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6.642, Continuum Electromechanics, Fall 2004 
Prof. Markus Zahn 

Lecture 7: Pressure–Velocity Relations for Inviscid, 
Incompressible Fluids 

Continuum Electromechanics (Melcher) – Section 7.9, 8.9 
 
 

I. Governing Equations 
 

 
  
 
 

 
 
 
 
 
 

( ) ( )v
v v p g r-

t

⎛ ⎞∂
ρ + ⋅ ∇ + ∇ = ∇ ρ ⋅⎜ ⎟⎜ ⎟∂⎝ ⎠

ε  

 
v 0∇ ⋅ =  

 
Linearize: 
 

zv U i v
−

= + '  
 

( )0P = P x + p '  

 
( )0= x + 'ε ε ε  

 
v '

U v ' p '
t z

∂ ∂
ρ + ρ + ∇ = −∇

∂ ∂
'ε  

 
Take curl of Equation:⇒  ( )( )× p'+ ' = 0 × v ' = 0⇒ ∇∇ ∇ ε  

 
v ' '= −∇Θ  
 

2v ' 0 ' 0∇ ⋅ = ⇒ ∇ Θ =  (Laplace’s Equation) 
 

( ) ( )j t-k y-k zy z 2 2 2
y z' Re x e , k =k +k

ω⎡ ⎤
Θ = Θ⎢ ⎥

⎣ ⎦
 

 

( ) ( )
α

αΘ Δ = Θ Δ =x x
, v v  
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( ) ( )x x
' 0 , v 0 v

β βΘ = Θ =  

 

( ) ( )sinh kx sinh k x
x

sinh k

α βΘ − Θ
Θ =

Δ

− Δ
 

 
 

( )x
d k

v cosh kx cosh k x
dx sinh k

α βΘ ⎡ ⎤= − = − Θ − Θ − Δ⎢ ⎥Δ ⎣ ⎦
 

 

x
v k coth k

sinh k

β
α α

⎡ ⎤Θ⎢ ⎥= − Θ Δ −
⎢ ⎥Δ
⎣ ⎦

 

 

x
v k coth k

sinh k

α
β β

⎡ ⎤Θ⎢ ⎥= − − Θ Δ
⎢ ⎥Δ
⎣ ⎦

 

 
Take ' 0=ε  
 

( ) ( )
^

z x z
dp d

j k U v j k U
dx dx

Θ
− = ρ ω − = −ρ ω −  

 

( )zp = j - k Uρ ω Θ  

 
 

x

x

1
coth k vsinh k1

k 1 vcoth k
sinh k

αα

ββ

⎡ ⎤ ⎡ ⎤− Δ⎡ ⎤ ⎢ ⎥Θ Δ ⎢ ⎥⎢ ⎥ ⎢ ⎥= ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥Θ − Δ⎣ ⎦ ⎢ ⎥ ⎣ ⎦Δ⎣ ⎦

 

 
 

( ) xz

x

1
coth k vj k Up s
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sinh k

inh k
αα

ββ
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Courtesy of MIT Press. Used with permission. 
 
II. Gravity – Capillary Dynamics 
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Equilibrium: 
 
               a 0gx P−ρ + x 0>

0P =          ; v 0= , 0ξ =  
        x 0b 0gx P−ρ + <  
 
Perturbations: 
 

1 xa

2 x2

1
coth ka

vp sinh kaj
k 1p vcoth ka

sinh ka

⎡ ⎤
−⎢ ⎥

1
⎡ ⎤⎡ ⎤ ωρ ⎢ ⎥ ⎢ ⎥⎢ ⎥ =

⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦−⎢ ⎥
⎣ ⎦

 

 

3 xb

4 x4

1
coth kbj vp sinh kb

k 1p vcoth kb
sinh kb

⎡ ⎤
−⎢ ⎥

3
⎡ ⎤⎡ ⎤ ωρ

⎢ ⎥ ⎢ ⎥⎢ ⎥ =
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦−⎢ ⎥
⎣ ⎦

 

 
 
 x1 x4v v= ≡ 0  (rigid boundaries) 
 

Interface: x y z x2 x3v v v v v
t y z
∂ξ ∂ξ ∂ξ

= + + ⇒ = = ωj ξ
∂ ∂ ∂

 

 
Force Balance 
 

( ) ( )
2 2

' '
3 2 2 2

P - P = - +
y z

⎛ ⎞∂ ξ ∂ ξ
ξ ξ γ ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

 

 

( ) ( ) ( ) ( ) ( )' '30
3 30 3 30 3

x 0

dP
P = P 0 +P = P 0 P 0

dx =

ξ + ξ ξ + ξ +  

 

( ) ( )' '
3 b 3P = - g P 0ξ ρ ξ +  

 

( ) ( )' '
2 a 2P g Pξ = −ρ ξ + 0  

 
2

3 2b ag P + g P k−ρ ξ + ρ ξ − = γ ξ  
 

2
b b

3 x3
j

P = coth kbv = + coth kb
k k
ωρ ρ ω⎡ ⎤− ξ⎣ ⎦  

 
2

a a
2 x2

j
P = coth kav = - coth ka

k k
ωρ ρ ω⎡ ⎤ ξ⎣ ⎦  
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( ) ( )
2

2
a b a bcoth ka coth kb +g - k = 0

k

⎡ ⎤ω
ρ + ρ ρ − ρ γ ξ⎢ ⎥

⎢ ⎥⎣ ⎦
 

Dispersion Relation: ( )
2

2
a b bcoth ka coth kb = k + g

k
ω ( )aρ + ρ γ ρ − ρ  

 
Instability if: ( )2

b ak + g 0γ ρ − ρ <  Rayleigh-Taylor Instability 

(heavier fluid above) 
 

if    aρ > ρb

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( )
1
2

a b
c

T

g 2
k

⎡ ⎤ρ − ρ π
= =⎢ ⎥

γ λ⎢ ⎥⎣ ⎦
 

 

( )

1
2

T
a b

2
g

⎡ ⎤γ
λ = π ⎢ ⎥

ρ − ρ⎢ ⎥⎣ ⎦
 (Taylor Wavelength) 

 
Tλ > λ  Unstable 

Tλ < λ  Stable 
 
Stable if ρ >  b aρ

Long Wavelength Limit: ( )2
b aka 1, kb 1, k gγ ρ − ρ  

    1
kacoth ka ≈  

    1
kbcoth kb ≈  

 

( )
2

a b
b a2

g
a bk

ρ ρ⎛ ⎞ω
+ = ρ − ρ⎜ ⎟

⎝ ⎠
 

 
 

( )2
b a2

P2
a b

g
v

k
a b

ρ − ρω
= =

ρ ρ
+

 Non-dispersive gravity wave 
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