
Lecture 12: Superconducting Quantum Interference Devices 

OUTLINE 

1. Superconducting Quantum Interference 
2. SQUIDs 

• SQUID Equations 
• SQUID Magnetometers 
• Josephson loop vs SQUID Loop 

3. Distributed Josephson Junctions 
• Short Josephson Junctions 

• Josephson Phasors (pendula) 
• Long Josephson Junctions 
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Superconducting Quantum Interference 

Image removed for copyright reasons. 

Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. Foundations of Applied 
Superconductivity. Reading, MA: Addison-Wesley, 1991. ISBN: 0201183234. 
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Phase difference around the loop 

From the definition of the gauge invariant phase 

Adding them 

Image removed for copyright reasons. 
Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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In the superconductor the supercurrent equation gives 

together gives 

SQUID Equations 

J = 0, in 
Image removed for copyright reasons. 

Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Often the contour can be taken where 
this case 

The total current can be written then as 

The flux in the contour is 

The circulating current  is given by 

The total flux can then be written as 
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Method of Solution


Image removed for copyright reasons. 
Please see: Figure 8.8, page 411, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

For a given external flux, there is a range of i and 
Φ that satisfy these equations. One wants to 
determine the maximum i that can be put through 
the SQUID and still have zero voltage. (For larger I 
the current will be shown to create a voltage). 
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SQUID without self inductance 
And, 

Image removed for copyright reasons. 
Please see: Figure 8.9, page 414, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 
Please see: Figure 8.9, page 414, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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In this case therefore, 

The extremum occurs when , that is, when 

Therefore, 
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SQUID with self inductance 

Image removed for copyright reasons. 
Please see: Figure 8.10, page 416, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 
Please see: Figure 8.11, page 417, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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SQUID Magnetometers


1pF 

µmµm 
Φ 

1.11.1

I+ V+ 

I­ V­

20 µm 

Φ0 

L

DC SQUID 
Shunt capacitors ~ 1pF 
Jct. Size ~ 1.1µm 
Loop size ~20x20µm2 

SQUID ~ 50pH 
I ~10 & 20µAc
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Josephson Loop vs. Superconducting Loop 

I+ V+ 

βL >> 1 

I­ V-
Image removed for copyright reasons. 

Please see: Figure 5.3, page 249, from Orlando, T., and K. Delin.
Image removed for copyright reasons. Foundations of Applied Superconductivity. Reading, MA: 

Addison-Wesley, 1991. ISBN: 0201183234.
Please see: Figure 5.3, page 249, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Distributed Josephson Junction 

0 as ∆z 0 

heff 

solved 

Law 

Also, 

Image removed for copyright reasons. 

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Therefore, 

Likewise, for the y-directions 

In general this must be 
self-consistently with Ampere’s 
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Short Josephson Junction 
B = Bo iy ,then 

Jc is 

Image removed for copyright reasons. 

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Let the self fields generated by the currents be negligible, and 

That can be  integrated directly, 

The total current with constant

Flux through the junction 

Critical current of the junction 

Short Josephson Junction: “single-slit interference” 

Image removed for copyright reasons. 

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 

Flux through the junction	 Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Critical current of the junction 
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Vortices in Short Junctions 

Image removed for copyright reasons. 

Please see: Figure 8.16, page 425, from Orlando, T., and K. Delin.

Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234.


Image removed for copyright reasons. 

Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Vortices in Short Junctions 

a 2π phase 

Image removed for copyright reasons. 

Please see: Figure 8.16c, page 425, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 

Please see: Figure 8.17, page 426, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 

Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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A vortex is a 
structure that has 
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Interference Revisited (no self fields) 

z 

z 

J(z) 

J(z) 

Image removed for copyright reasons. 

Please see: Figure 8.9a, page 414, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 

Image removed for copyright reasons. 

Please see: Figure 8.15, page 424, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Josephson current is the Fourier 
transform of the current distribution. 
Also in 2D. Like Fourier optics. 

Josephson Phasors (no self fields) 
Rewrite the current-phase relation as 

Image removed for copyright reasons. 

Please see: Figure 8.12, page 418, from Orlando, T., and K. Delin. J(z)

Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234.


z 

So each junction can be considered a phasor (pendulum) whose projection is the current, 
and whose spatial and temporal dependences are given by 

or discretely 
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) 

Vdc 

Vdc 
Φ πΦ /Φo 

z 

z 

z 
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Josephson circuits (no self fields, no capacitance

ext ext

Each pendulum rotates 

Each pendulum rotates, keeping the phase 
difference the same. 

) 

π phase 

Image removed for copyright reasons. 

Please see: Figure 8.16a, page 425, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Josephson circuits (no self fields, no capacitance

Therefore, the pattern moves with velocity 

Time 

The voltage can be written as 

The number of “vortices”, that is, 
structures that have a 2
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Long Josephson Junction (
As before, 

Image removed for copyright reasons. 

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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self fields included) 

Assume static situation, then 
Therefore, 

With the Josephson penetration depth 

Josephson Penetration Depth 

Image removed for copyright reasons. 

Please see: Figure 8.18, page 434, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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Energy per unit length of the vortex 
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Long Josephson Junction (
As before, 

where 

Image removed for copyright reasons. 

Please see: Figure 8.14, page 421, from Orlando, T., and K. Delin. 
Foundations of Applied Superconductivity. Reading, MA: 
Addison-Wesley, 1991. ISBN: 0201183234. 
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self fields included) 

In the general time-dependent case, the sine-Gordon equation governs the phase: 

11



