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6.642, Continuum Electromechanics 
Prof. Markus Zahn 

Lecture 5: Laws, Approximations, and Relations of Fluid Mechanics 
Continuum Electromechanics (Melcher) – Sections 7.1-7.8 

 
I. Useful Vector Operations and Identities 

 
 
 
 
Gradient 
 

( ) ( )
b

a

   dl = b - a∇ χ χ χ∫ i  

 
  

 
 

 
 
 
 
 
Gauss’s Law (Divergence Theorem) 
 

V S

  A dV = A  n da∇∫ ∫i iv  

 
 
 
 
 
 
Stokes’ Theorem 
 

S C

 × A  n da = A  dl∇∫ ∫i iv  

 
 
 
 
 
Some useful Vector Identities 
 

( )×  f = 0∇ ∇  

 

( )  × A = 0∇ ∇i  

 

( ) (A ×B   C = A  B×Ci i )          (Dot and Cross can be interchanged in the scalar 

triple product) 
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II. Time Derivative of a Fluid Volume Integral 

 
 

 
 
 

= any scalar quantity such as density ζ ρ  
 

( )
( )

( )
( )

( )
( )V t+ t V t

t 0
V t

t + t  dV - t  dV
d

t  dV = lim  
dt t

Δ

Δ →

ζ Δ ζ

ζ
Δ

∫ ∫
∫  

 
Linearize all terms to first order in tΔ  
 

( ) ( )t + t = t + t + .....
t

∂ζ
ζ Δ ζ Δ

∂
 

 

( )
( )

( )
( )

( )
( ) ( )V t+ t V t V t+ t

t 0
V t

t  dV - t  dV + t dV
td

t  dV = lim  
dt t

Δ Δ

Δ →

∂ζ
ζ ζ Δ

∂
ζ

Δ

∫ ∫ ∫
∫  

 

( )
( )V V t

t 0

t  dV + t dV
t

= lim  
t

Δ

Δ →

∂ζ
ζ Δ

∂

Δ

∫ ∫
 

 

( )s sV = v t  da    v = fluid surface velocityΔ Δ i  
 

( )
( )

( )
( )

s
S V t

t 0
V t

t v   t da + t dV
td

t  dV = lim  
dt t

ζ
ζ

ζ
Δ →

∂Δ Δ
∂

Δ

∫ ∫
∫

iv
 

 

( )
( )

s
V SV t

d
t  dV =  dV + v   da

dt t
ζ

ζ ζ
∂
∂∫ ∫ ∫ iv   
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( ) ( )s
S V

v   da =   v dV     Divergence Theoremζ ζ ∇∫ ∫i iv  

 

( )
( )

( )
V t V

d
t  dV = +   v  dV

dt t
∂ζ⎡ ⎤ζ ∇ ζ⎢ ⎥∂⎣ ⎦∫ ∫ i   

 
 

III. Conservation of Mass ( )=ρ ζ  

 

s
V V S

d
 dV = 0 = dV + v   n da

dt t
ρ

ρ ρ
∂
∂∫ ∫ ∫ iv   

 

( )
V

  v  dV∇ ρ ∫ i  

( ) ( )+   v = 0 Volume is arbitrary
t

∂ρ
∇ ρ 

∂
i  

 

( )+ v  +  v = 0
t

∂ρ
∇ ρ ρ ∇  

∂
i i  

 
D

+  v = 0
Dt

ρ
ρ ∇  i  

 

Incompressible D
= 0   v = 0

Dt
ρ

⇒ ⇒  ∇  i  

 
 

IV. Conservation of Momentum ( )iv =ρ ζ , ith component where i=x, y, or z 

 

( )i i i i s
V V V S

d
v dV = F  dV = v dV + v v   n da

dt t
ρ  ρ ρ  

∂
∂∫ ∫ ∫ ∫ iv  

 

( ) ( )i i
V V

v +   v v  dV = F  dV
t

∂⎡ ⎤ρ ∇ ρ ⎢ ⎥∂⎣ ⎦∫ ∫i i
 

 

( ) ( )i i i  v +   v v = F
t

∂
ρ ∇ ρ 

∂
i

 

