dﬁ-[k2 m
.

F =R +—JCD=O = ®=A]TI (kr)+A,K_ (kr)

{5“ [H, (3kB) 3, (3kr) - 3, (3kB)H, (3kr)] + A" [3, (jka)H, (ikr) - H, (jka)J, (jkr)]}
[3; (jka)H, (ikB) - H, (ika) I, (ikB)]
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