3.185 Problem Set 1

Math Review

Solutions

1. Calculate the outer product matrix for the vectors (10, 5,6) and (3,4, 5).

10 10-3 10-4 10-5 30 40 50
) (3,4,5) = 5-3 5-4 5-5 = 15 20 25
6 6-3 6-4 6-5 18 24 30

2. For the time-dependent temperature field:
T = 400 — 50z exp (—t -z - y2)

(a) The gradient is:

oT 0T 0T
VI = (a—a—ya—>

= (1003:2 exp (—t  — y2) , 100y z exp (—t —z% - y2) ,—o0exp (—t —z% - y2))
(b) The definition of the substantial derivative is:
= (grav)r

Since @ = 2j only has a y-component, i - V is “ya%’ or in this case 28%. Therefore:
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= 50z exp (—t —a? - yz) + 200y z exp (—t —z? - y2)
= 50z(1 + 4y) exp (—t — 2% — y?)

3. The velocity field is:
Uy = Az, uy = —ay.

(a) For positive y, the vector field looks something like:
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(b) The divergence is:
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V-d= —Z=a-a=0.
U oz + oy a—a
(c) The definition of the curl is:
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Notice that for 2-D flow, u, = 0 and that the derivatives with respect to z are zero, so only the
z-component is non-zero (which is what “Effectively the z-component” referred to). The curl is

therefore: 5 5
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Both of these partial derivatives are zero, so the curl is zero.

4. For the differential equation:

(a) We begin by assuming a solution of the form y = Aef®®, taking the derivatives of this gives us the

characteristic polynomial:
R*—R*+R-1=0

This has three roots at R = 1 and R = =i, giving the solution
y = Ae® + Be'® 4+ Ce™ ™

Because e = cosz + isinz and e ** = cosz — isinx, which are not real but complex, we need
to combine solutions to give real ones. If we add them we get D cosz, and subtracting and
multiplying by —i gives E'sinz where D and E are new constants. The real solution is therefore

written:
y=Ae” + Dcosx + Esinz

Another way to look at this is that we can let A, B and C' be complex:
A=a,+a;i, B=0b,+0bi, C =c.+cji
where a,, a;, b., b;, ¢, and ¢; are all real. Then the solution becomes
y = (ar + a;i)e” + (b + ¢ + bii + ¢ii) cosx + (byi — ¢i — b; + ¢;)sinz

which is real if a;, b; + ¢; and b, — ¢, are all zero. So D and E above are equal to b, + ¢, and
c; — b; respectively.

This is one of those things which you do once, and then from then on, just remember that it
works. So if you see exp(Lkiz) as a pair of solutions, for the real part, just substitute sin(kx)
and cos(kz).

(b) Atz =0,y =1 and % =1; at £ = 7, y = —1. These boundary conditions give us:

d
y=Ae® + DcosO+ Esin0=A+D =1, d—y:AeO—Dsin0+Ecos0:A+E:1, and
x

y=Ae" + Dcosw+ Esinmt = Ae™ — D = —1

Adding the first and third gives A(1 +e™) =0 so A = 0. With this out of the way, the first and
second give D =1 and E = 1, so the solution for these boundary conditions is

y =cosx +sinx



5. The error function is defined by:
2 v 2
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To calculate
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start with the chain rule:

£ 190) = 9 (1) (9(1)).

Here we can set f to the error function, and g(t) to 2\/3’D—t:

Frent(a(0) = (0= 1"

Then substitute g(t):

o (o) = (i) 2
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and simplify:

gerf < y > = — y e_zlyTi_
ot 2Vt 2V rats

6. Start with:
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To show that it satisfies
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first take derivatives, with respect to time:
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and with respect to z:
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It’s pretty clear that
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so therefore,
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As was said in class, this is just about the hardest math we’ll use in 3.185. So if you can handle this
much, you’re off to a great start!



