Lecture 6: Electromagnetic Power

Outline
1. Power and energy in a circuit

2. Power and energy density in a distributed system

3. Surface Impedance
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Power In a Circuit
Power: ¢ — 'UC’LC -+ ’UL’I:L -+ ’UR’iR

Constitutive relations
for the resistor

Image removed for copyright reasons. vp=ipR
Please see: Figure 2.1, page 18, from Orlando, T., and K. Delin. R='R !
Foundations of Applied Superconductivity. Reading, MA: the inductor
Addison-Wesley, 1991. ISBN: 0201183234. d
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Average Power for a Sinusoidal Drive

The time average power is

1 /T
(vi) = —/ vi dt
T.Jo

Power is a bilinear term, not a linear one, so must use real variables,
1 . =N .
— = Jwt * —jwt
c) = Q(Ce + C*e )
The time average power is then
N 1 T ok ok % ~~ j2wt o~k — 72wt
(vi) = E/O (m + (vi*)* 4 vre + (1) e )dt

which gives 1
(vi) = - Re {77}
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Average Power for a Sinusoidal Drive

(vi) = %Re {575}
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Power in Distributed Systems

Use the full Maxwell’s Equations,

oD
E {fVXH=— J
OB
— H (| VXxE=-"=
17 x ot }
oD 0B
V- (ExH)=E.—+H - — +E.J
(E x H) 5 + 5 ~+

where we have used

V- (AxC)=C- (VxA)—A. (VxC)
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Poynting’s Theorem

Therefore, we have found Poynting’s theorem, withS = E x H
oD OB
- EH~d=/ E- +H- 2 +E-J)d
i (BxTD-ds v( o TH o T )“

For a linear, isotropic, homogenous ohmic medium ( o, b, €)
d 1 1 1
—]( S-ds = & / (—eE2 + —MH2> dv—l—/ =P
> dt Jv \2 2 V 0o
—_— — \ - )
W, W, Joule heating
energy density

For a sinusoidal drive: 1 1
; rive: P
(S) QRe{ExH} and .7{z< )= VUO' o
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Poynting’s Theorem for a Superconductor

Maxwell’s equations still give

oD OB
—?{Z(EXH)ds_/V (E-a +H- —|—E~J>dv

But for a superconductor
1
— _ 0 E=—"_1J
J=JdntJs E=20DI) 5o(T) "

Therefore,
d 1 1 1
484 :7/(7 E2 4+ © ., H2 f/\TJ2>d
j{z S = i M \GeET T SuHT A+ S AT IS ) dv
+ L Jn2d
¥
v 5o(T) " W
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Kinetic Energy Density

With A= L* and j — n*q*/l'}
n*(q*)Q S

1 1
WK =5 A(T) Js2 = n*(T) (5 m*v%)
%r_/
Superelectron density  kinetic energy

of a superelectron

Energy is also stored in the kinetic energy of the superelectrons
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Averaged Poynting Vector

For a sinusoidal drive:
1 n TT*
(S) = 5Re{ExH } and

1 1 -
—f (S) -ds= = [ —|Fn|?dv
> 2 Jv ao(T)

Energy in a superconductor is dissipated through the normal channel
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Power Loss in a Slab

. coshk .
H = Re {Hoiy eJWt} i
cosh ka

Image removed for copyright reasons.
Please see: Figure 2.13, page 43, from Orlando, T., and K. Delin. k2 — j(.d,LLoO'
Foundations of Applied Superconductivity. Reading, MA:
Addison-Wesley, 1991. ISBN: 0201183234.

Ll Ex(y) = jwpll:(y)

dy
.k sinhk :
o Cosh ka
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For a unit area, the time averaged power is

~ 2 k] sin h ka
PdiS = Re |H0| -
Image removed for copyright reasons. ag COS h k:a
Please see: Figure 2.13, page 43, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA:

Addison-Wesley, 1991. ISBN: 0201183234.

In the bulk approximation, where & << a,
orr<<a

. k
Pyis = |Ho|* Re { —}
o
For a normal metal:

1
Pyis = |]f] ‘2 i and surface resistance g = ——
IS o 6
50'0 Oo
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Surface Resistance: normal metal

For an area on the surface of Az Az

R Ax
Image removed for copyright reasons. Oo 5 AZ
Please see: Figure 3.19, page 110, from Orlando, T., and K. Delin.
Foundations of Applied Superconductivity. Reading, MA: R ~ T
Addison-Wesley, 1991. ISBN: 0201183234, The current is |Z| - | Jx | d Az

The current density is given by

The power dissipated per unit area is
L32R 1 1
Phis =2 X 2+ = 2 x = |[,|?Rg = | H,|?
dis NN 2| O| S | 0| oo
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Surface Impedance: Normal Metal

In the bulk approximation, where 6 <<a, or A <<a, a
surface impedance can be defined from

N k
Pyis = |H0]2 Re { —} as ~— k
o o
1 1
For the normal metal, Zg = + j—
(SO'O 50'0
joL Ry L
R

S
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Surface Impedance: Superconductor

For the superconductor, with A << 3, to lowest order

2 N3
Zs——<—) + JjwpoA

T 86, \§ ‘ .
R, ~ &? L,
_ j(.ULsRs
A(T) UooT)  Zo(w) = 20
For R,>>w L,

=

Zs(w) & jwLs(1 — jwLs/Rs) = w?L?/Rs + jwLs

For Pb at 2K and 100 MHz, R, = 1020 Ohm/ ], and Q of cavity = 101°
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