( ) ( )+   v = F⎡ ⎤∇ ρ ⎢ ⎥i ii
i i i

v
+ v  v + v

t t
∂ ∂ρ⎡ ⎤

ρ ∇  ⎢ ⎥∂ ∂⎣ ⎦⎣ ⎦
 

 
0 (Conservation of mass) 
 

( )i
i i

v
+ v  v = F

t
∂⎡ ⎤

ρ ∇  ⎢ ⎥∂⎣ ⎦
i  

 

( )v
+ v  v = F

t

⎡ ⎤∂
ρ ∇  ⎢ ⎥

∂⎢ ⎥⎣ ⎦
i  
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V. Equations of Motion for an Inviscid Fluid  
 

( ) ex

v
+ v  v = - p + F

t

⎡ ⎤∂
ρ ∇  ∇⎢ ⎥

∂⎢ ⎥⎣ ⎦
i  

 
 
 

VI. Eulerian Description of the Fluid Interface 
 

( ) ( )F x, y, z, t = 0 = y, z, t - xξ  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Courtesy of MIT Press. Used with permission. 
F

n =
F

∇
∇

 

 

( ) ( )DF F
= + v  F = 0  on  F = 0 = y, z, t -

Dt t
∂

∇  ξ
∂

i x  

 
 
 

x y z

F F F
+ v + v + v = 0

y z
∂ξ ∂ ∂ ∂

∂t x∂ ∂ ∂
 

 

-1 
y

∂ξ
∂

 
z

∂ξ
∂

 

 

x yv = + v + v
t y

∂ξ ∂ξ ∂ξ
∂ ∂ z z∂
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VII. Surface Tension  
 

A. Surface Force Density 
 

sW = Aδ γ ∂  
 

s s sW   +  Τ A = 0  A + Τ A = 0δ δξ ⇒ γ ∂ δξ  
 
Increase Work done on 
of surface interface 
energy 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Courtesy of MIT Press. Used with permission. 

( ) ( )Α + A = x + x y + y xy + y x + x yδ δ δ ≈ δ δ  

 

1 1

x + x x x
=   x =

R + R R
δ

⇒ δ δξ
δξ 1

 

 

2 2

y + y y y
=   y =

R + R R
δ

⇒ δ δξ
δξ 2

 

 
A = y x + x yδ δ δ  
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1 2

xy xy
=  +

R R

⎛ ⎞
δξ⎜ ⎟

⎝ ⎠
 

 

1 2

1 1
= xy  +

R R

⎛ ⎞
δξ⎜ ⎟

⎝ ⎠
 

 

1 2

1 1
= A  +

R R

⎛ ⎞
δξ ⎜ ⎟

⎝ ⎠
 

 

s
1 2

1 1
A  + + Τ A = 0

R R

⎛ ⎞
γ δξ δξ⎜ ⎟

⎝ ⎠
 

 

s
1 2

1 1
Τ = -  + n

R R

⎛
γ ⎜

⎝ ⎠

⎞
⎟  [Young and Laplace surface force density] 

 
 

B. Interfacial Deformation 
 

s

V S

  C dV = C  n  da∇∫ ∫i iv  (Divergent Theorem) 

 
C = n  

 
Courtesy of MIT Press. Used with permission. 
 

sn = n  on top  

 

sn = -n  on bottom  

 

sn n  on side⊥  

s

V S

top bottom

  C dV   n Α = n  n  dA

                            = A - A = Α

 δξ

δ

∇ ≈ ∇∫ ∫i i iv  

( )  n Α = Α∇ δξ δi  

 

6.642, Continuum Electromechanics   Lecture 5 
Prof. Markus Zahn                                                                                                             Page 6 of 24 



s

1 2

- Α - Α n
T = =

1 1
              = - n n = +

R R

γδ γ δξ ∇  
δξ

⎛ ⎞
γ ∇  ⇒ ∇  ⎜ ⎟

⎝ ⎠

i

i i

Α Αδξ  

( )sΤ = - n  nγ ∇  i  

 
 

VIII. Boundary Conditions 
 

A. Rigid Wall 
 
n v = 0  i  (normal velocity component is zero) 
 
n× v = 0  (Viscous flow) (tangential velocity component is zero) 
 
