Lecture 12: Superconducting Quantum Interference Devices

OUTLINE

1. Superconducting Quantum Interference
2. SQUIDs

* SQUID Equations

* SQUID Magnetometers

» Josephson loop vs SQUID Loop
3. Distributed Josephson Junctions

» Short Josephson Junctions

» Josephson Phasors (pendula)
* Long Josephson Junctions
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Superconducting Quantum Interference

Image removed for copyright reasons.

Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. Foundations of Applied
Superconductivity. Reading, MA: Addison-Wesley, 1991. ISBN: 0201183234.
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Phase difference around the loop

fc V0-dl = 270 = (63—04) + (8o—0p) + (0—0) + (6a—02)

From the definition of the gauge invariant phase

) 2w b
Image removed for copyright reasons. 9() — 9(1 = —p] — — A dl
Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. CDO a
Foundations of Applied Superconductivity. Reading, MA: 271‘ d
Addison-Wesley, 1991. ISBN: 0201183234. 0 9 —_ A d ]
d—be=92— -
qDo C

In the superconductor the supercurrent equation gives
c c 2 c
9c—91)=/ ve-dlz—/\/ J-dl——”/ A-dl
/b b Py, Jb

-a a 2 a
Ba—04= vVo-dl=-A[| J.-dl - — A-dl
d d d P d
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Adding them together gives
oen+ 25§ Adl+A [TTdl+A [ Tdl
J— —_—_ n RN . . .
ea—pr=2m+ 1" / /

Massachusetts Institute of Technology-
6.763 2005 Lecture 12

SQUID Equations

27 d

0o — o1 = 27n + +/\/C/J-dl

o

Often the contour can be taken where J =0, in

Image removed for copyright reasons. this case o2rd
Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. 902 _ QO 1= 271' n +
Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234. .
son-wesiey The total current can be written then as

o

) 21.cos (ﬂcb) sin ( —+ TFCD)
1= - R
c ® #1 D,

o

The flux in the contouris P = cbext —+ LIcir

The circulating current is givenby 1, = (i1 — i5)/2

The total flux can then be written as

Li. . /mn® wd

D = Pyt + —— sin <—> cos <<,01 + —)

2 d)o q>0
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Method of Solution

, = 21.cos <7T¢> sin ( + ch)
7 = R -
c @ ¥1 o,

o]

Ll. /7P g
b = byt + sin (—) cos <4p1 + )
) 2 P, b,
Image removed for copyright reasons.
Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin.

Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

For a given external flux, there is a range of i and
@ that satisfy these equations. One wants to
determine the maximum i that can be put through
the SQUID and still have zero voltage. (For larger |
the current will be shown to create a voltage).
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SQUID without self inductance

Inthiscase = Pyt  And, therefore,

Image removed for copyright reasons.
Please see: Figure 8.9, page 414, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:

) Addison-Wesley, 1991. ISBN: 0201183234.

) 71'cbext> : ( TPyt
= 2[.cos|——1}sin —
LT < &, nt g

The extremum occurs when di/dgpi — (. thatis, when
CoS (ip1 + TPt/ Po) =0 [0 Sin (p1 + TPext/Po) = E1

Therefore,

Please see: Figure 8.9, page 414, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

. TP
imax = 2I.|cos (TeXt

> Image removed for copyright reasons.
(o]
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SQUID with self inductance

By, =2nLI./®,=L/Lj;

=10
Br, o/,
Image removed for copyright reasons.
Please see: Figure 8.10, page 416, from Orlando, T., and K. Delin. 5 .

Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234. :

ext’ o

Image removed for copyright reasons.
Please see: Figure 8.11, page 417, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.
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SQUID Magnetometers
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Magnetic field (mG)

DC SQUID

Shunt capacitors ~ 1pF
Jct. Size ~ 1.1pm

Loop size ~20x20pm?
Lsquip ~ 50pH

1.~10 & 20pA

20 pm
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Josephson Loop vs. Superconducting Loop

5L>>1

Image removed for copyright reasons.

Please see: Figure 5.3, page 249, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

Image removed for copyright reasons.

Please see: Figure 5.3, page 249, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.
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Distributed Josephson Junction

Therefore,
dp 27
—— = —— Byherr
. oz b,
Image removed for copyright reasons.
Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. LiKEWise: for the y-directions
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234. 3@ 271_
By =, e
) o
Also,

Js(y7 Z, t) = JC(y7 Z) Sin QO(Z7 t)

o(Q) — p(P) = 27n + 2n® + /\/ J-dl In general this must be solved
Py c’ self-consistently with Ampere’s
v Law
Cadrat2nn: T o Bl + ue P
® = By(A1 + A2 x B = €flo —
e DT

hpff
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Short Josephson Junction

Let the self fields generated by the currents be negligible, and B = B, i, then
dp 27
— = —Buh
92 >, ofteff

That can be integrated directly,

Image removed for copyright reasons.

