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6.642, Continuum Electromechanics
Prof. Markus Zahn
Lecture 5: Laws, Approximations, and Relations of Fluid Mechanics
Continuum Electromechanics (Melcher) — Sections 7.1-7.8

I. Useful Vector Operations and Identities

Gradient

[vi-di=y(b)-1(a)

Gauss’s Law (Divergence Theorem)

fv.Kdvzgﬁ-Eda
\% S

=

Stokes’ Theorem

[VxA-nda= fA-dl
S C

Some useful Vector Identities

Vx(Vf)=0
V.(Vxﬂ)=0

(Kx E) .C=A. (Ex E) (Dot and Cross can be interchanged in the scalar
triple product)
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II. Time Derivative of a Fluid Volume Integral

aryg

V(t) V(t+At)

¢ = any scalar quantity such as density p

[ c(t+at)ydv- [ ¢(t)dv

a J' C(t) dv = IA!:rrE) V(t+aAt) V(t)
dt i, - At

Linearize all terms to first order in At

C(t+At)= Q(t)+g—fAt+ .....

G
) | g(t)dv-V!t)z;(t)dv+ | a—%Ath

d ) dV = lim Y V(t+at)
.!-t)(;( ) At—0 At

%
Ajv c(t)dv + V!t) & Atdv
At—0 At

AV =v.At-da (v, = fluid surface velocity)

v, . xtda+ [
felt)v, - atd V{)at’&tdv

d T s
E\{)C(t)dV—thrpo %/t
d ¢ - ==
— | ¢(t)dvV = | =dV+ ¢ (v, -da
dt ®) {at f
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ITII. Conservation of Mass (p = ¢)

%L[pdv=0=[%dv+‘fpvs-ﬁda

—
«(pv)dv
JV (pv)
‘2_1;.;. Ve (pV) = 0 (Volume is arbitrary)
Z_F;+(V.v)p+pv-3=0
H_J
g—f:+pv-V=o

Incompressible = I[D)—Ft) =0= V.v=0

IV. Conservation of Momentum (pv, = ¢), it" component where i=x, y, or z

d B - —
E{pvidv=b\[ﬁ dV=b\[a(pVi)dV+fpvivs .nda

ﬂ%(pviﬁv.(pv&)} dv = iFi dv

%(pvi)+v-(pviV)=Fi

p{%+(vov)vi}+vi[g—i+v.(;;V)}:Fi
-

0 (Conservation of mass)
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V. Equations of Motion for an Inviscid Fluid

p{%+(§-V)V}=-Vp+FeX

VI. Eulerian Description of the Fluid Interface

F(x,y,z,t)=0=¢(y, z,t)-x

Fluid interface.
Courtesy of MIT Press. Used with permission.

%-'-Vxﬁ-{_v ﬁ.}.vzﬁzo
ot oX Y oy 0z
W
_ % &
oy 0z

=By Ly &

V = —_
oot Y oy * oz
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VII. Surface Tension
A. Surface Force Density

SW, = yoA

SW, + TASE=0=y0A+TAS=0

Increase Work done on
of surface interface
energy

Section of interface that suffers

perpendicular displacement 8§ to make
new surface GA.

Courtesy of MIT Press. Used with permission.

A +8A = (x +3x)(y + 8y) ~ Xy + ydx + X3y

XHOX _ X ox= 2t
R, +0t R, R,
YHEY _ Y gl Y
R, +3¢ R, R,

SA = y3dx + X3y
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1 1
=Xy|—+ JS&
&R
Rl RZ

1 1
Adg| —+—|+TA=0
sfd)eras

T, =-y [i+ i]ﬁ [Young and Laplace surface force density]

B. Interfacial Deformation

f V.CdV = SEE .ns da (Divergent Theorem)
\ S

C=n

Elemental volume V enclosed
by surface S intersecting
interface between fluids.

Courtesy of MIT Press. Used with permission.
n=n_ ontop
n=-n_ on bottom
n L n_ onside
fv-Edvzv-ﬁsgA=5{§H-ﬁs dA
\ S
=A

= 8A

top - Abottom

(v . H)Aag = SA
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=T TAse | ASE

VIII. Boundary Conditions

A. Rigid Wall

31

31

B. Interface

Ne

|-

[v]=v

Force Equilibrium

—e

F=F + FK
mechanical electrical
_

Fe =
OX .