 

B. Interface 
 

above belown  v = 0  ;   v = v - v  i  

 
Force Equilibrium 
 
 

( )i s i
V A

F  dV + T  da = 0∫ ∫  

 
m e

F = F + F  
 
mechanical    electrical 
 
 

e
ije

i
j

T
F =

x

∂

∂
 

 
mmm ij

ij
j i j

m
ij ij

T p p
F = - p = T = - = -

x x

                                  T = -p 

∂

x
∂ ∂

∇ ∇ ⇒ δ
∂ ∂ ∂

δ

i
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srT� 
 
 
 
Courtesy of MIT Press. Used with permission. 
 

( )m e
i ij ij n

jV S

F  dV = T T i  da
−⎛ ⎞⎟⎜+ ⎟⎜ ⎟⎟⎜⎝ ⎠∫ ∫v  

 
( )m e

ij ij j s i
T + T n + T = 0  

 
e

i ij j ip n T n -   n n= γ∇ i  
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IX. Bernoulli’s Law 

 

( )g
F = g = g  r  if = constantρ ∇ ρ           ρi ,  = + =x y zr Xi yi zi  

 
e

F = −∇ε  [Special case when electrical force is written as gradient of scalar] 
 

( ) ( )exv
+ v  v + p = F = g  r -

t

⎡ ⎤∂
ρ ∇ ∇ ∇ ρ⎢ ⎥

∂⎢ ⎥⎣ ⎦
i i ε  

 

( ) ( ) ( )1
v  v = × v × v + v  v

2
∇ ∇ ∇i i  

 

( )

v 1
+ × v + p + v  v - g  r + = 0

t 2

= × v vorticity

⎡ ⎤∂ ⎡ ⎤ρ ω ∇ ρ ρ⎢ ⎥ ⎢ ⎥∂ ⎣ ⎦⎢ ⎥⎣ ⎦

ω ∇    

i i ε

 

 
 
 
 
 
 
 
   
  dl v&  
 
 
 
 
 
 
 
 

 
bb

a a

v 1
  dl+ p + v  v - g  r + = 0

t 2
∂ ⎡ ⎤ρ ρ ρ⎢ ⎥∂ ⎣ ⎦∫ i i i ε  

 
 
Irrotational Flows ( )× v= = 0 v=- θ∇   ω ⇒   ∇  

b

a

θ 1
- + p + v  v - g  r + = 0

t 2
∂⎡ ⎤ρ ρ ρ⎢ ⎥∂⎣ ⎦

i i ε  
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X. Bernoulli Law Problems 

 
 

A. Capillary Rise 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Courtesy of MIT Press. Used with permission. 
 
 
 

zθ = 0, v = 0, g = -g i , = 0
t

∂
∂

ε  

 
c bP = P + gρ ξ  

 
a dP = P = Pc  

 

b a

1 1
P - P + + = 0

R
⎛ ⎞γ ⎜ ⎟∞⎝ ⎠

 

 
r

R =
2
α  
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a b a b

2
P = P + g P - P = g =

r

2
=  

g r

γ
ρ ξ ⇒ ρ ξ 

α

γ
ξ 

ρ α

 

 
B. Electrically Driven Rocket 

 

 
e
xpLD + f  = 0  

 
2

e 20 0
x 0 2

LD V LD1 dC 1
C = ,  f = V = -

x 2 dx 2 x
ε ε0  

 
2 2e
0 0V LD 0x

02 2

V-f 1 1
p = = =

LD 2 2 x  
ε ε

x  LD
 

 
Another Way: 
 

2

e e 0
xx xx 0

V1
p - T  = 0; T  =

2 x 
⎛ ⎞
⎜ ⎟
⎝ ⎠

ε  

 
2

e 0
xx 0 2

V1
p = T  =

2 x  
ε  

0 
2 2

1 1 2

1 1
p + v = p + v

2 2
ρ ρ 2

= v

 

 
1 2v LD dD  

 
22

20
1 0 22

V1 1 d
p = = v 1 -

2 2 Lx  

⎛ ⎞⎛ ⎞ρ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
ε  
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1
2

