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6.642, Continuum Electromechanics
Prof. Markus Zahn
Lecture 11: Smoothly Inhomogeneous Systems
Continuum Electromechanics (Melcher) — Section 8.18

l. Governing Equations
N = \— -1 -
—+|veV|V|=-Vp+gE-=E*Ve -pgi
‘{at ( )} p+E- 7 pgi,

‘;—‘t’+(§.v)p:o:>v.§=o, %+(§-V)p:0 (Incompressible)
v-3+2—?=0,3=q§:>‘2—?+v.(q\_/)=%+(§-v)q:0

(g=charge density, V . V= 0)
Perfectly insulating fluid

% + (v v)s -0 (Permittivity tied to fluid)
%:%+(\_/-V)8:0
V. (sE) =q

Il. Linearization

0o 2 prgi ~Vpq'E, +qoa_%Egv8-_Eo .eve,

ot
V.v'=0

' — X
i+(V'°V)pO=O T

e ja— d--

] — E= L*I:'K':I I:-:
ai+(v'-V)80=O .
ot Py (x), Gy 0e), €4(x)
5q" a
q o _
E"‘(V ‘V)qo—o 04— z
V. (8'E0)+V . (805) =q'
E=E i +e, e=-Vo', (D'zRe[cf)(x)e"(‘“’kz)J
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JCOFA)""\’} dpo: A__.x dp,
*dx jo dx
a:_\,}x qu

jo dx

é:_Vx dgo

jo dx

Momentum Equations

A ~ dp = do 1 de
PoieV, = -pg——+0E (X)—qod—X—EES ()

.o~ oA o~ 1 A
pojov, = jkp+q, (x)jkd>+§E§ (x)jka

~

\Y; ~ ~ dv
~ —jkv, =0=vVv =_i V
dx z z jk dx

alim gl [- )t -

~ - o~ 1. ~
P =—|poJov, - jk® - EJkEES}

jo dv - .
L P Ve ikd —%jkEﬁs]

k| ko dx

. N ~ 1 (O] d d\’} . d ~\ —1
- pg-—|29 |- jk-Z (g 0) 2K
PoJOV P9 jk[k dx {po dX} dx (qo )

_EEEE+EOd£d80
2 " dx dx dx
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dA R ~ R ~ ~
jm[%[po %] — pokzvx:l = _kzgdﬁv_x — kzq)d&_}_ k2E0 d&\/_x_}_ kZE didiv_x

kg, d% d®
dx dx

Gauss’ Law

~

D ~ . e v
_d god_d) +k280®+8dE° +E0£=—d&.—x
dx dx dx dx dx jo

i{g dﬁ}_kzg@
dx

] dE, de, V_X+E_01(g dso)_ da, v,
dx

dx dx jo jodx| X dx ) dx jo

1. Exchange of Stability

A. Momentum Equation

Multiply by \7: and integrate from x=0 to x=d

Define:
4 -
~* | d dv ~
I, = —J'v — | po —= | - poK>V, |dx
1 : X |:dX [po dX J pO x]
0
o s
v v dv A A
= x| 4 x — X 4o kv v |dx
X pO dX J. 0] dX dX pO X X
(0]
d d" 2 o
= Ipo g <+ kv, | dx (positive definite and real)
X
0]

~

d
2
o n e R
0

dx real
dx °dx dx || ¥ (real)

d ~
1, =k2 [V, A% g , g, 9 9 |4y
d dx dx dx
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B. Gauss’ Law

g ~
I, =K | [d—o)l([so %J - kzeoal dx
0

~ |d d ~ A
- 2§ g, 92 v g, 9290 oo 36 ldx
dxO : dx dx
d [ ~2
2 do g - -
=k .[80 — +k (D‘ dx (positive definite and real)
0]
fo[d(_ dg ~ ) dq, -
I5:k2J-(D — By =2V, —&vx dx
¢ |dx dx dx
0
d al ~*
1w, Ty | kef|g, oy 9P, G A ax
dx o 3 dx dx dx

|

* 5
=-1l, = —|4+_———0

Jo

C. Stability
I, =-I = jol,
-0%l, = 1, + jol, =1, +jm(j@*) I, = —0o'l, +1,
-o’l, -, +o0’l, =0
I, and 1, positive definite real, I, (real)
o=a+jp, ® =a-jp
—(a® = + 2jap)1, — 1, + (o +B?)1, =0
apl, =0
—(a® =)t — 1, + (o +B?)1, =0
Either o =0 or p=0: & = /' = glte® — 85 0 Stable
@=0,B>0
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For g real = I, >0 (Unstable when B negative)
Sufficient Condition for Stability (1, < 0)

dE, dg,
dx % dx dx

<0

V. Weak Gradient Case Study (Boussinesq approximation)

Po(X)=p;(1+ax) ,ad<1
0 (X)=0; (L+Bx) ,pd<1, g, small
g, (X) = &; (constant)

E, (x) = E; (constant)

v, - v k2 e
prio Ve -k Vo |=- jo [QPTG_ETBQT]_k &g,

2
> _EBdr —apg. o2 (BqT) d?

" Pr P PrET
d?v ~  K3?v K2 ~
XKV, +—% o)rzn+BqT_ ®=0
dx [0) pTJ(O
p— ~ 2 ~
_q—TBv d" o -K’®d =0
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2 2
VIirZ —k? +k2 M |4 BqT_k F=0
() prijo

AP G (2 -k?)F -0
Joes

2] (aB) K
(2= k2] |7 k2 k2 2 | =0

> ®?prEr

2 2

2 i [z ke ]iCm O

®° o’d? -

2
2 L2 KPoh |1 [[K0? IS
2 K2 = - x ;
20> 2 ©° w’d?
%
2
2 kzwrzn 1 kzo)rzn 4m§k2

M,234 =1 K - 2 5 2 tT> 5
e 20 2 ® w°d
r,=-1
r, =g

D = 0,e" + 0e” + Pe + e

~ jo
V_J

X

[(rf - k’l)cble“X + (rz2 - kz)cl)zerzX +(

T

Boundary Conditions:

®(x=0)=0 v, (x=0)=0
®(x=d)=0 v, (x=d)=0

1 1
e’ e e
(rf —k2) (rf —kz) (r§ —k2)
(rl2 —k? ) e (rl2 — k2 ) e (rg2 — k2 ) e

4(r§ - rf)sinh r,d sinhrd=0
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w
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o, >0, of >0 if pg,E; > ap,g (Stable(o)2 > O))
o’ <0 if Bg,E,; < ap,g (Destabilizing)
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