]

otr

F" = -Vp=vV.T = 1

6x].
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.v =0 (normal velocity component is zero)

above below

x v =0 (Viscous flow) (tangential velocity component is zero)

=-a_p=-6 a_p

X, U ox,

Tm = —p 8

D) J
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Summary of normal vector and surface tension surface force demsity for small
perturbations from planar, circular cylindrical and spherical equilibria.

4 ="Ix-%*iy-a—iiz (@)
2 2
dy =&+ (b)
2 dy 9z
E wRe £ exp~j (kyy + kzz) (c)
y ~ 2 O
= -v0d + ik (@
¥ l__ﬁ > _ "6___ +
B rLoFW e 2 (e)
2 1.8 1% 7%
r'R’I"f(a,Z,ﬂ (Ts)r =X|- T + ? +};E 5— * 'az—z , . (£)
£ =Re E exp-j (md + kz) (g)
T =L [(1 -1 - (kR)z:{E (h)
8 R2
+> > 1 9 > 1 3 +
= =lr_i-ir,16 R sin 0 00 ¢ ()
2
> _ 2 2 il 1 97
I B et T LE e e I C)
o [ R g? 2?aino 3 2 gin® 6 a¢2:|
£(8,0,1) . )
E ,qs’ E =Re & Pﬁ(ccs e)e—‘.'m¢ (k)
Tsr=-éff (a- D+ 2E )

Courtesy of MIT Press. Used with permission.

dev 3§Tm+Te[n]da
j

[T+ 75

n,+(T,), =0

Il
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IX. Bernoulli’s Law
=pg=V(pg-r)
v

p{aqv.v)v]w.o:ﬁ“ v (bg-F-2)

(Vev)v=(vxv)xv+2v(vev)
pg@xv%v{p%pv.v-pa.hg}=o

o=Vxv (vorticity)

(b)

(a)

Points (a) and (b) are joined by a stream line

b
=0

a

-
ov — 1 - - = -
pjat-d|+[p+EpV-v-pg-r+8}

Irrotational Flows (v XV=@= 0) = v=-V0

28 1 - - - -7
P 4p+Ipvev-pger+e| =0
{pat Pt3p Pg }

a
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=
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if p= constant, T =Xi + yi_y = Zi,

= -v& [Special case when electrical force is written as gradient of scalar]
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X. Bernoulli Law Problems

A. Capillary Rise

Because of surface tension,

fluid wetting pair of glass plates
rises to a height £(r) determined
by the surface temsion Y and local
distance between plates. Experi=
ment from film "Surface Tension in
Fluid Mechanics' (Reference 9,
Appendix C).

Courtesy of MIT Press. Used with permission.

6 — —
—8=0,v=0,g=-gi,,&=0
ot g g9t
Pc - Pb + pgé
P,=P, =P,
P-P.+y|=—+—|=0
b a Y[R j
R =21
2
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2

P, =P, +pgé=P,-P, = pgé=
or

2y
pgar

EJ:

B. Electrically Driven Rocket

< L >
Depth D into paper Movable piston

Constant J, Paia Insulating

wall
voltage A = ] :
V= X G 2
’ ¥ Ho d — > Vp

p=0

Insulating =~
wall

Incompressible, inviscid
fluid

pLD + f; =

5D o 1,:dC_ 1 VielD

C
2 % dx 2 x?