2
0 0

2 p 2
2

V
v = V =

d
x 1 -  

L

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎨ ⎬

⎡ ⎤⎛ ⎞⎪ ⎪ρ ⎢ ⎥⎜ ⎟⎪ ⎪⎝ ⎠⎢ ⎥⎣ ⎦⎩ ⎭

ε  

 
2

p p

dM
Thrust = V = V dD

dt
 ρ  

 
 

C. Magnetically Driven Rocket 

 
 

e
yy+p + T  = 0  

 

( )2
20 0

yy z
IT  = - H = -
w2 2

μ μ  

 

( )2
0 Ip =

w2
μ  

0 
2 2

1 1 2

1 1
p + v 2v

2 2
ρ ρ = p +  

 

( )2
0

1 1
Ip = ,  v Dw = v dw
w2

μ
2

 

 

( )
22

20
2

1 dI = v 1 -
w2 2 D

⎛ ⎞μ ⎛ ⎞ρ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 

 

( )
1
2

2
0

2 2

I
w

v = V =
d

1 -  
D

⎧ ⎫μ⎪ ⎪
⎪ ⎪ρ
⎨ ⎬

⎡ ⎤⎛ ⎞⎪ ⎪
⎢ ⎥⎜ ⎟⎪ ⎪⎝ ⎠⎢ ⎥⎣ ⎦⎩ ⎭
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2dM

Thrust = V = V Vdw = V dw
dt

 ρ ρ  

 
 

D. Dielectric Liquid Rise 
 

1. Kelvin Polarization Force Density 
 

( ) ij i j ij 0 k k

1
F = P  E,   T = ED - E E

2
∇ δ εi  

 
( )0P = - Eε ε  

 

( ) ( ) ( )0P  E = - E  E∇ ∇ε εi i  

0 

( ) ( ) ( )1
× E × E = E  E - E  E

2
∇ ∇ ∇i i  

 

( ) ( )1
E  E = E  E

2
∇ ∇i i  

 

( ) ( ) ( ) ( )0
0

- 1
P  E = E  E = - E  E    if constant

2 2
⎡ ⎤∇ ∇ ∇  ⎢ ⎥⎣ ⎦

ε ε
ε ε εi i i  

 

( )0

1
F = - = - E  E

2
⎡ ⎤∇ ∇ ⎢ ⎥⎣ ⎦

ε ε iε  

 

( )0

1
= - - E  E

2
ε ε iε  

 

( )0

1
P + gz - - E  E = constant

2
ρ ε ε i  
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Courtesy of MIT Press. Used with permission. 
 

0V
E =  i

r

−

θα
 

 
a dP = P  

 
( ) 2

0 0
b c2 2

- V1
P + g - = P

2 r
ρ ξ

α

ε ε
 

 

b a nnP - P + T = 0            = 0γ  (negligible surface tension) 

 
c dP - P = 0  

 

( )2
nn 0 θ θ

1
T = - E = 0       E  continuous across interface

2
ε  

 
 
 

a b cP = P = P = Pd  
 

( ) 2
0 0

2 2

- V1
=

2 r g
ξ

α ρ

ε ε
 

 

6.642, Continuum Electromechanics   Lecture 5 
Prof. Markus Zahn                                                                                                            Page 14 of 24 



2. Korteweg-Helmholtz Force Density 
 

ij i j ij K K

1 1
F = - E  E ,   T = EE - E E

2 2
∇ δε ε εi  

 
In fluid ε ε∇ ⇒ε = constant, F = - = 0 = 0  
 
P + gz = constantρ  
 

( )
2

2 0
nn 0 θ 0

V1 1
T = - E = - -

2 2
⎛ ⎞
⎜ ⎟α⎝ ⎠

ε ε ε
r

 

 
a dP = P  

 
b a nnP - P + T = 0  

 
c dP - P = 0  

 
b cP + g = Pρ ξ  

 

( ) ( )
2 2

0 0
a b nn 0 0

V V1 1
P - P = g = T = - - = + -

2 r 2 r
⎛ ⎞ ⎛ ⎞

ρ ξ ⎜ ⎟ ⎜ ⎟α α⎝ ⎠ ⎝ ⎠
ε ε ε ε  

 
( ) 2

0 0
2 2

- V1
=

2 r g
ξ

α ρ

ε ε
 

 
E. Magnetic Fluid Rise in Tangential Magnetic Field 

 
Courtesy of MIT Press. Used with permission. 
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I
H =  i