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. _ 27
Foundations of Applied Superconductivity. Reading, MA: ¥ (Z) - P BoheffZ + ‘P(O)
o

Addison-Wesley, 1991. ISBN: 0201183234.
The total current with constant J is

d/2  rw/2 .
i = Jesinp(z) dy dz
Flux through the junction —d/2J—w/2
P 5 = Bohesrd n 72)‘]
2 =7 Fo g
Critical current of the junction i(®,0(0)) = I T sin((0))
()

Ic = chd
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Short Josephson Junction: “single-slit interference”

.o d
sinJ

Image removed for copyright reasons.
; — o
im b =J/.|—2
Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. aX( J) ¢ 7'((1) J

Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234, CDO

Image removed for copyright reasons.

Flux through the junction Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:

q)J — Boheffd Addison-Wesley, 1991. ISBN: 0201183234,

Critical current of the junction

Ic = chd
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Vortices in Short Junctions

Image removed for copyright reasons.

Please see: Figure 8.16, page 425, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

Image removed for copyright reasons.

Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.
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Vortices in Short Junctions

Image removed for copyright reasons.

Image removed for copyright reasons.
. . Please see: Figure 8.17, page 426, from Orlando, T., and K. Delin
Please see: Figure 8.16c, page 425, from Orlando, T., and K. Delin. Foundations of Applied Superconductivity. Reading, MA:
Foundations of Applied Superconductivity. Reading, MA: Addison-Wesley, 1991. ISBN: 0201183234,
Addison-Wesley, 1991. ISBN: 0201183234.

A vortex is a
structure that has
a 2m phase

Image removed for copyright reasons.

Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.
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Interference Revisited (no self fields)
J(2)

®
cos (m)‘ J_LL 7
@,

Image removed for copyright reasons. . o
imax = 21¢
Please see: Figure 8.9a, page 414, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

@)
Image removed for copyright reasons. . by
sin —
. [

T Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin. imax(® ) = I Eroy | |
Foundations of Applied Superconductivity. Reading, MA: Py z
Addison-Wesley, 1991. ISBN: 0201183234. °

Josephson current is the Fourier 27

transform of the current distribution. k= —cD Boheff

Also in 2D. Like Fourier optics. o

i=wim O [* Jyehraz)  imax=w I

Massachusetts Institute of Technology-
6.763 2005 Lecture 12

Josephson Phasors (no self fields)

Rewrite the current-phase relation as

i(t) =wlm {/O:O Je(2) (=) dz}

Image removed for copyright reasons.

Please see: Figure 8.12, page 418, from Orlando, T., and K. Delin. ‘](Z)
Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234.
J_'_L._L z

So each junction can be considered a phasor (pendulum) whose projection is the current,
and whose spatial and temporal dependences are given by

2nd|n
ai = 2m Bohese P+l — ¥Pn = ]
0z » : P,
o or discretely ®. d
V() = Do del®) Vin = Sodeln]
T on  dt 2m  dt
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Josephson circuits (no self fields, no capacitance)

27
V, t) = 0 — Vot
, p(t) =@ (0) + Vo
P Each pendulum rotates
] U],
de 27 TP
O %% "0, Ap(t) = Ap(0) + T Vot + 2
NA [?) fe}
R
10 Each pendulum rotates, keeping the phase

difference the same.
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Josephson circuits (no self fields, no capacitance)

27 27
w(z) = —— Boherrz + — Vot + ¢(0)
P, b,

Image removed for copyright reasons.

Please see: Figure 8.16a, page 425, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234. . " Vo
Therefore, the pattern moves with velocity

~ Bohesr
The voltage can be written as

J T L
Time HTTTTTTIMWH — d d

, " Vo= Bohetru = - Py = ®o_ny

attttitn, t t
T W /
J
- "mﬁmm The number of “vortices”, that is,
s ‘ structures that have a 2 phase
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Long Josephson Junction (self fields included)

As before,

dp 27
- By heﬂ: Image removed for copyright reasons.
oz b,
Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:
Js(y, z,t) = Je(y, z) sinp(z, ) Addison-Wesley, 1991. ISBN: 0201183234,

OE
VXB:qu—keuoa

Assume static situation, then
Therefore, 82@(2) _ sin <p(z)
9Bv) _ oga(s) 02 = x2
82: oY T J
Jx(Z) :/T Jeosin cp(z) With the Josephson penetrationqc)iepth
Ny=,/——°2
/ 27 poJchefr
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Josephson Penetration Depth

P,
27 poJchetr

For hefr &~ 5000 A, then Aj ~ 2 um for J. = 10 kA/cm?2,
and Ay = 20 pm for J. = 0.1kA/cm?2.

Ay =

Energy per unit length of the vortex

_ 4¢0J0)\J

Image removed for copyright reasons. gv

Please see: Figure 8.18, page 434, from Orlando, T., and K. Delin. T
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.
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Long Josephson Junction (self fields included)

As before,
9% _ 2" p
O, T 4 Pylleff .
a z CD 19 Image removed for copyright reasons.
Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin.
— H Foundations of Applied Superconductivity. Reading, MA:
Js(y, 2, 1) Je(y, z) sinp(z, 1) Addison-Wesley, 1991. ISBN: 0201183234,

OE
V xB = pod + euoa
In the general time-dependent case, the sine-Gordon equation governs the phase:

8290 1 82<p 1 1 a
J— h =
= SNy where  Up — 1

9.2 .2 42 T 2
Oz us ot )\J
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