_f_1VeR 1 Vg
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Thrust =V am _ V2 pdD
P dt

p

C. Magnetically Driven Rocket

x_y =

> Fa

A
IQ'D €0 I inviscid fluid
A p=0

k Wo Yl Incompressible T

D

Movable perfectly conducting piston

The rocket has a depth W into the paper
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Thrust = VCCII—T = VpVdw = p Vidw
D. Dielectric Liquid Rise
1. Kelvin Polarization Force Density

_ - 1
F= (P . V)E/ T; = ED; - E6ij80EkEk

(E.v)E: (S_SO)V(E-E) = V{%(S-EO)E-E} if ¢ constant
F=-vg = V{%(S-SO)E-E}
1

& =-E(8-80)E-E

P+ pgz -%(8 - &, )E - E = constant
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(a) Diverging conducting plates with potential difference V, are immersed in
dielectric liquid. (b) Interfacial stress balance. (c) From Reference 12, Appen-
dix C; corn oil (€ = 3.7 €,) rises in proportion to local E2. Upper fluid is com-
pressed nitrogen gas (€ = €y) so that E can approach 107 V/m required to raise
liquid several em. To avoid free charge effects, fields are 400 Hz a-c. The fluid
responds to the time-average stress.

Courtesy of MIT Press. Used with permission.

— V. -
E=_0j

ar
F; ::Fh

e-g,) V2

Pb +pgg-§( 012:'2) 2 =Pc
P, -P, +|T.|=0 y = 0 (negligible surface tension)
P-P,=0
[Tl = H- ; g.Es[=0 (E, continuous across interface)
P=P, =P =P,
- 1(e-8)Ve

2 o’r’pg

Lecture 5
Page 14 of 24



2. Korteweg-Helmholtz Force Density
= 1= = 1
F=-SE-EVe, T, =s¢EE -5 8:EE

In fluid € = constant,F=-vE=0= & =0

P + pgz = constant

- -%(80 ; 8)[ﬁjz

or

1
[Toll= -5

P, + pgg =P,

P, P, = pgt = [T, - -

(€ - 8)[%)2 = +%(8 - 80)[%]2

N |~

1 (e-€)Vy
2 a’r’pg

E. Magnetic Fluid Rise in Tangential Magnetic Field

A magnetizable liquid is drawn upward around a current-carrying wire.
(Courtesy of AVCO Corporation, Space Systems Division.)

Courtesy of MIT Press. Used with permission.
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H = 2nr o
- = _\= 1
F=u(M-V)H, T,=HB, - 5 HodyHHy
1. Linearly Magnetizable
B = uo(ﬁ+ﬁ)= uﬁ = pM= (p-po)ﬁ
0
— — — — — 1 —_ —
F= (H-uo)(H-V)H=(u-uo){(75'|)xH+Ev(H-H)}
F= (- “°)V(ﬁ-ﬁ)= V{(”-—”")H-ﬁ} if u = constant
2 2
=-vg
1 —_ —
&= 'E(H'HO)H’H
1 —_ -
P+ pgz- E(u - o )H « H = constant
P, =P,
P =P,
PP T =0
1
|mw=w§%Hg=o
P =P, =P =P,
1 2
P, + -=(p- =P
, +pgéE 2(“ uo)[znrj ;
: = l(“'“o)(if
2 pg 2nr
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2. Nonlinear Magnetization Characteristics

Magnetization M{H)

Saturation

0
(H.V)H=Mxﬁ+§v(ﬁ.ﬁ)
E_HoMl 2 _ — f =
= =5 VH = MVH = V[ M(H)dH = -ve
0

H H
& =-[uM(H)dH = -4,MH; |~7|=%jM(H)dH
0 0

Special case: M
Linear Material:
oM = (1 - 1o )H

1 1
& = -—(u-uo)H2 =-—p,MH

Linear

2 2
Saturated Material:

pn,M = constant M

Saturated

& =-u,MH

P+ pgz - & = constant

H
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P, =P,
P =P,

PP+ [Tl = 0

0
Pb+pg§+gb=PC7Z:

1
Ty = HB, - 5 8oHH,

ij i

Linear Material:

1 1Y
&, = -5(“_“0)[2_1er

(1-pp)I?

_1
*73 (2nr) pg

Saturated Material:
&, = -uMH

£ = noMH — poMI
P9 2npgr
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F. Magnetic Fluid Rise in Normal Field

‘ Electrode

Gravity . H, _ = = 4 =
° (2) ggigmagnetlc Plain paper

Ferrofluid

Voltage pulse
Magnetized pin

(a) (b)

(a) Uniform magnetic field imposed normal to a free ferrofluid interface.
The fluid magnetization is assumed smaller than required to produce the
normal field instability.