2 r

−

θπ
 

( )0 ij i j 0 ij K K

1
F = M  H,   T = HB - H H

2
μ ∇ μ δi  

 
1. Linearly Magnetizable 

 

( ) ( )0 0B = H + M = H    M =  - Hμ μ ⇒ μ μ 0μ  

0 

( ) ( ) ( ) ( ) ( )0 0

1
F = - H  H= - × H + H  H

2
× H⎡ ⎤μ μ ∇  μ μ ∇∇⎢ ⎥⎣ ⎦

i i  

 
( ) ( ) ( )0 0- -

F = H  H =  H  H      if = constant
2 2

⎡ ⎤μ μ μ μ
∇  ∇ μ⎢ ⎥

⎢ ⎥⎣ ⎦
i i  

= - ∇ε  
 

( )0

1
= - - H  H

2
μ μ iε  

( )0

1
P + gz - - H  H = constant

2
ρ μ μ i  

 
a dP = P  

 
c dP = P  

 
b a nnP - P + T = 0  

 
2

nn 0 θ

1
T = -  H = 0

2
μ  

 
a b cP = P = P = Pd  

 

( )
2

b 0

1 I
P + cg - - =

2 2 r
⎛ ⎞ρ ξ μ μ ⎜ ⎟π⎝ ⎠

P  

 
( ) 2

0-1 I
=

2 g 2 r

μ μ ⎛ ⎞ξ ⎜ ⎟ρ π⎝ ⎠
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2. Nonlinear Magnetization Characteristics 
 

 
 
 

( ) ( )HM = M H               M HH &  

 

( ) ( )0 0

M
F = M  H = H  H

H
μ ∇ μ ∇i i  

0 

( ) ( ) ( )1
H  H = × H × H + H  H

2
∇ ∇ ∇i i  

 

( )
H

20
0 0

0

M 1
F =   H  = M H = M H dH = -

H 2
μ

∇ μ ∇ ∇ μ ∇∫ ε  

 

( ) i i ( )με μ∫ ∫
H H

0 0
0 0

1
= - M H dH = - M H;   M =  M H dH

H
 

 
Special case: 
 
Linear Material:  
 

( )0 0M = - Hμ μ μ  

 

( ) 2
0 0

1 1
= - - H = - MH

2 2
μ μ με  

 
Saturated Material: 
 

0M = constantμ  
 

0= - MHμε  
 

P + gz - = constantρ ε  
 

6.642, Continuum Electromechanics   Lecture 5 
Prof. Markus Zahn                                                                                                            Page 17 of 24 



a dP = P  

c dP = P  
 

b a nnP - P + T = 0  

 
0 

b b cP + g + = P +ρ ξ cε ε  
 

ij i j ij 0 K K

1
T = HB - H H

2
δ μ  

 
2

nn 0 θ nn

1
T = - H T = 0

2
μ ⇒  

 
a b cP = P = P = Pd  

 

( ) i
H

0
b 0 0

M H dH
- M

= = = 
 H

g g g

μ
μ

ξ
ρ ρ

∫ε
ρ

 

 
 
Linear Material: 
 

( )
2

b 0

1 I
= -  -

2 2
⎛ ⎞μ μ ⎜ ⎟π⎝ ⎠

ε
r

 

 
( )
( )

2
0
2

- I1
=  

2 2 r g

μ μ
ξ

π ρ
 

 
Saturated Material: 
 

b 0= - MHμε  
 

0 0MH MI
= =

g 2 gr
μ μ

ξ
ρ πρ
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F. Magnetic Fluid Rise in Normal Field 

 
i

1 2 2 0P = P + g h + = P + g h - M Hρ Δ ρ Δ μ 1ε  
 

1 0P = P  
 

2 0 nnP - P + T = 0  

 
2

nn x x 0 x

1
T = H B - H

2
μ  

 

( )2 20
nn 2 0 1 1 0 1

1
T = H - H H + M + H

2 2
μ

μ μ  

 
( )0 2 0μ μ 1H = H + M  

 

