6.730 Physics for Solid State Applications

Lecture 24: Chemical Potential and Equilibrium
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e Microstates and Counting

e System and Reservoir Microstates

e Constants in Equilibrium
Temperature & Chemical Potential

e Fermi Integrals and Approximations



Microstates and Counting
Ensemble of 3 2-level’ Systems
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As we shall see, gis related to the entropy of the system...



Microstates and Counting
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Microstates and Counting

The larger the systems, the stronger the dependence on £

For most mesoscopic and macroscopic systems, ¢gis a monotonically
increasing function of £



System + Reservoir Microstates

Gibb’s Postulate = all microstates are equally likely

reservoir

system

g(Er) = ZQS(ES) gr(ET — Es)
Es

Example
g(Er = 2) = g5(2) gr(0)495(1) gr(1)+g5(0) gr(2)

Consider a system of 3 2-levels” + a reservoir of 10 ‘2-levels’

g(Ep=2)=3-143.10+1-45=78

Probability of finding: E.=0 45/78
E.=1 30/78
E. = 3/78

Most electrons are in the ground state so reservoir entropy is maximized !




System + Reservoir Microstates

reservoir

g(Er) = ZQS(ES) gr(ET — Es)
Es

For sufficiently large reservoirs....

g(Er) =Y 95(FEs) gr(Er—Es) =~ gs(Es) gr(Ep—FEs) |max
Es

...we only care about the most likely microstate for S+R

Now we have a tool to look at equilibrium...



System + Reservoir in Equilibrium

reservoir

system

g(Er) = gs(Es) gr(Er — Es) |max

Equilibrium is when we are sitting in this max entropy (g) state...

dg dg
dg zgsﬁdER+9Ra—];;dEs =0

br = LEg+ ER

dE;r =dEg+ dEp =0 ==> JE¢ = —dEp

dingr  dlIngg
dEr  OEg

is the same for two systems in equilibrium




System + Reservoir in Equilibrium

reservoir

dingr  dlIngg
dEr  OEg

We observe that two systems in equilibrium have the same
temperature, so we hypothesize that...

This microscopic definition of temperature is a central result of stat. mech.



Boltzmann Distributions

1 _0dlngr Jdlngg
T~ OErp  OEg

S'is the thermodynamic entropy of a system

Boltzmann observed that...

Sp=Sp+Sg and gr =9grgs

...S0 he hypothesized that

S:kBmg i:i%—]'%

T kgdEgr kpgOEg



Boltzmann Distributions

P(E;) _ g9s(E;)gr(ET — E;)  gr(Er — Ej) reservoir controls
P(Ey) gs(Ey) gr(Ep — EL)  gp(Er — ER) system distribution

S(Er—FE;) - S(Er— E —(E; — E) 0S
— exp ( T ]) ( T k) — exp ( 7 k) |ET
kp kp oF

= e&xp <_(EJ _ Ek))
kT



System + Reservoir in Equilibrium

Now we allow system and reservoir to
exchange particles as well as energy...

reservoir

system

bp=FEg+ ER

Np = Ng + Np

P(N;,E;) _ gr(Np — Nj,Ep — Ej)
P(Ny,E)  gr(Np — Ni, Ep — E})

. SR(NT—Nj,ET—Ej) — Sp(Np — Ny, Ep — Ep)
= exp I
B



System + Reservoir in Equilibrium

P(N;, E;) — exp (SR(NT_NjaET_Ej) _SR(NT_NImET_Ek)>
P(Ny, E}) kg reservoir

system

Entropy of reservoir can be expanded for each case..

85 0S
Sp(Np—N,., BEp—E;) = Sp(Nop, E N( ) _E <—>
rR(Np—Ny, Er—E}) r(Np, ET)—Nj, oN ) v, g B,

Difference in entropy of the two configurations is...

= 0530 (38), 50 (),

A >4

—_ & 1
T T

..where u is the electrochemical potential



System + Reservoir in Equilibrium

P(N;, E;)
P(Ny, Ey)

I 1

v 7= (8,
= (om)

Chemical potential is change in energy of system if one particle is added
without changing entropy

e
T



System + Reservoir in Equilibrium
Example: Fermi-Dirac Statistics

P(N;, E;)
P(Ng, Eg)

=P (“VJ‘ N7 B k%BT)

Consider that the system is a single energy level which can either be...

occupied: E¢=F Ng=1
unoccupied: FEg =20 Ng=0

P(1,FE) L 1 uw—FE
—exp|———FE—— ] = exp
P(0,0) kT kpT kT

Normalized probability...

P(1, E) exp (7). 1

f(E) =

P(0,0) + P(1, E) 1+exp(“ ) 1+exp(%)



Two Systems in Equilibrium

1 : 1
f1(E) = - reservoir f>(E) =
— 1 F—
1 4 exp (kBT11) 1 4 exp (kBQ’fQQ)
system 1 system 2

Particles flow from 1 to 2... Rio ~ p1fip2(1 — f2)

Particles flow from 2 to 1... Rp1 ~ pafop1(1 — f1)

In equilibrium... Ri2 = Ro1

exp <M1 — E) — exp (Mz —F
p1f1p2(1 — fo) = pafop1(1 — f1) kpTy kpTo

f1 fo / HL Rz

1—f1 1—5 Ty =15

)



Counting and Fermi Integrals
3-D Conduction Electron Density

N = [ pE)F(E)IE (—

f(E) =




Counting and Fermi Integrals
3-D Hole Density

P=[" o)1 - f(B)aE

myp,|Gaas = 0.51m mjy|Gaas = 0.087 m

3/2
Pin _ (min) ™ <—O'51>3/2 =137
Phh mzkh 0.87 .

(me)3/? = (m};,)3/2% + (m},)3/?



Counting and Fermi Integrals
2-D Conduction Electron Density

F(B) = -
> 14 exp (E—
N = [ () f(E)dE ;
pel(E) = ﬂ';d

1 m>* 00 1
N = / dE
do 2= 772 Jn, 1 E= T

kBTm Z In (1—'—6('u Ena:)/kBT>

Th2dy e

Exact solution !