(b) Printing process utilizing a wavy magnetic-fluid surface established in
a spatially periodic magnetic field. Printing occurs on command, in which
an electric pulse is made to eject a droplet of the fluid, which serves as
the ink, from a surface peak. The sample of printing shown results from
the simultaneous ejection of droplets from selected peaks along multiple
rows of droplets onto a moving page.

P, =P, + pgAh+ & =P, + pgAh - u ;M H,

PPy Tl = 0

1
Tnn = HxBx - E“OHi

1
"Tnn” = Mz_ng - koH, (H1 + M) + EHon
MoH, = W (H1 + M)

1
"T n| = l/LZ_O(HI + M)2 - HoH; (H1 + M) + EHon

n
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2

poM?
P, = P - £
P, =P,

poM? =
P, -P, = =—— = pgAh -y, M H,

2 ~
ah=Ho MLy,
pg| 2

Linear Material:

i MB,

2pg

N

M
= Ah=H M4 H =
pg 2[ 1]
Saturated Material:

M=M= ah="Mrvoop
pg 2

G. Magnetic Nozzle

Winding of a current
carrying solenoid

Ferrofluid jet

A free jet of magnetic fluid changes cross section and velocity in
flowing through this magnetic nozzle.
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P, +=pvi+0= Pz+%pvg -u0|\7| H,

2
P, =P,
P, =P,
v2 -y =2”°I\7IH2
p
nd; _ nd; d _ |v,
1= \F T Al
4 4 d, 1

H. Magnetic Fluid Rotary Shaft Seal

Magnetically Magnatic flux lina
permeakbl = 1 Ferramagnetic liguid
pole piece : [

r

/
High-prassura,
Magnatically high-Ffield
permeable raglan
shaft
Cylindrical
permansent
ring magnet (a) by

(&) Components of a magnetic fluid rotary shaft seal.

(b} Sketch to analyze the pressure supported across one stage of the seal.

P; - ”0M3H3 =P, - ”oﬂsz
P4 - I:‘3 + "Tnn"3,4 =0

P,-P, +|T 0

nn"1,2 -

Assume H tangential to interface

nn

1
T =2 = T, =0

1,2
304
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P,-P, =P, -P, = AP = iy (M,H, - M,H,)

2

H;
Ho | MdH
HZ

In a well designed seal H, < H,

Typical numbers:

uM=700G =.07T
u,H=18,000G =1.8T

AP = (1oM) (roH) _ .07(1.8? — 10° N/m?
o 4nx 107

100 kPascals

1 Atmosphere

XI. Force on a Body in a Magnetic Fluid
P+ pgz - u,M H = constant = C
p=uOMH-ng+C
0
f) =-3§pﬁda=-j§uoﬁHﬁda+ fpgzﬁda+4‘>cﬁda
S S S

buoyancy
effect Cnda= [ vCdV
jenda= ],

0

Magnetically Saturated: M = M = constant

fu=-fuMHnda= -uM¢$Hnda=-pM [ VHAV
S S

Magnetically Linear: M =
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A. Non-magnetic Body

fooqy =bUoyant weight + f,
f, opposite to direction of increasing H

Non-magnetic body moves towards weak field region
(Sink-Float Separation)

Maagnet

Ferrofluid

Pressure increases

away from
center

Stably
levitated object

(a) (b)

Levitation of a nonmagnetic body in a magnetized fluid is another demonstration
of the expanded Bernoulli relation. (a) Pressure in the fluid is lowest at the
center and increases with distance from it. (b) When a nonmagnetic object

such as a glass marble is placed in the container, it moves to the center and
remains there in equilibrium.
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Magnetized body
(or other field source)

Mutual repulsion of a magnet and a nonmagnetic object when both are
immersed in a ferrofluid.

N

field sources

Cavity containin
magayetic fluid g

Development of the generalized expression for the force acting on an
arbitrary magnetized or unmagnetized body immersed in a magnetic
fluid and subjected to an arbitrary magnetic field.
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