( ) ( )2 20
nn 1 0 1 1 0 1

1
T = H + M - H H + M + H

2 2
μ

μ μ  
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2

0M=
2

μ  

 
2

0
2 0

M
P = P -

2
μ  

 
1 0P = P  

 

i
2

0
1 2 0

M
P - P = = 1g h - M H

2
μ

ρ Δ μ  

 

i
2

0
1

M
h = + M H

g 2
⎡ ⎤μ

Δ ⎢ ⎥ρ ⎣ ⎦
 

 
Linear Material: 
 
i 0 1

1

MBM M
M = h = M + H =

2 g 2 2 g
μ

⇒ Δ ⎡ ⎤⎣ ⎦ρ ρ
 

 
Saturated Material: 
 
i 0

1

M
M = M h = M + 2H

g 2
μ

⇒ Δ ⎡ ⎤⎣ ⎦ρ
 

 
 

G. Magnetic Nozzle 
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i2 2

1 2 2

1 1
P + v + 0 = P + v - M H

2 21ρ ρ 0 2μ  

 
1 0P = P  

 
2 0P = P  

 
i2 2 0

2 2

2
v - v = M H1

μ
ρ

 

 
2 2
1 2 1

1 2
2 1

d d d
v = v =

4 4 d
π π

⇒ 2v
v

 

 

i i
11
22

2 0 0
2 2 1 2

2 2
v = v + M H = v 1 + M H

v1
1

2

⎡ ⎤μ μ⎡ ⎤
⎢ ⎥⎢ ⎥ρ ρ⎣ ⎦ ⎣ ⎦

 

 

i
1

4
01

22
2

2d
= 1 + M H

d v1

⎡ ⎤μ
⎢ ⎥ρ⎣ ⎦

 

 
H. Magnetic Fluid Rotary Shaft Seal 

 

 
 

i i
3 0 3 2 03 2P - M H = P - M Hμ μ 2  

 
4 3 nn 3, 4

P - P + T = 0  

 
2 1 nn 1, 2

P - P + T = 0  

 
Assume H tangential to interface 
 

2
nn 0 t nn

1,2
3,4

1
T = - H T = 0

2
μ ⇒  

1 2P = P  
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4 3P = P  
 

i i( )3 2 4 1 0 3 23 2P - P = P - P = P = M H - M HΔ μ  

 
3

2

H

0
H

= Mdμ ∫ H

�

 H

 

 
In a well designed seal H H  2 3

 
i

0P MΔ ≈ μ  
 
Typical numbers: 
 

0M = 700 G = .07Tμ  
 

0H = 18,000 G = 1.8Tμ  
 

( ) ( ) ( )0 0 5 2
-7

0

M H .07 1.8  
P = = = 10 N m

4 ×10

μ μ
Δ

μ π
 

 
= 100 kPascals 
 
= 1 Atmosphere 

 
 

XI.  Force on a Body in a Magnetic Fluid 
 

i
0p + gz - M H = constant = Cρ μ  

 
i

0p = M H - gz + Cμ ρ  
0 

i
0p

S S S S

f = - p n da =- M H n da+ gz n daρ∫v + C n da μ∫ ∫ ∫v v v  

buoyancy 
effect 

S V

C n da = C dV∇∫ ∫v  

0 
 

Magnetically Saturated: iM =  M = constant
 

i
0 0 0M

S S

f =- M H n da = - M H n da =- M HdV μ μ  μ ∇∫ ∫v v ∫  

 

Magnetically Linear: i ( )0

0

-1 1
M =  M =  H

2 2

μ μ

μ

 
( )i ( )0 2 2

M 0 0 0
0S S V

-1 1
f =- M H n da = -  H n da = -  - H dV

2 2

μ μ
 μ μ μ μ

⎛ ⎞⎟⎜∇ ⎟⎜ ⎟⎟⎜⎝ ⎠∫ ∫ ∫v μ
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A. Non-magnetic Body 

 
body Mf =buoyant weight + f  

 
Mf  opposite to direction of increasing H 

 
Non-magnetic body moves towards weak field region 
(Sink-Float Separation) 
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